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FOREWORD 


The  Transactions  of  the  Twenty-Seventh  Conference  of  Army  Mathematicians  are 
being  issued  in  order  to  preserve  in  print  some  of  the  scientific  developments 
presented  in  the  invited  addresses  and  in  the  contributed  papers.  These  con¬ 
ferences  are  sponsored  by  the  Army  Mathematics  Steering  Committee  (AMSC)  on 
behalf  of  the  Chief  of  Research,  Development  and  Acquisition.  Members  of  this 
committee  request  that  the  guest  lecturers  be  internationally  known  researchers 
who  are  presently  active  in  scientific  fields  that  are  of  current  interest. 

They  feel  that  the  addresses  by  the  invited  speakers  as  well  as  the  contributed 
papers  by  Army  personnel  will  help  fulfill  the  main  purpose  for  holding  these 
conferences,  namely  to  stimulate  the  interchange  of  scientific  information  among 
the  scientists  attending  said  meetings. 


Colonel  Harvey  H.  Perritt,  Jr.,  Chief  of  Staff /Deputy  Post  Commander,  in  a 
letter  under  date  of  2  October  1980  to  Dr.  Jagdish  Chandra,  Chairman  of  the 
AMSC,  issued  the  formal  invitation  to  hold  the  27th  Conference  of  Army 
Mathematici ans  at  the  U.  S.  Military  Academy.  His  letter  stated  that  his  Com¬ 
mand  would  be  pleased  to  host  this  meeting  on  the  dates  10-12  June  1981.  He 
assigned  Colonel  Jack  M.  Pol  1 i n  to  act  as  Chairperson  for  local  arrangements. 
Captain  Gordon  Dietrick  and  Bard  Mansager  were  assigned  Project  Officers  to 
coordinate  administrative  details.  Those  in  attendance  at  this  conference  would 
like  to  thank  these  gentlemen  for  all  their  efforts  to  make  this  an  enjoyable 
and  smooth  running  conference,  and  for  providing  excellent  physical  facilities 
for  the  conduction  of  this  meeting. 

The  theme  of  this  meeting  was  "Combustion  and  Explosive  Dynamics".  This  is 
currently  a  very  active  area  of  research,  which  is  also  of  great  importance  to 
the  Army.  This  year  the  planned  program  of  the  conference  consisted  of  three 
parts,  namely:  (a)  Four  one-hour  invited  addresses;  (b)  Ten  thirty  minute  soli¬ 
cited  addresses.  These  solicited  papers  represented  an  amplification  of  the 
theme  set  by  the  guest  lecturers;  and  (c)  Contributed  papers  by  Army  and  other 
scientific  personnel.  The  names  of  the  invited  speakers  are  noted  below: 


Speaker  and  Institution  Title 

Professor  David  Kassoy  Gas  Dynamics  Aspects  of  Thermal  Explosions 

University  of  Colorado 


Professor  Andrew  Majda  A  Theory  for  the  Formation  of  Mach  Stems  in 

University  of  Cal-Berkeley  Reacting  Shock  Fronts 


Professor  Martin  Sichel  Modeling  of  Gaseous  and  Heterogeneous 

University  of  Michigan  Detonation  Phenomena 


Professor  F.  A.  Williams  Use  of  Activation-Energy  Asymptotics  for 

University  of  Cal-San  Diego  Reacting  Flows 


We  are  sorry  to  say  that  Professor  Andrew  Majda  was  unable  to  attend  this 
meeting. 
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The  success  of  the  conference  was  due  to  many  individuals,  the  active  and  enthu¬ 
siastic  members  of  the  audience,  the  chairpersons,  and  the  many  speakers.  The 
members  of  the  AMSC  were  pleased  with  the  fact  that  most  of  the  speakers  were 
able  to  find  time  to  prepare  papers  for  these  Transactions.  These  research 
articles  will  enable  many  persons  that  were  not  able  to  attend  the  symposium  to 
profit  by  these  contributions  to  the  scientific  literature. 
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USE  OF  ACTIVATION-ENERGY  ASYMPTOTICS  FOR  REACTING  FLOWS 

F.  A.  Williams 

Department  of  Mechanical  and  Aerospace  Engineering 
Princeton  University 
Princeton,  New  Jersey 

ABSTRACT.  Attention  is  focused  on  asymptotic  analyses  in  which  the  ratio 
of  the  overall  energy  of  activation  for  reaction  to  the  thermal  energy  of  the 
reacting  medium  is  a  large  parameter.  Advances  achieved  in  theories  of  ignition, 
extinction  and  flame  propagation  are  reviewed  with  emphasis  on  physical  implica¬ 
tions. 

1.  INTRODUCTION.  The  subject  of  activation-energy  asymptotics  (AEA)  is  now 
sufficiently  mature  to  have  been  expounded  in  a  book  [1].  This  attests  to  its 
widespread  utility  in  describing  reacting  systems  and  to  the  fact  that  it  has  now 
been  applied  to  many  problems.  It  will  not  be  possible  here  to  give  a  thorough 
review  of  applications  of  the  technique.  Instead,  attention  will  be  focused  on 
physical  aspects  of  its  basis  and  on  some  of  the  physical  implications  of  results 
obtained  by  exercising  the  method. 

1.1  Definition.  AEA  constitutes  a  particular  brand  of  asymptotic  expan¬ 
sions  that  differs  in  detail  from  other  applications  of  such  techniques  by  fluid 
mechanicians  and  applied  mathematicians.  Nonlinearity  in  a  source  term  is  essen¬ 
tial  to  the  method.  The  general  form  of  the  problems  addressed  may  be  illustra¬ 
ted  by  the  equation 

L  {T}  =  F (T)  e‘E/(RT)  ,  (1) 

where  L  is  a  differential  operator,  possibly  linear,  F  is  a  regular  function  and 
E/R  is  a  constant.  The  dependent  variable  T  represents  temperature,  E  is  an 
activation  energy  and  R  the  universal  gas  constant.  The  operator  L  and  the 
function  F  are  independent  of  E/R,  as  are  the  boundary  and/or  initial  conditions 
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-E/ fRT) 

applied  to  equation  (1).  The  factor  e  v  is  an  Arrhenius  reaction-rate 
factor. 

In  AEA  there  is  a  fixed  reference  temperature  Ty  such  that  the  source  term 
is  important  for  T  near  T  .  The  nondimensional  grouping  E/ (RTr)  then  becomes  a 
parameter  of  the  problem.  AEA  is  concerned  with  developing  an  asymptotic  expan¬ 
sion  of  the  solution  for  the  limit  E/(RTr)  -*•  00 .  Systematic  approaches  to  AEA 
generally  involve  scaling  the  independent  variables,  space  and/or  time,  appearing 
in  L  and  also  scaling  T,  in  fashions  suitable  for  generation  of  nontrivial  asymp¬ 
totic  expansions.  Usually  scalings  are  different  for  different  ranges  of  inde¬ 
pendent  variables,  there  being  a  narrow  reaction  stage  or  reaction  zone  in  which 
the  source  term  is  significant.  These  reaction  regions  separate  broader  regions 
in  which  the  source  term  is  comparatively  negligible  in  the  limit.  The  tech¬ 
niques  of  matched  asymptotic  expansions  then  come  into  play,  exhibiting  nuances 
peculiar  to  AEA. 

1.2  Generalizations.  The  ideas  of  AEA  are  readily  applied  to  equations  more 
general  than  (1).  Usually  a  system  of  equations  is  considered  --  the  conservation 
equations  for  reacting  flows.  There  may  be  a  number  of  source  terms,  more  than 
one  of  which  may  have  large  values  of  parameters  like  E/(RTr).  The  Arrhenius 
factor  may  occur  in  boundary  conditions  when  heterogeneous  reactions  or  phase 
changes  are  considered.  Autocatalytic  reactions  in  isothermal  systems  may  be 
addressed  in  an  analogous  manner.  The  Arrhenius  form  is  inessential;  the  key 
attribute  is  the  occurrence,  in  a  source  term,  of  a  dependent  variable  that  tends 
to  increase  as  the  reaction  proceeds,  accompanied  by  a  parameter,  an  increase  in 
which  strengthens  without  limit  the  sensitivity  of  the  source  to  this  dependent 


variable. 


1.3  History.  It  may  be  considered  that  the  seeds  of  AEA  were  sown  more 
than  forty  years  ago,  before  the  growth  of  matched  asymptotic  expansion,  when 
Zeldovich  and  Frank-Kamentskii  proposed  approximate  solutions  to  the  problems 
of  laminar  flame  propagation  [2]  and  of  thermal  ignition  [3,4].  Their  approaches 
were  physically  motivated  yet  produced  results  coinciding  with  the  lowest  ap¬ 
proximation  obtained  by  formal  application  of  AEA.  Formalisms  of  AEA  are  just 
slightly  more  than  ten  years  old.  Bush  and  Fendell  [5]  published  the  first 
systematic  analysis  amenable  to  development  to  higher  orders,  again  in  connec¬ 
tion  with  laminar  flame  propagation.  Reviews  have  been  prepared  covering  early 
[6]  and  some  of  the  more  recent  [7]  work.  The  numerous  papers  using  AEA  now  in 
the  literature  span  a  variety  of  different  avenues  to  suitable  formalisms. 

2.  PHYSICAL  BASIS  OF  EXPANSION.  Results  obtained  through  AEA  often  have 
been  viewed  with  suspicion  by  researchers  interested  in  experimental  aspects  of 
reacting  flows.  This  skepticism  stems  at  least  partially  from  questions  con¬ 
cerning  validity  of  the  approximations  underlying  the  analyses.  All  good  chem¬ 
ists  know  that  in  the  vast  majority  of  reacting  flows  numerous  reactions  contri¬ 
bute  to  chemical  source  terms.  Most  AEA  analyses  employ  just  one  source  term  with 
a  single  parameter  E  representing  an  overall  energy  of  activation  for  heat  re¬ 
lease.  Justifications  for  introduction  of  this  one-step  approximation  generally 
are  absent  from  AEA  papers. 

Applied  mathematicians  often  are  content  with  results  that  mimic  experi¬ 
mental  behavior  and  usually  do  not  seek  numerical  comparison  with  experiment, 
reasoning  that  the  approximations  are  insufficiently  accurate  to  warrant  such 
comparisons.  In  this  view,  justifications  for  AEA  with  one-step  chemistry  need 
be  little  more  than  analogy.  A  consequence  of  this  stand  is  that  experimentalists 
can  utilize  the  AEA  results  only  for  intuitive  guidance,  and  they  turn  to  numeri¬ 
cal  solutions  of  partial  differential  equations  for  detailed  comparisons. 
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It  appears  that  physical  bases  for  AEA  approaches  can  be  given  that  are 
better  than  analogy  and  that  motivate  numerical  comparisons  of  AEA  results  with 
experiment.  It  has  long  been  known  empirically  that  a  one-step,  Arrhenius 
representation  of  chemistry  is  useful  for  many  purposes,  over  a  sufficiently 
narrow  range  of  conditions,  despite  the  complexity  of  the  true  kinetics.  If 
such  a  representation  applies  to  a  specific  experimental  process  analyzed  by 
AEA,  then  it  is  possible  to  compare  theoretical  predictions  with  experiment. 
Moreover,  in  such  cases  E/(RTr)  generally  is  sufficiently  large  to  make  AEA 
appropriate,  since  the  inequalities  <  2,500°K  and  E/R  >  10,000  °K  usually  are 
obeyed;  values  of  E/fRT^J  in  the  range  of  10  to  nearly  100  are  typical,  depend¬ 
ing  on  the  problem.  Therefore  the  comparisons  can  be  quite  successful  if  com¬ 
pleted  properly. 

2.1  Basis  of  One-Step  Approximation.  The  physical  reason  for  the  empiri¬ 
cal  success  of  the  one-step,  Arrhenius  approximation  with  E/(RTr)  large  can  be 
quite  complex.  Paradoxically,  the  three-body  recombination  steps  responsible  for 
the  major  heat  release  in  most  combustion  processes  have  essentially  zero  energy 
of  activation.  However,  these  steps  proceed  at  rates  proportional  to  concentra¬ 
tions  of  active  radicals,  and  the  radicals  are  formed  in  largely  endothermic 
steps  that  generally  have  appreciable  activation  energies.  Therefore  the 
effective  rate  of  the  overall  process,  obtained  through  a  combination  of  all  steps, 
has  an  overall  activation  energy  E  such  that  E/(RTr)  is  large.  While  individual 
E's  for  many  steps  are  zero  in  reactive  flows,  seldom  will  an  overall  E  occur 
such  that  E/(RTr)  is  not  large;  otherwise  the  system  likely  would  be  either  too 
reactive  to  be  contained  at  room  temperature  or  negligibly  reactive  at  all  temp¬ 
eratures  attainable. 
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2.2  Limitations  on  One-Step  Approximation.  Limitations  on  the  overall 
Arrhenius  description,  especially  the  limited  range  of  conditions  over  which  the 
overall  E  remains  constant,  should  be  kept  clearly  in  mind  when  comparisons 
with  experiment  are  made.  A  given  fuel-oxidizer  pair  does  not  have  one  fixed  E 
but  instead  exhibits  a  variety  of  different  E's  that  pertain  to  different  situa¬ 
tions.  For  exampl  ,  an  E  for  thermal  ignition  will  differ  from  an  E  for  flame 
propagation;  the  reason  is  that  the  chemical  kinetic  mechansims  of  thermal  igni¬ 
tion  differ  substantially  from  those  for  flame  propagation.  Even  when  attention 

is  restricted  to  a  particular  type  of  flow,  variations  in  E  should  be  anticipated. 
For  example,  in  premixed  flame  propagation  it  is  well  established  from  chemical 
kinetics  that  the  overall  E  for  fuel-rich  conditions  differs  from  that  for  fuel- 
lean  conditions;  conclusions  concerning  variation  of  behavior  with  mixture  ra¬ 
tion  cannot  be  drawn  completely  without  taking  the  E  variation  into  account. 

In  diffusion  flames  there  is  an  automatic  adjustment  causing  most  of  the  exo¬ 
thermic  chemistry  to  occur  near  stoichiometric  conditions;  success  has  been 
achieved  in  applying  AEA  [8]  to  diffusion-flame  extinction,  finding  from  extinc¬ 
tion  experiments  overall  values  of  E  for  conditions  of  combustion  near  extinction 
[9].  However,  this  success  does  not  occur  if  chemical  species  are  added  that 
modify  the  chemical  kinetic  mechanisms  [9],  Thus,  ideas  concerning  kinetic 
mechanisms  responsible  for  an  overall  E  are  of  importance  in  evaluating  limita¬ 
tions  on  comparisons  with  experiment. 

2.3  Consideration  of  Multi-Step  Kinetics.  The  time  seems  ripe  for  exten¬ 
sion  of  ALA  methods  to  the  consideration  of  full  kinetic  mechanisms.  Some  work 
along  these  lines  has  been  initiated  [10],  Information  on  rates  of  individual 
steps,  accumulated  over  the  years,  has  achieved  enough  detail  and  accuracy  to 
enable  thorough  kinetic  investigations  to  be  undertaken  for  many  real  systems. 

In  some  cases  detailed  kinetic  studies  may  justify  approximations,  such  as  a 
steady-state  approximation  for  reaction  intermediaries,  that  lead  to  a  one-step 
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description  of  the  heat-release  process  with  overall  E;  in  such  cases  compari¬ 
son  of  the  overall  E  obtained  from  the  detailed  mechanism,  with  that  found  by 
use  of  AEA  in  conjunction  with  experiment,  would  provide  improved  knowledge  of 
the  relevant  chemistry.  In  many  cases  studies  of  detailed  kinetics,  using  AEA, 
can  identify  significant  simplifications  of  the  chemical  description  that  never¬ 
theless  are  more  complex  than  a  one-step  approximation.  These  descriptions 
could  increase  greatly  our  understanding  of  influences  of  chemistry  in  reacting 
flows.  They  could  afford  possibilities  of  comparing  AEA  predictions  with  fine- 
tuned  experimental  results  currently  emerging,  such  as  observations  of  occurrences 
of  particular  species  in  regions  away  from  major  heat-release  zones.  They  could 
indicate  specific  effects  of  chemistry  on  fluid  dynamics  of  combustion  processes. 
In  general,  introduction  of  real  chemistry  into  AEA  approaches  appears  to  offer 
numerous  avenues  for  future  advances.  So  little  work  has  been  done  along  these 
lines  that  none  of  it  is  considered  in  the  following  discussion,  which  is  re¬ 
stricted  to  one-step  approximations. 

3.  IGNITION  THEORY.  The  theory  of  thermal  ignition  of  materials  capable 
of  reacting  exothermically  has  been  one  of  the  major  arenas  of  success  of  AEA. 
Experimentally,  ignition  is  a  sudden  event.  Reactive  materials  often  exhibit 
induction  periods,  during  which  slow  chemical  changes  occur,  followed  by  a  rapid 
heat  release  with  an  associated  abrupt  increase  of  temperature.  Chemical  kinetics 
of  chain  reactions  can  describe  this  kind  of  behavior,  the  induction  period  being 
a  time  during  which  reactive  radicals  are  produced  slowly.  However,  the  one-step 
approximation  with  E/(RTr)  large  also  is  consistent  with  such  behavior.  It  can 
be  difficult  to  distinguish  ignition  events  in  which  multi-step  kinetics  play  an 
essential  role  from  those  properly  describable  by  AEA  with  one-step  chemistry. 
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Questions  asked  in  ignition  theory  are  first  whether  ignition  will  occur 
for  a  given  material  subject  to  given  conditions  (i.e.,  specification  of  criti¬ 
cality  conditions)  and  second  what  the  time  delay  prior  to  the  ignition  event 
will  be  (the  ignition  time)  for  conditions  under  which  ignition  occurs.  The  AEA 
methods  are  well  suited  to  addressing  both  of  these  questions  since  they  des¬ 
cribe  nearly  discontinuous  phenomena  quite  naturally.  Numerous  ignition  prob¬ 
lems  have  now  been  solved  by  AEA.  Ad  hoc  approaches  to  theories  of  thermal 
ignition  are  now  largely  obsolete  because  of  AEA. 

3.1  Representative  Formulation.  We  shall  not  consider  the  spatially 
homogeneous  systei  characteristic  of  explosion  theory,  although  appreciable 
progress  in  describing  behaviors  of  such  systems  has  been  made  by  AEA  [11]. 
Instead,  u  cne-dimensional ,  time-dependent  problem  of  ignition  of  a  combustible 
material  h;  external  energy  source  will  be  considered  on  the  basis  of  a 
two-equation  description.  Introduce  a  one-reactant  approximation  with  1-Y  de¬ 
noting  the  ratio  of  the  reactant  concentration  to  its  initial  value,  so  that  Y 
may  be  viewed  as  a  reaction  progress  variable  that  goes  from  zero  initially  to 
unity  at  completion  of  the  reaction.  The  equations  for  energy  and  reactant  con¬ 
servation  then  become 


and 


9Y 

9t 


pv 


9Y 

9x 


_9_ 

9x 


^cLe  9x' 


pv 


U-y)Ve/i>t 


(3) 


Here  T  denotes  temperature,  c  the  specific  heat  and  p  the  density  of  the 
material;  t  is  time  and  x  distance,  with  v  representing  the  velocity  in  the 
x-direction.  The  thermal  conductivity  of  the  material  is  X,  and  the  Lewis  num¬ 
ber  Le  denotes  the  ratio  of  heat  to  mass  diffusivities ,  the  thermal  conductivity 
divided  by  the  product  of  c  with  the  coefficient  of  diffusion  for  the  reactant, 
Fick’s  law  having  been  adopted  for  diffusion.  The  overall  order  of  the  reaction 
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is  a,  and  the  heat  released  in  the  reaction  per  unit  mass  of  material  consumed 
is  q.  The  pre-exponential  factor  in  the  reaction  rate  has  been  denoted  by  v, 
which  involves  the  initial  reactant  concentration  as  well.  Overall  conservation 
of  mass  relates  v  to  p.  The  four  terms  in  (2)  and  (3)  represent  accumulation, 
convection,  diffusion  and  reaction,  respectively;  the  first  three  of  these  cor¬ 
respond  to  the  operator  L{T}  in  (1). 

Initial  conditions  are  T  =  T^  and  Y  =  0  at  t  =  0.  Boundary  conditions  de¬ 
pend  on  the  problem  considered.  Although  conditions  may  be  applied  at  two 
boundaries,  it  is  simpler  to  consider  a  semi-infinite  problem,  with  the  combus¬ 
tible  material  occupying  the  region  x  >  0  and  to  apply  boundary  conditions  only 
at  x  =  0,  requiring  T  to  approach  T^  and  Y  zero  as  x  approaches  infinity. 

This  restricts  attention  to  times  short  enough  for  reaction  to  produce  negligible 
changes  in  T  and  Y  at  temperature  T^.  The  material  must  be  heated  to  begin  to 
react  appreciably,  and  this  heating  is  achieved  through  the  boundary  conditions 
at  x  =  0.  Such  a  formulation  is  useful  only  if  E/ (RT^)  is  large. 

One  problem  of  interest  is  ignition  by  a  step  in  surface  temperature  [12,13]. 
Here  T  =  Tg  =  const,  is  imposed  at  x  =  0  for  t  >  0,  with  Tg  >  T^.  This  problem 
turns  out  to  be  more  complicated  than  many  other  ignition  problems,  in  that  the 
rate  of  the  reaction  cannot  be  neglected  near  x  =  0  even  for  very  small  t.  A 

simpler  problem  is  that  of  radiant  or  convective  ignition,  by  a  constant  energy 

•  • 

flux  q,  in  which  q  =  -  A9T/9x  is  imposed  at  x  =  0  [14].  Various  boundary  condi¬ 
tions  on  Y  at  x  =  0  also  are  of  interest  [13]. 

3,2  Character  of  Results.  For  the  simpler  problem  identified  above  it  is 
found  by  AEA  that  there  is  an  initial  stage  of  inert  heat  conduction,  during  which 
reaction  is  negligible.  Following  the  inert  stage  is  a  stage  of  rapid  transition 
to  an  ignited  state.  The  appropriate  large  parameter  of  expansion  is  ET^/(RT^), 
where  T  is  the  inert  temperature  at  x  *  0  at  the  time  of  onset  of  the  stage  of 


transition  to  ignition;  thus,  Tr  =  Tc/1\.  In  this  problem  it  is  found  that  even¬ 


tually  ignition  always  occurs.  The  time  t  required  for  ignition  to  occur,  if 
Le  =  co  and  if  cT^/q  is  of  order  unity  or  less,  is  found  to  be  given  by 
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The  main  functional  dependence  of  t£  may  be  obtained  from  (4)  by  putting  D  =  q  / 

2  2*2 

CqpXvT^)  and  yields  in  a  rough  approximation  t£  ~  pXcE  /(R  q  ). 

The  results  in  (4),  (5)  and  (6)  are  obtained  through  a  detailed  analysis  of 
the  stage  of  transition  to  ignition.  Since  temperature-time  histories  are  con¬ 
tinuous,  precise  definition  of  t  necessitates  adoption  of  a  specific  definition 
of  ignition.  AEA  methods  provide  a  very  convenient  way  to  do  this  since  they 
introduce  a  divergence  in  the  transition-stage  solution,  a  "thermal  runaway", 
arising  essentially  from  a  type  of  linearization  of  l/T  within  the  exponential 


in  the  Arrhenius  factor.  The  ignition  time  is  identified  with  the  time  of  diver¬ 


gence.  Other  definitions  of  ignition  time  give  slightly  different  results  that 
converge  to  those  given  here  as  E/(RTr)  -*■  ».  The  accuracy  of  (4)  through  (6)  has 
been  verified  by  numerical  integrations  of  the  original  partial  differential  equa¬ 
tions;  these  integrations  in  fact  had  been  performed  before  the  asymptotic  analy¬ 
sis  was  developed. 
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3  3  Types  of  Problems  Solved.  These  AEA  methods  have  now  been  employed  to 
solve  a  wide  variety  of  ignition  problems.  The  constant  energy  flux  applied  to 
the  surface,  in  the  problem  considered  above,  is  equivalent  to  a  constant  radiant 
flux  if  the  absorptivity  of  the  combustible  material  for  the  radiation  is  infi¬ 
nite.  Finite  absorptivity  leads  to  in-depth  absorption  and  introduces  an  addi¬ 
tional  parameter,  the  characteristic  absorption  length  for  the  radiation.  Inert- 
stage  histories  and  ignition-time  formulas  and  graphs  have  been  developed  for 
this  problem,  parametrically  in  the  absorption  length  [15].  With  radiant  energy 
application  surface  cooling  may  occur  by  convection  or  conduction.  For  transient, 
one-dimensional  conductive  loss,  an  additional  parameter  enters  T,  the  ratio  of 
the  thermal  responsivity  (cpA)  of  the  inert  medium  to  that  of  the  reactive 
medium  [16].  The  AEA  analyses  for  ignition  time  have  been  completed  for  small  T 
[16]  as  well  as  for  F  of  order  unity  or  large  [17],  thereby  producing  a  sequence 
of  ignition-time  curves  with  F  and  a  non-dimensional  absorption  length  as 
parameters  [17].  Results  with  conductive  loss  may  be  applied  approximately  for 
convective  loss  through  the  identification  T  =  hT^/q,  where  h  denotes  the  heat- 
transfer  coefficient.  However,  proper  AEA  analyses  for  influences  of  specific 
types  of  convective  losses  have  not  been  pursued  and  could  improve  accuracies  of 
predictions  for  such  losses. 

Results  of  the  AEA  analyses  can  be  presented  in  such  a  way  that  they  are 
applicable  to  general  flux-time  histories  [15],  subject  to  exclusion  of  the 
limiting  case  involving  a  delta  function,  in  which  at  time  zero  the  surface  temp¬ 
erature  is  raised  to  a  specified  value  and  maintained  constant  thereafter.  This 
more  difficult  problem  has  been  solved  by  AEA  [12],  including  effects  of 
reactant  consumption  for  both  Le  =  »  and  Le  of  order  unity.  Extension  has  been 
made  to  allow  for  surface  catalysis,  an  additional  parameter  being  the  rate  of 
catalysis  [13],  but  reactive  bodies  of  finite  sizes,  e.g.  small  spheres,  have  not 
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yet  been  treated  by  AEA.  Another  problem  solved  by  AEA  is  the  endothermic  gasi¬ 
fication  of  a  solid  by  a  constant  energy  flux,  for  an  Arrhenius  surface  process 
[18],  for  a  distributed  condensed-phase  Arrhenius  process  [18]  and  for  surface 
equilibrium  [19].  In  this  case,  instead  of  thermal  runaway  there  is  a  sudden 
leveling  of  the  surface  temperature  at  onset  of  endothermic  gasification,  and 
the  surface  temperature  remains  nearly  constant  thereafter. 

The  three  classical  theories  for  ignition  of  solids  are  condensed-phase, 
heterogeneous  and  gas-phase  ignition  theories,  the  qualifiers  here  designating 
the  site  of  the  principal  exothermic  process.  Condensed-phase  ignition  theory 
has  mainly  been  considered  above.  Heterogeneous  ignition  theory  is  simpler  in 
that  the  rate  is  only  in  the  boundary  condition;  this  has  been  treated  by  AEA 
[20],  Gas  phase-phase  ignition  theory  is  the  most  complex  since  it  involves  at 
least  two  steps,  first  gasification  and  then  distributed  exothermic  reaction  in 
the  gas.  This  ignition  problem  has  been  solved  by  AEA  for  a  constant  radiant 
energy  flux  applied  to  the  surface  of  the  solid  [21],  as  well  as  for  radiant 
ignition  with  in-depth  absorption  of  radiation  [22],  for  Arrhenius  kinetics  [22] 
and  for  surface  equilibrium  [19].  A  richer  variety  of  parametric  ignition-time 
curves  arises  from  these  gas-phase  ignition  theories  because  of  the  greater  num¬ 
ber  of  parameters  [22]. 

There  are  many  ignition  problems  for  which  further  work  remains  to  be 
done  in  application  of  AEA.  One  aspect  requiring  further  study  is 
the  development  of  the  combustion  processes  following  the  ignition  event,  inclu¬ 
ding  possible  occurrences  of  pressure-wave  generation.  Some  work  on  problems  of 
this  type  has  been  completed  by  AEA  [23,24].  Another  outstanding  area  involves 
problems  in  which  reactive  gas  motions  occur  that  are  not  one-dimensional. 

4.  .LAME  PROPAGATION.  Steady  propagation  of  laminar  flames  may  be  des¬ 
cribed  by  (2)  and  (3)  with  the  time  derivative  deleted  and  the  boundary  condi- 
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tions  revised.  Since  the  work  of  Bush  and  Fendell  [5],  much  has  been  accomplished 
in  analyzing  such  flames  by  AEA.  In  addition  to  one-reactant  flames  with  Le  i  1 , 
two-reactant  flames  with  two  Lewis  numbers  have  also  been  considered.  One  source 
of  more  recent  references  is  the  note  by  Mitani  [25],  in  which  AEA  predictions  by 
various  authors  are  compared. 

With  AEA,  premixed  flames  are  found  to  be  composed  of  two  regions.  There  is 

an  upstream  convective-diffusive  zone  in  which  reaction  is  negligible,  followed 

by  a  thinner  reactive-diffusive  zone  in  which  convection  is  negligible  in  the 
first  approximation.  The  appropriate  large  parameter  of  expansion  is 

E(T,-T  )/(RT~),  where  T  is  the  temperature  of  the  fresh  mixture  and  T.  that 
d  u  d  u  b 

of  the  reaction  products;  thus  Tr  =  T“/(Tb-Tu).  It  is  seen  that  for  the  ex¬ 
pansion  parameter  to  be  large,  the  heat  release,  c(Tb*T  ),  cannot  be  too  small. 

The  laminar  flam  propagates  at  a  definite  velocity,  the  laminar  flamt  speed 
SL-  The  AEA  analyses  provide  formulas  for  through  the  matching  conditions 
between  the  two  zones  and  show  that  p^SL  is  proportional  to  /vX/c  e'E/[*-RTb\ 

Practitioners  of  computer  routines  with  full  chemistry  usually  question  AEA 
results  for  S^.  The  computer  calculations  typically  show  many  species  with  reac¬ 
tions  occurring  in  what  should  be  the  convective-diffusive  zone.  Unfortunately 
sensitivity  studies  of  the  importance  of  such  reactions  and  of  the  extent  to  which 
their  effects  can  be  approximated  by  AEA  have  not  been  pursued.  Therefore  addi¬ 
tional  studies  remain  to  be  done  on  AEA  in  steady  laminar  flames. 

4.1  Flame  Instabilities.  A  major  area  of  success  of  AEA  in  laminar  flame 
theory  has  been  to  provide  a  convenient  means  for  investigating  flame  instabilities. 
The  react  ion- zone  ana  lysi s  provides  jump  conditions  that  can  be  used  in  studying 
essentially  linear  equations  that  apply  in  the  broader  zones  on  either  side  of  the 
reaction  zone.  This  enables  attention  to  be  focused  more  easily  on  instability 
mechanisms.  Occurrences  of  cellular  flames  and  of  pulsating  flames  have  been 
identified  in  this  manner. 
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Jump  conditions  across  the  reaction  zone  are  best  derived  by  formal  asymp¬ 
totic  analysis  rather  than  by  intuitive  appeal  to  reaction-rate  delta  functions. 
Jump  conditions  are  available  in  the  literature  [e.g.,  26,27]. 

Pulsating  flames  are  found  to  occur  if  Le  is  sufficiently  large  [28].  Such 
phenomena  are  relevant  to  the  combustion  of  solids  but  seldom  are  expected  for 
gases.  The  pulsating  instability  cannot  be  understood  on  the  basis  of  static 
stability  arguments  because  of  their  essentially  dynamic  character.  With  atten- 
ton  restricted  to  Le  =  <»,  one  may  imagine  a  reaction  sheet  to  be  rapidly  displaced 
a  small  distance  toward  reactants.  With  insufficient  time  for  conduction  to  re¬ 
move  the  heat  generated,  the  displacement  may  increase  the  local  temperature  at 
the  sheet.  According  to  the  flame- speed  formula,  this  increases  and  there¬ 
fore  tends  to  produce  a  further  displacement,  thus  providing  a  mechanism  for 
instability. 

Cellular  instabilities  are  more  common  than  pulsations  for  gases  and  have 
also  been  predicted  successfully  by  use  of  AEA.  These  instabilities  occur  for 
Le  less  than  a  cricical  value  less  than  unity  and  can  be  understood  physically 
on  the  basis  of  qualitative  reasoning  concerning  static  stability.  Assume  that 
a  small  bulge  develops  in  the  reaction  sheet,  protruding  toward  the  reactant  side. 
Since  the  reaction  sheet  is  a  sink  for  reactant  and  a  .  .n;"ce  fo c  '  e •>  t ,  this  pro¬ 
trusion  has  a  character  somewhat  like  a  point  source  or  sink.  For  Le  <  1 ,  the 
higher  diffusivity  of  reactant,  in  comparison  with  that  of  heat,  allows  propor¬ 
tionally  more  reactant  to  diffuse  to  the  bulge,  in  comparison  with  the  heat  that 
is  allowed  to  escape.  The  reactant  releases  energy  by  combustion  at  the  reaction 
sheet,  and  the  consequent  imbalance  between  heat  release  and  heat  conducted  for¬ 
ward  must  result  in  an  increased  temperature  at  the  bulge.  This  increased  temp¬ 
erature  increases  locally  and  thereby  causes  the  bulge  to  tend  to  be  extended 
even  farther  into  the  reactant.  Thus,  there  is  an  instability  mechanism  for 
development  of  nonplanar  shapes  of  reaction  sheets  if  Le  <  1.  The  cellular 
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flames  that  result  from  this  instability  have  shapes  fairly  rounded  toward  the 
fresh  mixture  and  pointed  toward  the  burnt  gas. 

A  number  of  AEA  studies  of  cellular  instabilities  may  now  be  found  in  the 
literature  [e.g.,  27,29-34].  These  studies  address  a  variety  of  influences  on 
cellular  structure,  such  as  effects  of  heat  loss,  effects  of  an  acceleration 
field,  nonlinear  behavior  and  effects  of  interdiffusion  of  two  reactants.  Con¬ 
cerning  this  last  effect,  it  seems  clear  physically  that  if  a  reactant  mixture 
is  deficient  in  a  readily  diffusing  reactant,  then  preferential  diffusion  of  this 
reactant  to  a  bulge  may  cause  the  mixture  to  be  locally  more  nearly  stoichiomet¬ 
ric  there  and  hence  to  have  a  higher  flame  speed  at  the  bulge,  again  promoting 
cellular  instability.  This  is  indeed  what  is  predicted  [34]  and  also  observed 
experimentally  [35], 

4,2  Behaviors  of  Stretched  and  Curved  Flames.  Additional  phenomena  of 
flame  propagation  can  be  understood  on  the  basis  of  the  same  reasoning  employed 
to  describe  cellular  instabilities.  For  example,  a  reaction  sheet  situated  nor¬ 
mal  to  a  decelerating  flow  experiences  stretch,  in  that  flow  streamlines  tend  to 
diverge  as  they  approach  the  sheet.  This  divergence  tends  to  shorten  distances 
over  which  gradients  occur  and  therefore  enhances  driving  forces  for  diffusive 
processes.  More  easily  diffusing  species  therefore  enter  the  stretched  reaction 
sheet  relatively  more  rapidly.  For  one-reactant  systems  with  Le  <  1,  this  causes 
the  flame  temperature  and  therefore  the  flame  speed  to  increase.  For  Le  >  1 , 
stretch  causes  the  flame  speed  to  decrease  and  may  eventually  produce  flame  extinc¬ 
tion  even  under  adiabatic  conditions.  There  is  a  similar  behavior  concerning 
curved  flames;  flames  convex  toward  the  fresh  mixture  have  reduced  flame  speeds 


These  physical  results  have  been  clarified  well  by  AEA  analyses  fe.g.,  36]. 

It  is  helpful  for  many  purposes  to  derive  general  partial  differential  equations 
for  the  evolution  of  a  reaction  sheet.  This  has  been  done  by  a  number  of  inves¬ 
tigators  using  AEA  ideas  [e.g.,  37,38].  Further  study  of  evolution  equations 
offers  promise  of  clarifying  dynamics  of  flame  propagation. 

5.  EXTINCTION  THEORY.  The  ability  of  AEA  to  describe  extinction  phenomena 
has  proven  to  be  one  of  its  most  useful  attributes.  Extinction  of  premixed 
flames  has  been  mentioned  above.  Extinction  phenomena  also  can  be  observed 
readily  in  nonpremixed  systems.  For  example,  fuel  and  oxidizing  gaseous  jets 
can  be  directed  towards  each  other  and  ignited.  A  steady,  flat,  diffusion  flame 
then  may  exist  where  the  jets  meet.  By  increasing  the  velocities  of  the  jets, 
a  situation  eventually  may  be  reached  at  which  the  diffusion  flame  is  suddenly 
extinguished.  A  detailed  analysis  of  this  type  of  extinction  by  AEA  methods 
has  been  given  [39].  This  analysis  has  provided  a  basis  for  comparisons  with 
experiment . 

Other  nonpremixed  extinctions  that  have  been  treated  by  AEA  include  those 
in  droplet  burning  and  in  the  combustion  of  surface-burning  particles  such  as 
carbon.  Objectives  have  been  to  ascertain  whether  extinction  is  gradual  or 
abrupt  and  to  identify  critical  conditions  for  abrupt  extinction.  Steady-state 
equations  may  be  employed  to  investigate  these  questions,  the  large  parameter 
usually  being  QE/(cRT^),  where  T  ^  is  the  adiabatic  flame  temperature  and  Q  a 
heat  release  per  unit  mass  in  the  reaction.  It  is  found  that  there  is  a  thin 
reactive-diffusive  zone  usually  having  thicker  convective-diffusive  zones  on  both 
sides.  Extinction  conditions  are  those  beyond  which  the  reactive-diffusive  zone 
can  no  longer  exist.  Such  extinctions  occur  if  the  strain  rate  or  diffusion  rate 
becomes  too  large  in  comparison  with  the  rate  of  the  chemical  heat  release. 
Radiant  energy  loss  has  been  shown  by  AEA  to  enhance  extinction  [40]. 


15 


The  principal  outstanding  question  in  analyzing  extinction  by  AEA  concerns 
influences  of  multi-step  chemistry.  This  question  can  be  addressed  by  AEA 
methods. 

6.  CONCLUDING  COMMENT.  This  paper  has  only  touched  upon  a  selected  few 
of  the  many  accomplishments  of  AEA.  The  reference  list  could  be  doubled  in 
length  and  still  not  contain  all  of  the  important  contributions  made  in  the  past 
decade.  Moreover,  the  topic  shows  no  sign  of  a  decrease  in  growth  rate.  There 
are  many  outstanding  problems  to  be  tackled.  The  subject  is  in  a  stage  of 
Arrhenius- like  growth  and  has  not  yet  encountered  appreciable  "reactant  deple¬ 
tion".  It  has  not  yet  reached  steady  propagation  and  certainly  is  far  from 
extinction. 
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ABSTRACT 

In  a  recent  publication  /8/,  one  of  us  (P.C.)  in  colla¬ 
boration  with  F.A.  WILLIAMS,  has  derived  the  local  relation  bet¬ 
ween  the  dynamical  properties  of  the  premixed  flames  front  and 
the  local  characteristics  of  the  flow  field  in  the  fresh  mixture 
just  ahead  of  the  front.  This  has  been  done  including  the  thermal 
expansion  effect  of  the  gases  using  a  multiscale  method  and  assu¬ 
ming  that  the  flame  thickness  is  small  compared  to  the  wave 
length  of  the  wrinkles. 

But,  due  to  the  fluid  mechanics,  the  characteristics 
of  this  umpstream  flow  on  the  flame  front  are  functionnals  of 
the  front  position. 

In  this  work,  we  solve  the  fluid  mechanical  problem 
in  the  presence  of  gravity  in  order  to  derive  the  dispersion  re¬ 
lation  controlling  the  stability  properties  of  the  planar  front. 

Two  main  results  are  obtained.  First,  the  viscosity 
effects  In  the  gases  do  not  affect  the  stability  properties. 
Second,  for  slow  flames  (velocity  <15cm/s),  the  gravitational 
acceleration  associated  with  a  realistic  positive  value  of  the 
"Markstein  constant"  can  make  the  planar  front  stable  for  all  the 
wave  lengths  even  In  the  presence  of  the  strongly  destabilizing 
hydrodynami cal  mechanism  of  "Darrieus  and  Landau". 
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I  -  INTRODUCTION  - 


New  interest  was  shown  recently  in  the 
dynamical  properties  of  flame  fronts  which  are  expected  to 
control  the  efficiency  of  the  turbulent  combustion.  There  are  several 
reasons  for  this  renewal  of  interest.  The  first  one,  which  is 
of  fundamental  nature,  is  related  to  the  occurence,  beyond  the 
stability  threshold, of  cellular  structures  on  the  front  which 
can  produce  chaotic  movements  in  premixed  combustion  even  for 
laminar  upstream  flows.  This  phenomena  which  is  related  to  the 
general  problem  in  physics  of  the  transition  mechanism  to  the 
chaos  was  experimentally  shown,  for  the  first  time  in  premixed 
flame,  by  tne  pioneering  works  of  MARKSTEIN  / 1 /  and  verified  re¬ 
cently  in  our  laboratory  / 2/  for  carefully  controlled  flow  condi¬ 
tions.  The  second  reason  is  the  devel oppement  in  our  laboratory 
of  a  new  optical  technic  perfected  by  L.  BOYER  / 3/  which  provides 
us  with  quantitative  experimental  data  concerning  these  dynamical 
behaviors  of  premixed  flame  fronts  / 2 / / 4/ .  The  last  one  is  the 
devel oppement  of  power-full  mathematical  technics  which  opened 
the  field  of  theoretical  investigations  of  these  phenomena  in 
combustion.  One  decisive  step  in  this  direction  was  the  use  of 
an  asymptotic  expansion  in  large  values  of  the  reduced  activation 
energy  to  describe  the  inner  structure  of  both  the  premixed  / 5 / , 

/ 6 /  and  diffusion  / 7/  flames.  Another  step  was  accomplished 
recently  by  P.  CLAVIN  and  F.A.  WILLIAMS  / 8 /  by  coupling  this  asym- 
totic  expansion  with  a  multiscale  method  which  allowed  them  to  take 
into  account  completely, for  the  first  time,  the  effect  of  the  gas  expan¬ 
sion  on  the  structure  of  a  tilted  front  and  thus  on  the  dynamics 
of  wri nkl ed  fronts . 

The  purpose  of  the  present  paper  is  to  inves¬ 
tigate  theoretically  by  these  methods  the  stability  properties  of  the 
premixed  flame  front  including  a  complete  description  of  the 
thermal  expansion  effect. 
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As  the  early  works  of  DARR1EUS  191  and 
LANDAU  /10//11/  showed,  this  effect  is  expected  to  produce  a 
strong  instability  mechanism.  In  fact,  the  flame  front  is  consi¬ 
dered  in  these  works  as  a  surface  of  discontinuity  with  a  normal 
velocity  kept  constant  relativel/to  the  gas  flow,  lhis  surface  is 
the  frontieer  between  the  fresh  cold  mixture  and  the  hot  burnt 
gases  which  can  be  both  consi de red , for  the  slow  flow  velocities 
involved  in  the  combus t i on,  as  incompressible  flows.  Thus,  the  cou¬ 
pling  of  the  hydrodynamics  of  the  incompressible  gas  flow  with 
the  deflection  of  the  velocity  due  to  the  thermal  expansion 
through  the  tilted  front  produces  an  increase  (lowering)  of  the 
gas  velocity  near  the  concave  part  A  ‘(convex  part  B)  of  the  front 
as  it  is  shown  on  figure  1.  The  resulting  effect  is  to  push  the 
part  A  downstream  toward  tne  burnt  gas  and  the  part  B  upstream. 
This  produces  a  strong  instability  of  the  front  which  is  descri¬ 
bed  by  the  following  dispersion  relation  /10//11/ 

(2-y)o2+2ko-k2(Y/l-Y)  =  0  (1) 

Where  o  is  the  growing  rate  of  the  instability,  and,  k  the  corres¬ 
ponding  wave  number  of  the  wrinkled  front,  eot  e1*^.  y  is  the 
expansion  ratio  defined  by  y  =  (pf~pb^pf  1  s  equal  in  the 

isobaric  approximation  to  (T^-T^J/T^  where  p  and  T  denote  the 
density  and  the  temperature  respectively.  The  subscripts  f  and  b 
identify  the  fresh  and  burned  mixture  respectively,  0<Y<1. 

For  usual  premixed  flame  >  varies  between  0.75  and  0.95.  The  equa¬ 
tion  (1)  shows  that  there  is  a  strong  unstable  branch  given  by  : 


and  that  such  a  flame  i£  clways  unstable.  These  last  result  does 
not  agree  with  experimental  observations  on  laboratory  burners 
where  flat  fronts  of  planar  premixed  flame  of  10cm  of  diameter  are  stabilized 
in  an  upstream  uniform  gas  flow  /2/. 

The  weakness  of  the  Darrtus-Landau  model  is  to  comple¬ 
tely  neglect  the  inner  structure  of  the  flame  front  which  must  be  modified 
by  the  local  curvature  of  the  front  in  such  a  way  that  the  normal  velocity 
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of  the  front  cannot  be  considered  as  constant.  Such  modifications 
were  first  introduced  in  a  phenomenological  manner  by  W.  ECKHAUS 
/ 1 2 /  and  G.H.  MARKSTEIN  / 1 /  in  the  Darri eus-Landau  model.  Before 
to  recall  the  effects  of  such  modifications  on  the  stability  pro¬ 
perties,  let  us  briefly  present  the  diffusive  thermal  model  first 
proposed  by  b.I.  BAkENBLAIT,  Y.B.  ZEL'DOVICH  and  A.G.  ISTRATOV  / 1 3/ 
which  can  be  now  analytically  solved  by  an  asymptotic  expansion 
/ 6/ / 1 4 /  to  provide  these  curvature  effects  in  a  systematic  way. 

VI  FFUSIVE -THERMAL  MOVtL 

This  model  is  exactely  the  opposite  of  Darrieus 
Landau;sone.  By  completely  neglecting  the  expansion  of  gases  through 
the  flame  thickness  it  uncouples  the  flow  velocity  field  from 
the  equations  of  species  and  energy  conservation  which  then  govern 
alone,  the  dynamics  of  the  wrinkled  front.  Contrarily  to  the 
Darri eus-Landau  model,  this  last  model  considers  the  inner  struc¬ 


ture  of  the  front  but  without  the  effects  of  the  flow  velocity 
deflections  mechanisms  through  the  flame  thickness.  The  heat  and 
species  diffusion  and  the  constant  convection  in  the  longitudinal 
direction  are  the  only  transport  mechanisms  which  are  retained, 
the  transverse  convection  is  completely  neglected  because  the 
constant  density  approximation  makes  the  flow  completely  insen¬ 
sitive  to  flame  wrinkling.  When  only  one  species  is  supposed  to 
control  the  reaction  rate,  the  problem  is  reduced  to  solving  two 
coupled  equations  concerning  the  normalized  reactant  conceritrati  on 
v  and  the  reduced  temperature  variable  0  =(T-T^)/(T^-Tf )  .  Because 
the  flame  velocity  is  very  small  compared  to  the  sound  velocity, 
the  energy  conservation  can  be  written  with  the  assumption  that 
the  Mach  number  is  negligible  in  such  a  way  that  the  two  equations 
for  v  and  o  only  differ  by  the  values  of  the  thermal  and  molecular 
di  f  fusi vi ti es  Dth  and  D.  In  gases  the  Lewis  number,  defined  by 
L  =  D^/D,  is  close  to  unity  and  constant.  These  two  equations 
are  coupled  by  the  chemical  production  of  heat  F(e,y)  which  is 
also  the  chemical  consumption  of  the  reactive  species.  This  term 
is  well  known  to  be  highly  sensitive  to  the  temperature  and  its 
temperature  dependence  is  usually  well  represented  by  an  Arrhenius 


factor  exp  -E/kT  where  the  reduced  value  of  the  activation 
energy  8  =  ~ -  )  is  assumed  to  be  very  large,  8>>I. 

A  direct  consequence  is  that  the  velocity  of  a  planar  and  adia¬ 
batic  flame  is  also  a  strongly  increasing  function  of  the  burning 
temperature  T^.  As  it  is  shown  on  Fig. 2,  the  key  fact  for  this  model 
to  be  analiticaly  soivaoleby  an  asymptotic  expansion  in  large  value 
of  b  is  that,  in  thelimit  the  nonlinear  production  term  F(o,f), 

becomes  negligible  except  in  a  very  thin  reactive  zone  of  d/B 
thickness  located  at  the  end  of  a  large  convective-diffusive  zone 
of  thickness  d  =  p  Dth/p  fUf  •  d  i  s  called  the  flame  thickness,  being 
the  flame  velocity  relative  to  the  fresh  mixture.  For  usual  defla¬ 
gration  waves  the  order  of  magnitude  are  the  following  :  d=5  10  *mm, 
U^=10cm/s  and  6=10.  The  second  step  in  understanding  the  front 
dynamics  is  to  introduce  the  local  modification  of  the  flame  tem¬ 
perature  by  the  curvature  of  the  front.  Because  the  temperature  and 
species  concentration  vary  through  the  flame  thickness,  a  curva¬ 
ture  of  the  front  induces  a  transverse  diffusive  flux  of  heat  and 
mass  which  produces  a  local  modification  of  the  temperature  of  the 
thin  reactive  zone.  As  it  is  shown  m  the  figure  2,  whenever  the 
diffusion  of  heat  is  more  efficient  than  the  diffusion  of  the 
species  limiting  the  reaction,  the  net  effect  of  the  wrinkling  is 
to  produce  a  lowering  of  the  combustion  temperature  and  thus  of  the 
local  flame  velocity  in  B(and  the  contrary  at  A).  It  turns  out, 
that  the  flame  front  is  stable  in  this  case  and  that  it  can  become 
unstable  when  the  diffusion  of  heat  is  less  efficient  than  the 
diffusion  of  mass.  Thus,  a  critical  value  of  the  Lewis  number  1” 
is  expected  to  separate  a  stable  region  L>  L::  from  an  unstable  one 
1<L::.  In  fact,  when  B  is  large  the  sensitivity  to  the  temperature 
is  so  high  that  a  very  small  departure  of  the  Lewis  number  from 
one  produces  a  strong  effect  and  a  detailed  analysis  / 6 / / 14/  shows 
that  the  precise  bifurcation  parameter  is  t  =  B(I-  -1)  whith  a  cri¬ 
tical  value  =  -2.  Close  to  this  critical  value,  the  dispersion 
relation  takes  the  following  form  : 

o  =  -  k2  -  4k4  (3) 

Where  d  and  t  =  d/U^.  are  the  unit  of  length  and  time  respectively. 
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The  k  term  illustrates  the  transverse  diffu¬ 
sive  nature  of  the  response  mechanism.  The 

sign  of  the  coefficient  of  kZ  controls  the  bifurcation.  The  always 
stabilizing  4^  order  term  k^  comes  from  the  heat  diffusion  rela¬ 
xation  of  the  perturbation  of  the  combustion  temperature  which  is 
seen  to  be  itself  of  order  k  .  As  it  is  shown  on  the  figure  3.b, 
a  small  range  of  wave  numbers  around  k=0  becomes  unstable  at  the 
bifurcation.  However ,  the  general  dispersion  relation  given  by 
a  detailed  analysis  for  different  values  of  I  is  more  complicated 
than  (3)  : 

-rZ(l-r)  =  |(l-r+2u)  with  r  =  /l+4(0+kz)  (4) 

Equation  (4)  shows  that  another  instability  appears  for  a 
moderatly  high  value  of  t(t^.32/3)  for  which  an  Hopf  bifurcation 
(Imo/O)  occurs  / 6/ .  This  result  has  been  used  recently  to  explain 
spinning  deflagration  waves  / 1 5 /  and  travelling  combustion  waves 
/ 2/  observed  in  premixed  combustion  in  solid  and  gaseous  phases 
respectively.  As  is  indicated  by  a  simple  de ve 1 oppement  of  (4)  in 
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small  k  and  large  i  with  k£  of  order  one,  a-  -  ^(k  -  ^  ) ,  the  res¬ 
ponse  mechanism  is  so  strong  that  the  effects  of  acceleration 
cannot  be  neglected  and  can  produce  another  mechanism  of  ins¬ 
tability. 

The  results  given  by  this  diffusive  thermal 
model  are  very  attractive  for  gas  combustion  because  they  involve 
critical  values  of  Lewis  number  sufficiently  close  to  unity  to  be 
relevant  in  gases.  In  fact  the  upper  limit  correponding  to  Lewis 
number  around  2  seems  to  be  a  little  too  high  to  be  easily  attai¬ 
ned.  But  the  lower  limit  corresponding  to  Lewis  number  slighly 
smaller  than  one  can  be  more  frequently  observed  and  has  been 
extensively  used  /6//14//16/,  these  last  five  years,  to  explain 
the  cellular  structure  which  appears  on  premixed  flame  front 
when  the  limiting  component  is  sufficiently  light  (rich  mixture 
of  hydrocarbons).  The  result  of  the  analysis  presented  in  the 
following  shows  that  this  conclusion  is  doubtfull  and  we  propose 
another  interpretation. 


A  TENTATIVE  MODEL  OF  COUPLING 


In  fact,  the  weakness  of  the  diffusive  ther¬ 
mal  model  is  to  ignore  the  strong  unstability  mechanism  of  Darrieus 
and  Landau  presented  at  the  beginning  of  this  section.  A  realistic 
theory  of  flame  stability  must  couple  the  reactive  diffusive  phe¬ 
nomena  with  the  advective  involved  in  the  hydrodynamics. 

Up  to  now, the  theoretical  description  of  this  complete  coupling 
was  considered  as  a  formidable  challenge. It  will  be  shown  in  the 
following  that  this  can  be  systematically  accomplished  by  associa¬ 
ting  a  multiscale  method  to  the  asymptotics  analysis.  One  of  the 
recent  tentatives  of  coupling  hydrodynamics  effects  and  the  dif¬ 
fusive  ones  in  flame  was  done  by  G.I.  SIVASHINSKY  / 1 7 /  who  used 
a  tricky  approximation.  In  the  preheated  zone  (diffusive  non 
reacti ve)  .the  density  p  was  considered  as  constant  and  equal  to 
its  upstream  value  but,  in  the  burned  gas,  the  value  of  the 
density  was  taken  to  be  equal  to  its  actual  value  pb,  Y  =  (p f-p b ) /p f  • 
This  approximation  consists  simply  in  adding  the  two  kind  of  me¬ 
chanisms  without  a  real  coupling.  Thus  the  corresponding  dispersion 
relation  near  i  =  t::  is  a  combination  of  (2)  and  (3)  which,  when  y 
is  small  enough,  reduces  simply  to  : 


As  it  is  shown  on  figure  (3.C)  this  model  predicts  that  contrarely 
to  experimental  observations,  the  flame  front  is  always  unstable 
for  wave  lengths  larger  than  a  critical  value  which  is  of  order 
of  the  flame  thickness  d.  It  is  clear  that  this  qualitative  result, 
obtained  by  this  simple  analysis,  cannot  be  modified  without  addi¬ 
tion  of  a  new  stabilizing  phenomena. 
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GRAVITV  EFFECTS 


The  direct  observations  of  the  difference 
between  a  downward  and  an  upward  flame  propagation  / 18 /  ,  has 
lead  to  think,  some  thirty  years  ago  /l/,  that  the  gravity  must 
play  an  important  role  in  the  stability  properties  of  premixed 
f 1 ames . 

It  is  worthwhile  noticing  the  following  pro¬ 
perty.  When  the  simple  coupling  model  is  used  in  presence  of  the 
gravity,  the  dispersion  relation  is  similar  to  the  one  correspon¬ 
ding  to  a  burning  liquid  layer  which  was  obtained  by  L.  LANDAU  / 1 1  / 
with  the  pure  hydrodynami cal  model  of  a  reactive  interface  under 
gravity  but  provided  with  an  interfacial  tension.  The  adimensional 
coefficient  of  proportionality  between  the  curvature  and  the  pres¬ 
sure  jump  produced  by  the  surface  tension  has  simply  to  be  replaced 
by  the  adimensional  response  time,  1/ ( n/2+ 1 )  appearing  in  the 
diffusive  thermal  dispersion  relation  (3).  This  clearly  indicates 
that, as  it  is  shown  by  a  comparison  of  the  Markstein  result  with  the 
Landau's  one  ,  these  two  distincts  mechanisms  act  in  a  similar 
manner  on  the  stability  properties.  Thus,  the  corresponding  dis¬ 
persion  relation  is  given  by  (cf./ll/)  : 

a2(2-Y)+a(2k)  +  k(Yb-k  +  k2(t+2))=  0  (5) 

3 

where  b=gDt^/U^  is  an  adimensional  measure  of  the  effects  of 

the  gravity  acceleration  g.  It  must  be  kept  in  mind  that  this 

adimensional  parameter  varies  from  5  10  ^  for  the  slowest  flame 

_  3 

(Uj.~10cm/s)  4  10  for  flames  of  usual  hy  d  roc  a  r  bon  -  a  i  r  mixtures 

(U^-40cm/s)  propagating  downward  and,  thus,  must  be  considered 
as  a  small  positive  quantity.  When  the  flame  propagates  in  the 
upward  direction  the  gravity  has  a  destabilizing  effect  (b<0). 

As i t  is  shown  on  figure  3.d,  it  turns  out  that  the  flame  front 
of  a  premixed  flame  propagating  downward  could  be  stable  for 
every  wave  numbers  if  the  values  of  i  would  be  larger  than  the 
critical  value  l  c=  -2  +  At  this  critical  value  ,  an 

unstable  wave  number  appears  with  the  critical  value  kc=  2b(l-y). 
Contrarely  to  the  case  of  the  pure  thermal  diffusive  model,  for  which  the 
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Lewis  number  is  less  than  one  at  the  bifurcation,  the  presence 
of  the  hydrodynami cal  instability  mechanisms,  even  with  a  sta¬ 
bilizing  gravity  effect,  requires  at  the  bifurcation  a  very  stron¬ 
gly  stabilizing  diffusive  mechanism  characterized  by  a  value  of 
the  Lewis  number  larger  than  one  (L>1).  But  in  both  the  cases 
the  stability  limit  is  a  lower  bound  (L>LC  or  li"  characterizing 
in  both  the  cases  the  domain  of  stability).  In  fact,  even  for  the 
slowest  flame  (corresponding  to  the  smallest  accessible  values 
of  y.y-0-75),  the  critical  value  i.c  of  l  has  a  too  high  value 
(t  >10)  to  be  accessible  in  the  actual  gases  mixtures. 

Furthermore,  it  is  readily  seen  that,  for  a  realistic  small  value 
e  of  b,  kc  and  are  of  order  e  and  e  *  respectively,  in  such 
a  way  that  the  product  k  t  being  of  order  unity,  the  upper  dif- 
fuse  thermal  limit  of  stability,  £ ^ =32/3  corresponding  to  the 
Hopf  bifurcation  mentionned  earlier,  is  surely  exceeded, 

Then  this  model  predicts  clearly  that  there  is  always  a  range 
of  small  wave  numbers  for  which  usual  premixed  flames  are  unstable 
By  using  the  troubling  approximation,  Y^0  with  b(l-Y)  kept  equal 
of  order  unity,  B.J.  MATKOWSKY  and  G.I.  SIVASHINSKY  / 1 9/  derived 
a  model  which  leads  to  conclusions  different  of  those  presented 
just  above.  But  it  is  clear  by  looking  at  the  order  of  magnitude 
that  this  approximation  cannot  be  relevant  for  usual  flames  for 
which  y.0.8  and  b<10~*. 

DETAILED  ANALYSIS  OF  THE  COUPLING  BETWEEN  THE  DIFFUSION 
PROCESSES  AW  THE  JlVDROpyMMICS  OF  THE  GAS  FLOW 

For  usual  flames  whose  the  thickness  is 
less  than  one  millimeter,  the  wave  lengths  involved  in  the  cellu¬ 
lar  structures  observed  experimentally  are  of  an  magnitude  order 
of  one  centimer  / 2 / .  Thus,  the  hydrodynamics  phenomena  are  seen 
to  occur  on  a  larger  length  scale  than  the  diffusion  processes 
and  it  is  natural  to  look  for  describing  their  coupling  by  a 
multiscale  method  where  the  small  parameter  e  is  the  ratio  of 
the  flame  thickness  d  by  the  wave  length  \ ,  e=d/A.  Such  a  method 
was  devel opped  recently  by  P.  CLAVIN  and  F .  A .  WILLIAMS  / 8/  to 
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describe  the  modifications  of  the  local  flame  structure  induced 
by  the  deflection  mechanism  of  the  stream  lines  through  the  flame 
thickness.  A  further  investigation  shows  that  these  mechanisms 
produce  a  pressure  jump  accross  the  flame  thickness  which  acts 
at  the  lowest  order  in  k  expansion  like  a  surface  tension  of  a 
dynamical  nature.  In  /8/  the  flow  velocity  u  _m  at  the  upstream 
boundary  of  the  preheated  zone  was  considered  as  a  given  quantity. 

In  the  present  work,  these  quantities  have  to  be  com¬ 
puted,  like  in  the  Darri eus -Landau  approach,  by  solving  the  hydro- 
dynamical  problem  occuring  on  the  a  scale.  One  of  the  main  result 
of  /8/  is  to  obtain  the  evolution  equation  of  the  flame  front 
position  a(y,t)  in  terms  of  u  _oo.  Its  linearized  version  is  sim¬ 
ply  given  by  /8/  : 

Ft  -  »„<>.*>  'V1  (6) 

with  O0(r,e)  *  i  '"(yr^)*  j  (-1)  ^(y) 

rn- y  (7> 

and  Dj(y)  =  J  dx  x  tn(l+x) 

Formula  (6)  indicates  that  the  main  effect  on  the  front  dynamics 
produced  by  the  flow  deflection  through  the  flame  thickness  is  to 
replace  the  coefficient  ^  +1  appearing  in  the  pure  diffusive  ther¬ 
mal  model  (cf. formula  (3))  by  Do(lim  D0  =  1+  ?)  • 

Y  +  0 

Formula  (6)  shows  also  that,  not  only  the  longitudinal  component 
of  the  velocity  u  ^  of  the  approaching  flow  immediately  upstream 
from  the  preheated  zone  affects  the  front  dynamics,  but  also  its 
longitudinal  gradient  u  ^.In  the  traditionnal  litterature  on  Combus¬ 
tion/18/20/  the  effect  of  the  gradient  of  the  flow  velocity  is 
called  the  KARLOWITZ-effect.  As  it  was  anticipated  by  W.  ECKHAUS 
/ 1 2./  in  his  pioneering  analytical  work,  this  effect 
appears  in  (6)  to  be  simply,  in  its  linearized  version  and  at  the 
lowest  order  in  e,  a  correction  of  the  front  curvature  in  order 
to  make  efficient  only  the  relative  curvature  of  the  front  compa¬ 
red  to  the  "curvature  of  the  flow". 
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The  result  of  the  work  presented  In  the  next  section  points  out  that  the 
main  effect  of  the  complete  coupling  in  the  limit  of  small  k,  is 
that  the  “dynamical  surface  tension"  and  "the  Karlowitz  effect" 
stabilize  enough  the  flame  to  make  the  critical  Lewis  number  Lc 
close  to  one.,  in  such  a  manner  that  the  bifurcation  can  be  expe¬ 
rimentally  reached  in  usual  reactive  gas  mixtures.  The  critical 
wave  number  k£  being  roughly  unmodified.  Thus,  even  with  the 
Darrieus-Landau  instability  mechanism,  the  present  theory  predicts 
inagreements  with  the  experiments,  that  a  range  of  Lewis  number 
must  exist  for  which  the  planar  flame  front  is  stable  (at  least 
for  slow  flame).  Furthermore,  the  bifurcation  mechanism  is  seen 
to  be  quite  different  than  the  one  predicted  by  the  diffusive 
thermal  model . 
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II  -  ANALYSIS 


Except  for  slight  modifications  introduced  by 
the  gravity,  the  formulation  of  the  problem  parallels  the  works 
of  CLAVIN  and  WILLIAMS  / 8 /  and  the  reader  is  referred  to  this 
publication.  The  conservation  equations  to  be  written  in  the 
moving  coordinates  are  those  for  mass,  momentum,  energy  and 
reactant.  Except,  for  the  equations  (3),  the  equations  (1)  to 
(9)  of  the  reference  / 8/  are  similar.  Only  the  termyr.b  is  added 
to  (3).  According  with  the  arguments  presented  in  the  introduc¬ 
tion,  b  is  considered  as  small  parameter  b  =  EB  where  --<<1  and 
B  =  0 ( 1 ) .  As  (5)  shows,  the  order  of  magnitude  of  the  relevant 
wave  numbers  (_kc)  and  of  the  frequency  is  expected  to  be  of  the 
same  order  e.  Furthermore,  as  it  is  shown  by  the  results  of 
Darrieus  and  Landau  /9//11/,  the  amplitude  of  the  flow  velocity 
involved  in  the  stability  analysis  is  of  the  same  order  e  than 
the  wave  number.  Thus,  the  scaling  presented  in  /8/  can  be  used 
for  the  present  analysis.  In  the  spirit  of  the  multiscale  me¬ 
thod  /21/,  the  space  coordinates  appropriate  to  describe  the 
upstream  incompressible  flow  and  the  preheated  zone  are  (X=ex, 

Y  =  ey,  Z  =  ez)  and  j;  =  x-a  respectively  where  x  =  a(Y,Z,T)  is  the 
equation  of  the  reactive  surface  / 8 / .  Thus,  the  expansion  intro¬ 
duced  in  the  formula  (11)  of  /8/  can  be  used  with  a  slight  modi¬ 
fication  for  the  pressure  due  to  the  gravity  : 


P  =  P0U)-eBr.-eBo(Y,Z,T)  +  r  P  _  (  X  ,  Y  ,  Z  ,  T  ) 
+  »L»Y,Z,T)+ . 


(8) 


U  =  Uo(O  +  e0_oD(X,Y,Z,T)+EU1(E  ,£ , Y ,Z ,T)+  .  .  . 
V  =  e*_JX, Y,Z,T)+  e  ^(5  ,e,Y,Z,T)+. . . 


(9) 


where  E  is  defined  by  =  =  C£;  .  In  fact  pQ(f;j-cBc  and  uQ(0 

correspond  to  the  planar  steady  solution  and  p=  -rBa+*P 
with  u  -  iu  and  v  -  rv  are  the  modifications  by  the  front 


r 


1 


wrinkling  of  the  pressure  and  of  the  velocity  field  in  the  ups¬ 
tream  incompressible  flow.  The  multiscale  analysis  associated 
with  the  asymptotic  expansion  in  6  allows  to  compute  order  by 
order  in  e  the  pressure  and  the  velocity  jump  accross  the  flame 
thickness  6p  =  p+ ( X=0) -p_ (X=0)  6u=  u+(X=0)~u  (X=0)...  where 

p+ ( X  ,  Y ,  Z ,T )  u+(X,Y.Z,T),  V+  and  W+  are  the  fields*”)  in  the 

burnt  gases.  It  must  be  noticed  that,  for  the  present  stability 

analysis,  only  the  version  of  /8/,  linearized  in  the  amplitudes 

2 

and  limited  to  the  e  terms,  is  required.  It  turns  out,  from  the 
multiscale  analysis,  that  u+,  v+,  p+  and  u_,  v_,  p_  verifie  the 
linearized  equations  of  the  incompressible  fluid  dynamics  which 
are  simply  : 


9 

3  X 


U  +  —  V  =0,1  —  U  +  *“ry  v  =0 
3  Y  -  '  3X  +  3 Y  + 


3_ 

3X 


(10) 


fr  U- 


+  3  X  U- 


T*  P-  ‘  *  U 


1 


|tv-  +  fxV-  =  '  ?YP-"avfa 


31  u+  "  TTy  Tx  + 

a  1  a 
aTv+  +  T-l  Txv+  = 


l-Y 
1  3 


1  3  n 

Tx  ph 


l-Y  a y 


P+-a  b, 


"sing  the  normal-modes  decomposition  of  Fourier  a  =  C  e1  kY  eoY 
u  =  U(x)elkY+oT  ,  v  =  V(x)elkY+oT,  p_  =  -ab+P_(x)elkY+oT  , 


e+  =  -(l-Y)ab+P+(X)e 


ikY+oT 


(11) 


and  assuming  bounded  values  everywhere  in  the  space,  the  solution 
can  be  written  in  the  following  form  : 


P_(X)=  P_(0)ekX  ,  P+(X)=  P+(0)e‘kX 


U.(X)=  -  Fk-P_(0)ekx  ,  U+(X)=  Ae”  ^ 1  "Y  ^oX+  (  r-\  7o~kP+ ( °  > 6 


kX 


V.(X)=  TU+(X)  .  V+(X)=  £  |  U+(X) 


(12) 


ruy  - — ~  - 

In  order  to  save  the  notations  only  one  transverse  component 
of  the  velocity  V  will  be  used. 

Notice  that,  in  the  linear  analysis,  the  variable  H  can  be  replace  by  X 


3 1 


with  the  following  boundaries  conditions  on  the  flame  front  X=0 

2 

which  are  valid  up  to  the  e  order  : 


9t  u-  1n  TtVy 


6P  = 


[+(P  +  P‘  )(3xU+  -  3XU  J-  yab 


(13) 


Su  -  I  <»«“-  -  7yy“)  °1  • 

Sv  =  ( 3yV_  +  3Tay)  1  fl  +  P(3XV+  -  3xv.)-ay(Y~  +  bln  JT^)  • 

Where  P  and  P‘  are  the  Prandtl  numbers  as soc i ated  to  the  shear 
and  bulk  viscosity.  It  is  worthwhile  to  notice  that  the  pressure 
jump  contains  a  term  proportional  to  a  which  can  be  interpreted 

2  yy 

►  at  this  e  order,  as  a  surface  tension.  Its  origin  lies  in  a  se¬ 

cond  order  mechanism  of  the  deflection  of  the  flow  velocity 


through  the  tilted  front. 

In  order  to  obtain  a  non  trivial  solution  for  P+(0) 
P_(0),  A  and  C  of  the  system  (12)  verifying  the  condi ti ons ( 13 ) 
and  (6),  the  following  4-4  determinant  must  be  zero 


This  relation  provides  us  with  the  dispersion  relation  which 
after  factorizing  the  term  (l-yjo-k  takes  the  form  : 

(2-y)o2+c{2k+k2[log  +  j  D.(3-y)  +  (2-y)D  1  ) 

0=  c  1  (15) 

_+k{Yb-k(Y/l-Y)  +  k2  t  4  Do  (2  +  y^-)  +  £Dj]  } 

/  /  \  V 

Dynamical  Diffusive  Karlowitz  6p 

superficial  response  + 

tension  mechanism  velocity  deflection 

Except  a  non  important  difference  in  the  coefficient  of  c,  this 
dispersion  relation  is  similar  to  (5)  but  with  an  important  mod 
fi cat  ion  in  the  order  of  magnitude  of  the  coefficient  of  the 
last  term. 


111  -  discussions_of  THE  RESULTS  - 

Except  negligible  terms  which  are  omitted,  the 
relation  (15)  corresponds  to  the  first  three  terms  of  the 
devel oppement  in  power  of  e  of  the  general  dispersion  relation 
which  is  supposed  to  be  an  analytical  function  of  e.  This  deve- 
loppement  is  a  devel oppement  in  the  amplitude  of  the  gradient 
and  (15)  corresponds  in  fact  to  the  following  order  of  the 
Darrieus-Landau  ’  s  result  concerning  the  purely  hydrodynami ca 1 

model  / 9/ / 1 1 / .  As  it  is  clearly  seen  on  the  structure  of  the 

3  2 

determinant ( 14 )  the  c  order  in  (15)  corresponds  to  a  e  order 

in  the  deve  1  oppement  of  p,  u,  v  and  a. 

The  first  remark  is  that  the  viscosity  does  not 

3 

appear  in  the  dispersion  relation  at  this  e  order  and  thus, 
can  be  considered  as  a  negligible  effect  on  the  flame  stability. 
This  result  is  not  trivial  because  the  e  order  of  the  disper¬ 
sion  relation  is  high  enough  in  principle  to  contain  the  vis¬ 
cosity  effects  which  are  seen  to  cancel  exactely  at  this  order. 

The  critical  values  kc  and  are  obtained  by  equa¬ 
ling  to  zero  simultaneously  the  last  term  of  (15)  and  its  k 
derivative  to  obtain  : 

-  =  2b( 1-y )  (16) 

+  D0(Yflc)(2+  yl^  +  ^DjU)  =  y/4(l-y)2b  (17) 

One  verifies  directely  on  (16)  the  consistency  of  the  choosen 
scaling,  b=0(e)  with  c=d/A.  Thus  the  right  hand  side  of  (17)  is 
seen  to  be  of  a  large  order  of  magnitude  =l/(l-y)  5.  But,  as 
it  is  shown  by  a  simple  inspection  of  the  order  of  magnitude 
for  y-0.8  and  b-0.15,  the  equation  (17)  can  be  satisfied  by  a 

.  2 

not  too  high  value  of  fc  =5  and  a  small  enough  value  of  k  =6.10 

c  t 

to  preclude  the  dangerous  limit  k  z  =  0(1) (cf. Introduction) . 

v  V 

This  result  is  due  to  the  fact  that  each  of  the  four  terms  of 

the  left  hand  side  of  (17)  have  the  same  positive  sign  (for  t>0) 

and  are  large  enough  for  a  realistic  value  of  y.  The  physical 

2 

reasons  are  that  every  k  terms,  like  the  thermal  diffusive 

)4 


response  of  the  front  given  by  (6),  the  “dynamical  surface  ten¬ 
sion"  and  the  coupling  of  the  Karlowltz  effect  with  the  velocity 
deflection  Identified  In  (15)t  are  all,  stabilizing  phenomena. 

Furthermore  a  detailed  Investigation  of  the  struc- 

o 

ture  of  the  determinant  (14)  shows  that,  contrarely  to  the  k 

3 

terms,  the  k  ones  which  are  neglected  In  (13)  and  (6)  can  pro¬ 
duce  only  negligible  effects  on  the  dispersion  relation  (15) 
which  is  thus  seen  to  contain  the  dominant  physical  phenomena 
necessary  to  make  the  premixed  flame  front  stable. 

But,  as  the  adimensional  gravity  coefficient  b 
varies  like  the  Inverse  of  the  cubic  power  of  the  flame  velo¬ 
city,  (17)  shows  that  for  fast  enough  deflagration  U^^20  cm/5 
the  z  becomes  too  high  enough  to  be  experimentally  accessible. 

V 

Thus,  the  present  analysis  shows  that  for  slow 
enough  flame,  the  planar  front  can  be  stable  even  when  the  hydro¬ 
dynamics  destabilizing  effect  of  Darrieus  and  Landau  is  taken 
into  account.  One  possible  experimental  test,  of  these  theore¬ 
tical  results  could  be  provided  by  measuring  the  cell  sizes  at 
the  bifurcation  (thereshold  of  the  cell  apparition)  in  order 
to  verify  whether  the  following  predicted  relation  corresponding 
to  (16)  is  true  or  not  : 

"the  cells  size  varies  like  the  second  power  of  the  flame 
velocity  U^/(1-Y)g". 

Another  possibility  is  to  use  the  laser  tomogra¬ 
phic  method  /  3  /  for  measuri  ng  ,,as  in  /  4  /  ,the  flame  response 
coefficient  0Q  of  a  premixed  flame  in  a  weakly  upstream  turbu¬ 
lent  flow  to  check  whether  or  not  DQ  goes  systematically  to  zero 
at  the  bifurcation.  The  purely  diffusive  theory  /16//14 /  predicts 
a  zero  value  but  not  the  present  theory. 
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Fresh  Mixture 


Diffusive  non- reactive  zone 
preheated  zone 


FIGURE  2 

FLAME  STRUCTURE  IN  THE  DIFFUSIVE-THERMAL  MODEL 

-  ■  ■  Transverse  diffusive  flux  of  heat 

—  Transverse  diffusive  flux  of  mass 


37 


DISPERSION  RELATION  FOR  THE  DIFFU¬ 
SIVE  THERMAL  MODEL  NEAR  l=t* 


FIG.  3c 

kc  *•  0.5/d  for  y.  0.8 

x  ^  *  nd 


FIGURES  3 
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ELEMENTARY  CHEMISTRY  IN  THE  MODELLING 
OF  ONE  DIMENSIONAL  COMBUSTION  SYSTEMS 


Joseph  M.  Hciincrl  and  Terence  P.  Coffee 
USA  Ballistic  Research  Laboratory,  ARRADCOM 
Aberdeen  Proving  Ground,  MD  2100S 


ABSTRACT.  In  order  to  obtain  validated  kinetic  reaction  networks  we  have 
assembled  a  code  t ha t  models  the  one  dimensional,  premixed,  laminar,  steady- 
state  flame.  Our  objective  is  to  check  model  predictions  in  detail  with 
experimental  measurements.  Herein  we  discuss  (3)  the  results  for  our  test  case, 
ozone  and  (2)  the  effects  of  employing  different  mixing  algorithms  for  the  well 
characterized  multispecies  flame  ll-j-O^-NS. 

The  ozone  results  show  explicity  that  burning  velocity  comparisons  arc 
necessary  but  not  sufficient  to  define  the  chemistry;  and  that  profile  measure¬ 
ments  are  in  fact  necessary. 

The  five  different  mixing  algorithms  used  predict  essentially  the  same 
flame  speeds  and  species  profiles  for  a  wide  range  of  II -.-(^-N-,  concentrations. 
This  does  not  indicate  that  transport  phenomena  are  unimportant,  but  rather 
that  the  selection  of  the  input  values  for  the  species  transport  properties  is 
more  important  than  the  selection  of  the  method  used  to  approximate  multispecies 
transport . 

I,  INTRODUCTION.  The  overall  objective  of  these  studies  is  to  delineate 
and  validate  the  elementary  gas  phase  kinetic  mechanisms  involved  in  the  com¬ 
bustion  of  HMX/RDX  propellants.  The  modeling  of  premixed,  laminar,  steady 
state  flames  is  the  approach  taken;  first  because  the  governing  equations  are 
simple  relative  to  other  combustion  processes  and  so  one  can  focus  upon  the 
kinetics;  and  second  because  laser-based  diagnostics  enable  species  and  temp¬ 
erature  profiles  to  be  experimentally  probed  and  so  the  model  can  be  validated. 
Detailed  comparison  of  predicted  and  measured  profiles  of  soecies  and  of 
temperature  serve  either  to  validate  the  model  if  agreement  is  attained  or  to 
indicate  refinements  in  the  model's  kinetic  mechanism  and/or  in  the  model's 
input  coefficients,  if  agreement  is  not  attained.  In  the  later  situation  the 
validation  process  is  iterated  until  agreement  is  reached.  A  sequence  of 
flame  studies  is  underway;  from  the  test  case,  ozone,  through  the  recognized 
intermediates,  formaldehyde/ox  ides  of  nitrogen,  to  the  gas  phase  elementary 
network  that  describes  the  HMX/RDX  flames.  This  paper  deals  with  two  aspects 
of  this  sequence.  The  first  is  a  discussion  of  model  results  for  the  ozone 
flame.  The  second  examines  the  effects  of  using  different  methods  of  approxi¬ 
mating  multispecies  transport  phenomena. 

II.  RESULTS  FOR  OZONE.  The  ozone  chemistry  itself  is  simple  and  rela¬ 
tive  ly~w<nXTnowru  It  is  thus  of  potential  importance  in  the  testing  and 
checking  of  new  codes  that  simulate  rather  complex  combustion  phenomena  and 
employ  elementary  chemical  reactions  (A  complete  description  of  the  background, 
motivation  and  other  details  can  be  found  elsewhere  (1)) 


The  governing  equations  that  describe  a  one  dimensional,  premixed, 
iaminar,  unbounded  flame  for  a  multicomponent  ideal  gas  mixture  are_  {2-4]  : 


(p)t  +  (pu)x  =  0 


(1) 


P(Yk)t  +  Pu(Yk)x  =  -  CpYRVk)x  +  (k  =  I,..., N),  and 

“<T>t  *  cu(T)x  -  ‘p  '  hk  K»Wx  -  W> 

r  1  =  1 


(2) 

(3) 


where  for  the  ozone  case  we  have  taken  q  =  -XT  .  For  the  kth  species  Yk  and 
Xk  are  the  mass  and  mole  fractions,  respectively,  Rk  is  the  net  rate  of  produc¬ 
tion  due  to  chemistry  and  Mk  is  the  molecular  weight.  In  addition  the  diffu¬ 
sion  velocity  Vk  is  given  by  the  Stefan-Maxwell  relation 


(Vx 


N 

£ 

j  =  l 


X.  X. 

k  j 


ivj  - 


v 


£ 


(4) 


and  the  other  symbols  have  their  usual  meaning.  The  pressure  through  the 
flame  is  one  atmosphere  and  constant  [4,5].  We  neglect  effects  of  viscosity, 
thermal  diffusion,  body  forces  and  radiation.  The  boundary  conditions  are 
those  of  an  unbounded  flame  namely:  T(-“)  =  Tu,  Yk(-*»)  =  Yju(i=l » • • ■ »N) ;  and 
(T)x  =  (Yj)x  =  0(i=l,...N)  at  x  =  +“.  We  employ  a  relaxation  technique  and 
use  a  modification  of  the  PDFCOL  package  [6]  to  obtain  a  solution.  PDHCOL  is 
based  on  a  finite  element  collocation  method  employing  B-splines.  For  comput¬ 
ing  efficiency  we  have  developed  a  method  of  concentrating  our  breakpoints  in 
the  steep  flame  front  where  accuracy  is  necessary  [7]. 


Kinetic,  transport  and  thermodynamic  coefficients  are  required  as  input 
to  the  model.  The  kinetic  mechanism  is: 


Oj+M-*— ►0  +  0,+M 


(Rl) 


0  +  0^  07  +  0.,  and 


(R2) 


0  +  0  +  M«-*07+M  (R3) 

and  expressions  for  the  rate  coefficients  are  taken  from  the  literature  [8-10] 
and  arc  shown* in  Table  1.  Kxpressions  for  the  transport  coefficients  [1,11-13] 
are  shown  in  Table  2  while  the  specific  enthalpy,  hk ,  and  specific  heat 
capacity,  c _k,  arc  taken  from  Gordon  and  McBride  [14].  Each  expression  for 
the  input  coefficients  is  based  on  separate,  independent  measurements  and  the 
methodology  for  obtaining  them  has  been  discussed  [1]. 

The  viscosity  expressions  arc  not  explicitly  used  in  the  model  presented 
herein,  but  they  have  been  used  implicitly  in  the  derivation  of  some  of. 
the  other  transport  coefficients  [lj. 
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III.  RESULTS  AND  DISCUSSION.  Figure  1  shows  the  0,  0, ,  03  and 
temperature  profiles  computed  for  an  initial  ozone  mole  fraction  of  unity. 

No  experimental  profiles  arc  known  for  comparison;  however,  we  can  compare 
burning  velocities.  As  can  be  seen  in  Figure  2  our  computed  burning  veloci¬ 
ties  compare  favorably  with  both  the  experimental  results  of  Streng  and 
Crosse  [15]  and  the  modeling  results  of  Warnatz  [16]  (Warnatz  has  developed 
a  finite  difference  model  that  also  requires  species  dependent  input 
coefficients).  The  solid  line  in  the  figure  is  Streng  and  Crosse's  fit  to 
their  data.  Over  the  range  of  0.25  to  1.0  initial  ozone  mole  fractions  our 
results  are  no  more  than  SOT  greater  than  Streng  and  Crosse's.  Over  t he 
entire  range  shown  our  results  agree  with  Warnatz'  with  ±  121.  However,  this 
agreement  docs  not  imply  that  the  sets  of  input  coefficients  used  in  the 
respective  models  are  equivalent. 

Figure  3  shows  the  ratio  of  t he  values  of  Warnatz'  input  coefficients 
to  our  corresponding  values.  This  figure  shows  that  at  the  higher  tempera¬ 
tures  (i.e.,  at  the  larger  initial  ozone  mole  fractions),  the  values  for  kj 
and  ki  change  in  opposite  directions  (sec  Figure  5).  This  suggests  that  the 
individual  effects  of  k,  and  k->  on  the  burning  velocity  offset  each  other. 

This  hypothesis  is  checked  by  substituting  Warnatz'  expressions  for  kj  and  k2 
into  our  code  (This  is  done  in  such  a  way  that  the  equilibrium  constants 
remain  unchanged).  For  the  case  of  the  initial  ozone  fraction  of  unity,  we 
obtain  a  burning  velocity  of  459  cm/s.  This  value  is  to  be  compared  to 
Warnatz'  computed  value  of  445  cm/s.  As  an  added  bonus,  the  difference  in 
these  two  values  provides  a  measure  of  the  collective  effects  of  differing 
transport  coefficients  and  different  numerical  techniques. 

In  comparing  profiles,  there  are  sensible  differences  in  some  model 
results.  As  an  example  consider  the  atomic  oxygen  profile  for  an  initial 
ozone  mole  fraction  of  unity.  Figures  4.  (For  ease  in  viewing,  the  curves  have 
been  arbitrarily  displaced  from  each  other  along  the  distance  axis.)  Following 
the  method  of  comparison  discussed  above,  we  substitute  Warnatz'  expressions 
for  kj  and  k?  into  our  code  and  find  the  dashed-line  profile.  Thus,  we  find 
that  difference  in  the  model  profiles  are  due  mainly  to  the  different  expres¬ 
sions  for  kj  and  k , . 

We  have  recently  and  critically  evaluated  the  available  high  temperature 
experimental  data  for  the  ozone  dccoinposit ion  reaction  [8],  Reaction  1.  The 
expression  used  here  and  shown  in  Table  1  is  consistent  with  all  the  direct 
experimental  data  known  to  us  and  is  valid  over  a  decade  range  in  temperature. 

The  expression  for  k}  is  another  story.  Figure  5  shows  plots  of  the 
values  of  ki  against  reciprocal  temperature.  Warnatz  [17]  has  developed  and 
used  his  own  expression  for  k-.  and  we  have  employed  llampson's  [9],  To  use 
them  in  our  codes,  we  both  have  assumed  that  the  respective  expressions  are 
valid  for  temperatures  greater  than  1000K,  the  stated  upper  limit  of  applica¬ 
bility  of  each. 

In  order  to  distinguish  which  expression  for  k? ,  if  either,  is  correct 
high  temperature  measurements  and/or  ab  initio  calculations  of  the  rate 
coefficient  for  reaction  (2)  arc  required.  Alternately,  the  computed  differences 
in  the  values  for  atomic  oxygen  in  the  burned  region  at  an  initial  ozone  mole 
fraction  of  unity  appears  to  be  large  enough  that  profile  measurements  above 
such  a  flame  may  be  sufficient  to  distinguish  between  the  two  expressions. 


In  summary  we  have  shown  that  this  model  and  its  input  parameters  predict 
burning  velocities  that  are  in  reasonable  agreement  both  with  the  measurements 
of  Strong  and  Grosse  and  with  the  computations  of  Warnatz.  We  have  also  demon¬ 
strated  that  agreement  with  burning  velocities,  even  over  a  wide  range  of 
initial  ozone  mole  fractions  is  a  necessary  but  not  sufficient  condition  to 
ensure  that  the  input  coefficients  are  realistic;  for  this  reason  profile 
measurements  are  vital  to  test  a  model’s  kinetic  input  coefficients;  and  by  a 
comparison  of  computed  profiles,  we  have  indicated  the  need  to  measure  or 
to  calculate  high  temperature  values  for  k2,  say  in  the  range  1500-2000K. 

IV.  TRANSPORT  ALGORITHMS.  As  outlined  above  our  model  requires  as 
input  not  only  the  kinetics  information  (of  our  immediate  interest),  but  also 
thermodynamic  and  transport  data.  Fortunately  for  the  types  of  chemical 
species  we  are  interested  in,  the  thermodynamics  input  is  by  and  large  well 
defined  [14,18].  In  addition,  while  some  transport  coefficients  are  only 
well  defined  through  low  temperature  (<  1000  K)  measurements  [19],  the  theory 
is  sufficiently  developed  to  allow  reasonable  estimates  to  be  made  at  higher 
temperatures  [2].  A  theory  has  been  developed  for  multicomponent  mixtures 
[2,20-23],  but  it  is  computationally  cumbersome.  To  circumvent  this,  previous 
workers  have  generally  employed  some  level  of  simplification  [16,24-33]. 

This  section  of  the  paper  addresses  the  question:  which  of  the  mathematical 
approximations  to  the  multicomponent  transport  properties  provides  a  desirable 
trade-off  between  precision  and  computat ional  effort.  Another  way  of  phrasing 
this  question  is  to  ask  what  loss  in  precision  of  predicted  flame  speeds  and 
profiles  occurs  as  the  mathematical  approximations  to  the  multicomponent, 
polyatomic  transport  expressions  are  made  cruder. 

We  have^approached  this  problem  by  actually  computing  the  properties  of 
the  H2-0:,-N2  which  has  a  set  of  well  characterized  input  parameters.  We  fix 
these  input  parameters  and  vary  the  transport  algorithms.  The  computed  flame 
speeds  and  profiles  are  then  compared.  The  numerical  method  is  discussed 
in  [34,35],  and  the  details  of  the  input  parameters  and  transport  algorithms 
are  discussed  elsewhere  [30,36].  It  shall  suffice  here  to  simply  enumerate 
the  approximations  used  and  briefly  discuss  the  results. 

We  shall  now  outline  five  approximations  to  the  multicomponent,  polyatomic 
formalism,  based  on  the  theory  of  Wang,  Chang,  and  Uhlenbeck  [2,20-23].  We 
start  with  the  most  accurate  and  progressively  consider  cruder  approximations. 

Method  I 


We  can  write  for  the  heat  flux 


q  =  l  pY.V.h. 

n  ill 

i=l 
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(5) 


*The  ozone  flame  discussed  above  is  essentially  a  binary  mixture  as  far  as  the 
transport  coefficients  arc  concerned  and  so  will  not  suffice  as  a  test  case. 


and  for  the  diffusion  velocity,  which  enters  into  the  mass  flux,  PjYjVj, 
we  have 


V. 
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N  yj 
x  j  =  l  j 


ij 


(X.) 
v  j  .x 


(an  T)x. 


(6) 


Expressions  for  D. 

1j 


T 

Dj,  and  \Q  arc  computed  by  a  formal  expansion. 


Method  I  is  the  three  term  Sonine  approximation  to  the  formalism  expressed 
in  equation  (5)  and  (6^,  [37]  gives  a  discussion  of  this  approximation. 

The  three  term  expansion  requires  the  solutions  of  two  matrix  equations 
each  involving  a  matrix  of  dimension  3NX3N,  where  N  is  the  number  of  species. 
The  elements  of  this  matrix  are  complicated  functions  of  the  pressure, 
temperature,  mole  fractions,  viscosities,  binary  diffusion  coefficients, 
specific  heats,  collision  numbers  and  collision  integrals.  For  further 
details  see  [36]  or  [37]. 


Method  1 1 

The  above  formalism  is  quite  complicated  to  work  with,  and  so  further 
simplifications  are  almost  invariable  made.  We  can  simplify  by  taking  only 
one  term  in  the  Sonine  polynomial  expansions.  For  diffusion  this  simplifi¬ 
cation  can  be  rearranged  [2]  to  give  the  Stefan-Maxwel 1  equations,  equation  (4). 
This  set  of  equations  is  not  independent,  and  the  constraint 


N 

Z  Y. V.  =  0  (7) 

_  1  *■  1 


must  be  used  in  place  of  one  of  the  equations  in  (4).  Then  the  diffusion 
velocities  can  be  found  by  solving  a  set  of  N  equations  in  N  unknowns. 

Thermal  conductivity  is  also  simplified  in  this  manner.  But  the  result¬ 
ing  expression,  X™°^,  is  valid  only  for  a  mixture  of  monatomic  gases. 

To  define  the  heat  conductivity  for  a  mixture  of  polyatomic  gases, 
we  adopt  Hirshfelder ' s  Eucken-type  relation  [19,38], 


poly  .mon 
mix  mix 
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Method  III 


By  making  additional  assumptions,  the  Stefan -Maxwell  equations  (4)  can 
be  further  simplified.  A  common  assumption  is  that  all  but  the  i*"  species 
move  with  the  same  velocity  V.  Then  we  find  that 


xi  <v  -  v  .i.  r1 


Employing  (7)  we  find 


-Y.  V. 
1  1 


which  when  substituted  into  (9)  yields  the  formula  recommended  by  Hirshfelder 
and  Curtiss  [39] 

(1  -  Y  ) 

vi  = - nrr  (xi)  * 

X.  ...  J- 
1 

Unfortunately,  the  expression  in  (11)  docs  not  in  general  satisfy  equation  (7), 
One  technique  to  satisfy  this  constraint  is  due  to  Boris  and  Oran  [40].  They 
note  that  if  a  set  of  diffusion  velocities  V.  satisfy  the  Stefan -Maxwell 
equations  (4),  then  so  does  the  set  (Vj  +  VCJ,  where  Vc  is  some  constant. 

The  value  of  Vc  is  cuosen  such  that  the  constraint  (7)  is  satisfied. 

The  heat  conductivity  formula  employed  at  this  level  of  approximation 
is  taken  from  Mason  and  Saxena's  [19,41]  simplification  of  (8),  specifically 


A  =  l  - 

0  i-1  1  + 


(X./X.) 

ij  v  r 


where 


M.  -1/2  n.M.  1/2  M.  1/4  2 

^  »  *  ?r>  ‘ms1'  <sr>  1 

8  J  31  3 


Here  and  M^  are  the  viscosity  and  molecular  weight  of  the  ith^  species. 
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Method  IV 


Equation  (11)  or  some  analogous  form  has  often  been  used  to  compute 
diffusion.  However,  the  usual  procedure  has  been  to  use  (11)  only  to 
compute  Vj,  Then  is  computed  from  (7).  This  is  less  accurate 

"than  the  Boris  and  Oran  procedure,  expecially  for  V^. 

Also,  an  empirical  formula  for  the  thermal  conductivity, 
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Table  3  shows  a  summary  of  the  five  methods  of  computing  the  transport 
properties  used  in  this  paper.  Five  II2-O2-N2  flames  were  selected  and  their 
initial  conditions  listed  in  Table  4.  The  total  pressure  is  fixed  at  one 
atmosphere  for  all  flames.  The  computed  flame  speed  for  each  flame  as  a 
function  of  transport  method  is  tabulated  in  Table  5  (The  flame  speeds  for 
flame  A  are  not  corrected  to  291  K,  as  has  been  done  [24],  If  this  were  done, 
the  value  AI  for  example  would  be  12.2  cm/s  instead  of  14.1  cm/s).  The  values 
of  the  flame  speeds  span  a  large  range  and  for  a  given  flame  are  essentially 
independent  of  the  transport  method.  The  largest  difference  between  Method  I, 
the  most  complete  formulation  of  the  transport,  and  any  other  method  is  16% 
(Compare  Methods  I  and  III,  flame  D). 

Note  that  even  our  a  priori  method  of  selecting  constant  transport 
coefficients,  Method  V,  gives  results  that  are  quite  close  to  the  much  more 
complex  Method  I. 

As  we  have  seen  in  the  ozone  flame,  reproduction  of  flame  speeds  is  a 
necessary  but  not  sufficient  condition  to  judge  the  relative  effectiveness  of 
the  transport  methods.  Wc  must  also  examine  the  species  and  temperature  pro¬ 
files  of  these  flames.  As  examples  we  consider  two  sets  of  profiles  that 
exhibit  differences  among  the  five  methods  that  are  as  large  as  any  observed. 
Figures  6  and  7  show  the  OH  profiles  for  flame  D.  Figures  8  and  9  show  the 
112  profiles  for  flame  C.  As  can  be  seen  these  profiles  are  very  similar. 

The  other  species  profiles  and  the  temperature  profiles  show  at  least  this 
degree  of  similarity  among  the  five  profiles  as  in  the  example  given. 

V.  DISCUSSION.  The  numerical  results  shown  in  Table  5  demonstrate  that 
reliable  results  can  be  obtained  for  the  H2-O2-N2  system  even  for  the  case  of 
our  a  priori  determined  constant  transport  method.  Note  that  we  cannot  infer 
that  transport  is  unimportant!  The  computed  profiles  and  flame  speeds  can  be 
sensitive  to  the  choice  of  transport  parameters  selected.  For  the  relative 
tests  of  the  transport  methods  here,  we  have  employed  the  same  set  of  species 
viscosities,  thermal  conductivities  and  binary  diffusion  coefficients  in  all 
cases.  We  have  demonstrated  that  the  method  used  to  generate  the  multicomponent, 
polyatomic  transport  coefficients  is  not  critical  for  the  H2-O2-N2  flame.  And 
since  this  flame  is  reasonably  complex  we  infer  that  this  result  has  a  high 
probability  of  being  valid  for  other  flames. 

Indeed,  we  conclude  that  gross  errors  detected  in  comparing  the  results 
of  different  models  are  more  likely  to  be  traceable  to  differences  in  input 
data  rather  than  to  the  method  of  approximating  multicomponent  polyatomic 
transport  properties. 

In  summary  we  find  that  the  choice  of  a  multicomponent  transport  algorithm 
is  not  critical . 


Note  added  in  proof:  In  practice  the  solution  to  equation  (l)-(3)  is 
facilitated  through  the  introduction  of  the  transformation  ftp)  =  p. 
[1]  for  details.  X 


See 
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Table  2.  Transport  Coefficients 
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TABLE  3.  SUMMARY  OF  TRANSPORT  METHODS 
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Method  Remarks 

I  3  terms  of  Sonine  polynomial  expansion  (5  N  by 

3  N  matrix);  only  method  that  has  non-zero 
thermal  diffusion. 

II  For  diffusion,  1  term  of  Sonine  polynomial 

expansion  (N  by  N  matrix),  Eq.  (4)  and  (7). 

For  thermal  conductivity,  Hirshfelder-Eucken 
method  (N  by  N  matrix),  Eq.  (8). 

III  Diffusion  velocities  computed  from  simplified 

Stefan-Maxwell  relation,  Eq.  (11).  Each  is 
adjusted  by  a  common  factor,  Vc,  so  as  to 

N 

satisfy  E  =  0.  Thermal  conductivity  from 

Mason  and  Saxena,  Eq.  (12)  and  (13). 

IV  Diffusion  velocities  computed  from  the  simplified 

Stefan-Maxwell  relation,  Eq.  (11),  for  N-l 
species.  V-  is  computed  from  Eq.  (7).  Empirical 
thermal  conductivity  formula,  Eq.  (14). 

V  Diffusion  velocities  from  generalized  Fick's  law, 

Eq  (16)  and  (17).  Empirical  thermal  conductivity 
formula,  Eq  (14).  In  addition  P“  D^m  =  constant; 
pX  =  constant;  c  =  constant;  constants  are 
determined  a  priori. 
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Figure 


2.  Comparison  of  experimental  (Streng  and  Crosse)  and  computed 
burning  velocities  over  a  wide  range  of  initial  ozone  mole 
fractions . 
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RATIO  INPUT  COEFFICIENTS 


Figure 


1.0  1.5  2.0 

TEMPERATURE  (K)  ><10'3 


3.  Ratio  of  the  values  of  Warnatz'  and  our  input  coefficients; 
for  example,  the  ratio  kj  >WarnatzA1>this  paper  is  given  by 

the  curve  identified  by  kj.  Subscripts  on  the  rate 
coefficients  refer  to  reactions.  Subscripts  1,  2  and  3  on 
the  transport  coefficients  refer  to  0,  Oi  and  O3,  respectively. 
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DISTANCE  (mm) 


Figure  4.  Calculated  atomic  oxygen  profiles  for  unity  initial  ozone  mole 
fraction.  The  dashed  profile  is  the  result  of  substituting 
Wamatz'  expression  for  kj  and  k2  into  our  model. 
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Figure  5.  Expression  for  the  rate  coefficient  for  reaction  2. 

filled-in  area  denotes  the  region  of  temperature  over 
which  both  expressions  have  been  assumed  to  be  valid. 


Figure  9.  The  H?  Profile  for  Flame 
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Pulsating  combustion,  in  which  the  velocity  of  propagation  exhibits 
periodic  oscillations  about  some  mean  value,  has  been  observed  in  a  variety 
of  contexts  in  the  combustion  of  both  solid  and  gaseous  fuels. 

In  this  paper  we  will  review  some  of  our  work  on  pulsating  combustion 
in  the  gasless  combustion  of  solid  fuels,  as  well  as  in  the  combustion  of 
gases. 

1 .  Pulsations  in  the  Oasless  Combustion  of  Solid  Fuels 

In  an  interesting  paper,  Merzhanov,  Filonenko  and  Borovinskaya  [l] 
reported  on  their  experimental  findings  in  the  gasless  combustion  of  condensed 
systems.  This  type  of  combustion  occurs  without  formation  of  a  gas,  so 
that  the  solid  sample  itself  burns  and  is  tranformed  directly  into  solid 
products.  The  authors  reported  the  phenomena  of  autooscillatory  combustion 
and  of  spin  combustion.  In  experiments  with  a  cylindrical  sample  consisting 
of  a  mixture  of  niobium  and  boron,  the  observed  autooscillatory  combustion 
consisted  of  a  propagating  planar  reaction  front  whose  velocity  pulsated 
periodically.  The  burned  samples  retained  their  cylindrical  shape  and 
exhibited  a  layered  structure;  the  number  of  layers  was  equal  to  the  number 
of  pulsations.  The  authors  described  the  phenomenon  of  spin  combustion, 
which  was  observed  in  cylindrical  samples  of  hafnium  in  a  nitrogen/ argon 


mixture,  as  follows.  Upon  ignition  of  the  specimen,  a  small  luminous  spot, 
appeared  and  moved  in  a  helical  motion  along  the  surface  of  the  unburned 
specimen.  The  spot  was  observed  Lo  rotate  in  both  clockwise  and  counter¬ 
clockwise  directions,  and  sometimes  several  spots  were  observed  rotating 
either  :n  the  same  or  in  opposite  directions.  ‘•ipin  i  fleets  were  also  observed 
in  the  combustion  of  zirconium  and  titanium  in  a  ni trogen/ argon  mixturi . 

Further  observations  of  spin  combustion  of  gnsless  evstems  were  reported 
in  [Z’J.  These  systems  involved  compressed  t  i  tanium/  ferrocarbon,  and 
t i tinium/aiuminum  mixtures  in  helium  or  argon,  under  low  pressure.  in 
contrast  Lo  the  experiments  in  [l],  where  the  burning  occurred  only  on  and 
near  the  lateral  surface  of  the  cylinder,  these  experiments  exhibited  spiral 
propagation  throughout  the  interior  of  the  cylindrical  sample,  as  well  as 
on  its  surface. 

In  a  theoretical  study,  ila'kowsky  and  Sivashfnsky  1  1)  described  hew  tin- 
phenomenon  of  autoo.scillatorv  combustion  in  condensed  systems  originated 
from  an  instability  of  a  uniformly  propagating  plane  front.  Fmploying  a 
nonl  fnear  reaction  diffusion  inode!  tor  the  temperature  and  Lhe  cono  titration 
of  the  chemical  species  which  limits  the  reaction,  they  showed  that  a  plane 
front  solution  which  propagates  with  constant  velocity  from  t  ti  •  ■  high  tempera¬ 
ture  combustion  products  to  the  low  temper  it nt e  unburned  fuel,  existed  for  a'  1 
values  of  the  parameters.  as  a  parameter  n  in.  reared  b<  yonu  a  critical 
value  1.  ,  the  uniform  front  became  unstabii  and  a  new  solution  corresponding 
lo  a  pulsating  piopagaiing  front  hifuiaated  I  rom  i  he  mi  i  I  orr.ly  ptop.ig.it  i  •  >n 
solution.  'ITv*  par  .une  t  c  i  ■<_  w-e  proportional  to  1  inmd  imeus  i  c-nal  activation 
energy,  and  to  the  difference  between  the  noinl  iuu  nsiotial  1 1  t.moratuve  in  the 
burned  and  unburned  .egions.  In  the  model,  diilisi.m  of  llie  reactant  was 


66 


neglected,  since  the  unburned  fuel  ana  the  combustion  products  were  both 
solid.  Employing  numerical  methods  on  a  similar  model,  Shkadinsky,  Khaikin 
and  Merzhanov  [4]  observed  the  existence  of  pulsating  plane  combustion  fronts. 

Recently,  Ivleva,  M-'rzhanov  and  Shkadinsky  [  '>]  employed  a  simplified 
model  of  combustion  in  a  cylindrical  shell,  to  numerically  describe  spinning 
combustion  as  a  surface  phenomenon.  Thai  is,  tiny  describe  the  situation 
in  which  the  burning  occurred  only  on  the  surtace  of  the  cylindrical  sample. 

In  order  to  describe  spinning  combustion  in  which  the  burning  occurs  throughout 
the  cylindrical  sample,  Sivashinsky  [6j  considered  the  model  of  Matkowsky 
and  Sivashinsky  [l]  in  a  cylindrical  geometry.  lie  presented  a  linear  stability 
analysis  of  the  uniformly  propagating  plane  front  and  showed  that,  as  a 
parameter  increases  beyond  a  critical  value,  tile  plane  front  is  unstable 
to  perturbations  which  correspond  to  spinning  modes  of  propagation.  Of 
course,  to  show  that  the  model  actually  describes  spinning  propagation,  it  is 
necessary  to  derive  spinning  solutions  of  the  lull  nonlinear  problem,  and 
to  show  that  these  solutions  are  stable.  Therefore  Taper,  Leaf  and 
Matkowsky  [7%  presented  a  nonlinear  analysis  Lo  show  that  various  typos  of 
solutions  bifurcate  supercril ically  from  the  uniformly  propagating  plane 
front  solution.  One  type  corresponds  to  a  propagating  pulsating  reaction 
with  waves  travelling  in  both  clockwise  and  counter-clockwise  directions 
along  its  front,  another  corresponds  to  a  pulsating  reaction  wi 1 h  standing 
waves  along  its  front.  file  iorwer  type  of  solution  corn-spends  to  spinning 
propagation.  The  travelling  wave  solution:,  describing  spinning  propagat ion 
were  then  shown  Le  lx-  stable,  whereas  i  In  standi  up,  wave  solutions  wen- 
unstable.  In  addition,  other  combination;-  ol  axial,  radial  and  tangential 
modes  of  propagation  were  observed  to  bifurcate  and  tbeir  stability  was  studied. 
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2  .  Pulsations  ill  Pasoous  i  iombus  L  Lon 

In  the  model  employed  in  the  analysis  of  gasless  combustion,  diffusion 
or  the  reactant  was  neglected,  since  the  unburned  fuel  as  well  as  the 
combustion  products  were  born  solid.  Mathematically,  this  corresponds  to  an 
infinite  l.ewis  number,  defined  as  the  ratio  ol  Liu  nnal  diffusi.vity  to 
diffusivity  of  the  reactant  which  limits  the  reaction.  borne  authors  have 
attributed  the  appearance  of  the  pulsating  :i.Oti  lions  to  tin-  fact  that  the 
Lewis  number  was  infinite.  However,  it  has  been  shown  that  such  pulsations 
can  occur  at  finite  Lewis  numbers  1.,  exceeding  a  critical  L,  thus  describing 
combustion  in  gases.  Employing  a  simplified  model  for  flame  propagation 
in  gases,  derived  by  Matkowsky  and  Sivashinsky  [8],  Matkowsky  and  Olagunju 
presented  nonlinear  analyses  of  the  problem  for  gases  in  one  [9],  and  two  r_  10 ' 
dimensions  respectively.  They  showed  in  [.91  that  for  l.  >  L  ,  a  plane 
pulsating  front  arises  as  a  stable  supercritical  bifurcation  from  Lhc  uniformly 
propagating  plane  front,  while  in  [ 10]  they  showed  that  for  L>  L  ,  a  stable 
pulsating  solution  with  travelling  waves  along  it.  front  bifurcated  super- 
cr ideally.  In  [15  ,  Matkowsky  and  Olagunju  showed  how  pulsations  arise  in 
burner  stabilized  fiat  flames,  thus  explaining  the  epxerum  ntnl  results 
involving  ammonia- oxygen  mixtures,  re  I  erred  to  in  ..  11  ’.  i’ul.atinp  p  L  am 
fronts  have  been  observed  experimentally  in  gases  [  <:  t  .  11 j,  as  have  fronts 

with  travelling  waves  along,  their  surfaces  12,13,1'*).  In  .  16  i ,  Matkowsky 
and  olagunju  consider  the  problem  in  a  cylindrical  domain,  .ind  allow  three 
dimensional  perturbations.  A  nonlinear  analysis  is  prc.senud  to  show  that 
for  L>  ,  various  types  of  solutions,  including  spinning  waves,  bifurcate 
from  the  uniformly  propagating  plane  front.  The  amplitude  and  frequency 
of  the  bifurcated  solutions  are  calculated,  and  it  is  shown  that  their 
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average  speeds  are  less  than  the  speed  of  the  uniformly  propagating  solution. 
Finally  the  stability  of  the  bifurcated  solutions  is  discussed.  Numerical 
studies  by  Margolis  [ll],  who  considered  hydrogen-oxygen  flames,  and  by 
Golovichev,  Grishin,  Agranat  and  Bertsun  [  17 ■  who  considered  hydrogen-bromine 
flames,  also  exhibited  pulsating  flame  fronts. 
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ABSHIACT.  In  this  paper  a  weight  function,  obtained  from  an  existing 
stress  intensity  factor  solution  and  associated  crack  shape,  is  used  to 
determine  the  class  of  analytic  solutions  corresponding  to  a  more  general 
loading  for  the  same  geometry.  By  this  technique,  the  stress  intensity 
factor  for  an  infinite  array  of  col  linear  cracks,  whose  surfaces  are 
subjected  to  a  variable  pressure  distribution,  is  expressed  in  the  form  of 
an  integral.  This  integral  is  solved  explicitly  for  the  case  of  a  band  of 
constant  pressure  acting  over  a  portion  of  the  crack  surfaces.  A  possible 
use  of  this  solution  in  the  construction  of  a  Dugdale  model  is  discussed, 
and  an  application  to  the  case  of  an  array  of  rivet-loaded  cracks  is  demonstrated. 

INTRODUCTION.  Consider  a  two  dimensional,  linearly  elastic  body, 
under  conditions  of  plane  strain,  containing  an  infinite  array  of  straight 
cracks  (Fig.  1).  Suppose  that  each  crack  is  of  length  2a,  and  that  distances 
between  centers  of  adjacent  cracks  are  each  equal  to  2b. 

Stress  intensity  factors  are  sought  for  the  case  in  which  the  same 
pressure  distribution  is  applied  to  the  upper  and  lower  surfaces  of  each 
crack.  The  pressure  distribution  p(x),  where  x  is  measurcJ  from  one  of  the 
crack  centers,  is  then  periodic  of  period  2b  in  x.  Defining  direct  stress, 
shear  stress  and  vertical  displacement  as  u ,  i  and  v,  respectively,  the 
boundary  conditions  for  the  solution  arc 
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O  (x,  0)  =  -p(x) 


|  x  -  2nbj  <  a 


(1) 


T  (x,  0)  =  0  ,  -a.  <  x  <  CO  (2) 

xy 

v(x,o)  =0  ,  a  <  jx  -  2nbj  £  2b  -  a  .  (3) 


Sneddon  fj  Srivastav  [1|  have  obtained  a  plane  strain  solution  to  this  problem 
for  the  special  case  p(x)  =  p  in  which  the  pressure  on  the  crack  faces  is 
constant.  The  crack  tip  stress  intensity  factor  is  then  given  by 


v-  , a.  1/2 

k  =  pQ  (2b  tan  jg) 


(41 


Here  I  and  v  denote  Young's  Modulus  and  Poisson's  ratio,  respectively. 

Till  hi  Kill!  IHM'ilOS.  One  approach  which  may  he  used  to  obtain  new  stress 
intensity  factor  solutions  is  the  weight  function  method  of  Bueckner  |2|  and 
Nice  |s|.  I  ‘>ee  also  |I|,  ( f,  j  ,  |  (>  |  .  I  The  weight  function,  which  is  unique  to  a 
given  cracked  geometry,  may  be  derived  from  one  known  stress  intensity  factor 
solution  and  associated  crack  shape.  It  may  then  he  used  to  obtain  other  k 
solutions  for  the  same  geometry,  under  a  different  set  of  applied  loads.  The 
additional  information  required  to  determine  the  second  solution  is  simply  the 
stress  distribution  along  t he  line  of  the  crack,  in  the  equivalent  uncrackcd 
gcomet  ry . 
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In  general  the  weight  function  for  plane  strain  is  defined  as 


m(x,  a)  = 


1  3 v (x ,  a) 


(1  -  v  )  2K 


The  new  stress  intensity  factor  K  for  the  same  geometry  under  a  given  crack-face 
loading  p(x)  is  then  given  by: 


K  =  /  P(x)  .  m(x,  a)  dx  , 

-a 


provided  that  p(x)  has  the  same  symmetries  as  the  original  solution  (see  |2]  for 
detai  Is ) . 

For  the  geometry  under  consideration,  differentiation  of  equation  (SI  yields 


jv(x,  a )  _  4b (1  -  v* 


"a 

"a  | 

i  — 

"X 

2  -  1/ 

2b 

21, 

[  cos 

2  b 

cos 

21, 1 

’'x 

> 

*  X 

"a, 

1/2  ‘ 

2  b 

*  [cos" 

2b  " 

cos" 

2  b 

a  s 

.  J  7 t  ;| 

S,n  2  b 

*  sin 

J  r.  X 

2  b 

and 

mak i ng 

*  2b  t;'n  2b 


obta  i  n 


•v  U  >.  aJ  =  y~) 

3  a  I: 


po  tan  2b  •  7  "-'a  • 

I  s  1 11  2b  '  s,n  2b1 


Substituting  for  k  and  'V-~’  -1-1  from  (4)  and  I  1(1)  into  (7),  we  obtain  the  weight 
time  t  i  on 


m  (  x  ,  a  J  = 


,,,  .  "a  1/2  I 
(2i>  tan  Tb  2b 


.  2  na  .  2  ix . 1/. 
,s,n  2h  -  s.n  ,-b| 


Si'Ub.SS  I NTIiNS ITY  FACTOR  SOI.UTIUNS.  Substituting  equation  (II)  into  (8),  we 
obtain  the  stress  intensity  factor 
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dx  . 


(12) 


a 


new 


II  s* 

ira.  1/2  1  ■  ,  .  CQS  2b  _ 

tan  2b”1  2b  1  P(x)  r  .  2  ira  .2  tt x ,  1/2 

[sm  —  -  sin  2b 


To  test  this  solution  as  the  crack  spacing  increases,  we  note  that 

a  p(x) 


Lt  K  =  (-)1/2  / 
n*-00  new  n 


r  2  2,  1/2 

-a  [a  -  x  ] 


dx. 


(13) 


wliich  conforms  with  tlie  solution  due  to  Sih  et  al  [7j  for  a  single,  symmetrically- 
loaded  crack  in  an  infinite  sheet. 

l-'or  the  case  of  a  band  of  constant  pressure,  p,  acting  over  upper  and  lower 
crack  faces  from  -d  to  d,  for  any  d  between  0  and  a  (Pig.  2),  equation  (12)  becomes 


..  M1  ..  iia.l/i  1  r 

k  =  p (2b  tan  -tv-)  .  —  / 

new  1  2b  2b 


cos 


"_x 
2  b 


r  .  2  n a  .  2  t'x.  I/! 
[sin  ^  -  sin  2^| 


dx 


(  14) 


By  making  the  substitution 


sin 

"X 

2  b 

a,  -  L_ 

cos 

"X 

_2b 

(  15 

ti  a  ’ 

'  2b 

t  a 

s  i  n 

2b 

sin 

2  b 

equation  (14)  can  be  integrated  immediately  to  give 


k 

new 


p  |  21. 


tan 


a  rv  s  i  n 


s  \  n 


a'l 


s  i  n 


( 1 1> ) 


Two  special  cases  of  equation  (1(.)  are  as  follows: 

(a.  d  =  a,  i.e.  constant  pressure  over  the  whole  of  both  crack  faces  for  an 
infinite  array  of  cracks.  In  this  case  (lb)  reduces  to: 


K  =  p  (2b  tan 
new  1  1  2b 1 

which  is  precisely  the  value  of  K  given  by  (4). 

(b)  d  >  0,  i.e.  central  point  loading  for  an  infinite  array  of  cracks.  In  this 
case  (1(>)  gives 
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K 

Lt  new 
d+0  2pd 


[b  sin 


-1/2 
b  1 


which  conforms  with  the  solution  due  to  Tada  [8],  obtained  by  the  use  of  Westergaard 
stress  functions. 

A  MODEL  TO  TAKE  ACCOUNT  OF  CRACK-TIP  PLASTICITY.  By  employing  the  superposition 
illustrated  in  Figure  3,  it  is  a  simple  procedure  to  obtain  K  for  a  narrow  band  of 
constant,  negative  pressure  along  the  parts  of  the  crack  faces  nearest  to  the  tips. 
This  may  be  used  as  a  Dugdale  model  [9]  in  order  to  take  account  of  crack  tip 
plasticity  in  the  infinite  array.  Tn  this  case  the  magnitude  of  the  pressure  and  the 
necessary  modification  to  crack  length  are  dictated  by  the  yield  strength  of  the 
material . 

GRAPHICAL  PRESENTATION  OF  RESULTS. 

(a)  Band  of  Pressure 

Figure  4  shows  a  plot,  based  on  equation  (lb),  of  dimensionless  stress  intensity 

factor  versus  -  for  various  ~  ratios.  Note  that  the  solution  is  non-dimens iona 1  iced 
a  a 

with  respect  to  k  for  a  fully  pressurized  crack  carrying  an  identical  force  over  the 
crack  faces. 

(b)  Application  to  Riveted  Configurations 

A  simple  model  to  represent  an  array  of  cracked,  rivet-loaded  holes  is  illu¬ 
strated  in  Figure  3a.  The  opening-mode  stress  intensity  factor,  k](  for  this  con¬ 
figuration  may  be  obtained  by  the  superposition  technique  illustrated  in  Figure  5. 
Figure  h  shows  a  plot  of  the  superposed,  dimensionless  K,  solution  for  various  *’ 

1  U 

ratios.  This  presentation  keeps  the  ratio  of  pressure  band  dimension  to  crack 
spacing  constant,  in  order  to  model  a  riveted  configuration. 

CONCLUSIONS.  Weight  functions,  which  are  unique  to  a  geometry  containing  an 
array  of  cracks  may  be  calculated  from  existing  stress  intensity  and  crack  shape 
solutions.  These  weight  functions  may  be  integrated  to  obtain  new  stress  intensity 
solutions  for  a  different  loading  applied  to  the  same  geometry.  A  simple  superposition 
allows  the  extension  of  such  solutions  to  the  case  of  an  array  of  cracked,  rivet- 
loaded  holes  in  an  infinite  sheet. 
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Figure  3  :  Superposition  Technique  to  Obtain  Dugdale  Mode] 


Ko  I O  — 


stress  » u  » . . 

Cracks  Balanced  by  Remote  Stress. 
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A.  P.  Parker 

Department  of  Civil  Engineering 
Royal  Military  College  of  Science 
Shrivenham,  Swindon,  Wilts,  England 
(On  attachment  to  Army  Materials  and  Mechanics  Research  Center 
Watertown,  Massachusetts  02172,  USA) 

0.  L.  Bowie 

Army  Materials  and  Mechanics  Research  Center 
Watertown,  Massachusetts  02172 

ABSTRACT.  In  this  paper  it  is  shown  that  the  weight  function  'm' 
due  to  Bueckner  [1]  and  Rice  [2]  may  be  generalized  to  include  the  effects 
of  boundaries  on  which  displacement  conditions  are  imposed,  giving  rise  to 
an  additional  weight  function  'm*'. 

Superposition  arguments  are  employed  extensively  to  demonstrate  in 
a  straightforward  manner  that  it  is  possible  to  use  cither  crack-line 
loading  or  boundary  loading,  or  a  combination  of  the  two,  in  the  deriva¬ 
tion  of  stress  intensity  factors  provided  the  correct  weight  function  is 
selected.  Furthermore,  all  of  the  components  of  the  weight  function  may¬ 
be  derived  concurrently  b;  careful  selection  of  the  applied  loading. 

After  calculating  stress  intensity,  it  is  possible  to  recover  displace¬ 
ments  for  the  new  loading  (via  'm')  and  stresses  (via  'm*').  The  body 
force  term  associated  with  'm'  is  equivalent  to  a  "distributed  strain" 
term  associated  with  'm*'. 

Finally,  some  possible  practical  applications  of  the  generalized 
weight  function  are  noted,  in  particular  residual  stress  and  thermal 
stress  problems,  bonded  sheet  and  stiffener  problems,  contact  problems, 
and  special  elements  for  numerical  applications. 
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INTRODUCTION.  Bueckner  (1]  and  Rice  [2]  have  demonstrated  that  a 
particular  function,  normally  termed  the  weight  function,  is  a  property 


of  a  cracked  geometry  and  is  independent  of  the  loading.  The  weight  func¬ 
tion  may  be  employed  in  the  derivation  of  additional  stress  intensity 
factor  solutions  provided  details  of  boundary  loading  (or  the  equiv¬ 
alent  crack-line  loading)  are  available. 

FORMULATION.  Consider  the  cracked  configuration  illustrated  in 
Fig.  1,  having  displacement  boundary  conditions  over  F^  and  traction 
conditions  on  the  remainder  of  the  boundary,  r^.  Bowie  and  Freese  [3] 
have  modified  the  formulation  due  to  Rice  [2]  to  allow  the  applied 
tractions  to  be  functions  of  both  position  and  crack  length,  demonstrat¬ 
ing  that: 


K  ( 1 )  ^  (2 )  =  H  j 


t(2)  BU(i)  _  u(2)  3T0) 


r  +r 

T  U 


9a 


da 


dT 


U) 


and  H  =  E  (plane  stress),  H  =  E/(l  -  v2)  (plane  strain),  where  E  is  the 
modulus  of  elasticity,  v  is  Poisson's  ratio  and  (i  =  1,2)  is  the 


crack  tip  stress  intensity  factor  for  a  loading  system  (i)  which  consists 

T 


of  stresses  T^  applied  over  I.(.,  and  displacements  U^  applied  over  T^. 


In  general  =  k(l5(a),  T(l^  =  T(l)(x,y)  and  U(l)  =  U(l)(x,y). 

Consider  now  two  particular  loading  systems  applied  to  the  geometry 
under  consideration: 

First  Loading  System 

In  the  event  that  3T^/3a  -  0  over  r^.  (representing  traction 

(2) 

boundary  conditions  alone)  and  U  -  0  over  F^  (representing  so-called 
'fixed  grip'  conditions)  from  Equation  (1)  we  obtain: 
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(2) 


k(2)  _  j  j(2)  m(x,y ,a)  dr, 

r„ 


where : 


,  „  H  3U(1) 

m(x,y.a)  =  -Jiy 

Z  K 


(3) 


and  m(x,y,a)  is  the  familiar  weight  function  of  Bueckner  [1]  and  Rice  [2]. 
Second  Loading  System 

In  this  case  3U^/3a  =  0  over  r^  (representing  displacement 
boundary  conditions)  and  T^2"*  =  0  over  rT  (traction-free  boundary) . 

From  Equation  (1)  we  obtain: 


where : 


=  J  U1-2-1  m*(x,y,a)  dr, 


m*(x,y,a) 


-H  3T(1) 

2KU)  3a 


(4) 


(5) 


The  implications  of  Equations  (2)  to  (5)  are  that  it  is  possible 
to  obtain  a  conventional  weight  function  m(x,y,a)  with  U  =  0  along 
and  arbitrary  tractions  applied  to  r^.  Furthermore,  one  may  obtain 
an  additional  function  m*(x,y,a)  with  T  =  0  along  for  arbitrary 
displacements  along  r^. 

SUPERPOSITION  OF  RESULTS.  In  order  to  solve  the  mixed  boundary 
condition  problem,  loading  system  'A'  in  Fig.  2,  consisting  of  tractions 
T(x,y)  over  rT  and  displacements  U(x,y)  over  r^  we  invoke  the  linear 
superposition  illustrated  in  Fig.  2(b)  and  (c)  wherein  system  B  has 
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displacements  set  to  zero  over  F^  and  system  C  has  tractions  set  to  zero 
over  r  Denoting  the  stress  intensity  factors  for  systems  A,  B,  and  C 
as  ,  Kg,  and  K^.,  respectively,  we  see: 


ka  *  kb  +  Kc 


(6) 


clearly,  Kg  may  be  obtained  from  Equation  (2)  as: 

Kg  =  /  T(x.y)  m(x,y,a)  dr 
rT 


(7) 


whilst  K^  is  given  by  Equation  (4)  as : 

K  =  /  U{x,y)  m*(x,y ,a)  dr.  (8) 

ru 

This  approach  requires  a  knowledge  of  'm1  for  the  evaluation  of  K._ 

o 

and  'm  '  for  the  evaluation  of  K^.  As  an  alternative,  system  C  may  be 
solved  by  the  additional  superposition  ,  illustrated  in  Fig.  2, 

which  requires  'm' ,  and  a  knowledge  of  the  crack-line  loading  in  the 
un flawed  structure  caused  by  the  displacement  boundary  conditions 
applied  alone. 

Finally,  an  alternative  approach  to  the  solution  of  system  B  is  the 
superposition  +  K  ,  which  again  requires  'm' ,  and  a  knowledge  of  the 
crack- line  loading  in  the  unflawed  structure  arising  from  traction  bound¬ 
ary  conditions  alone.  In  the  event  that  the  crack-line  loading  due  to 
nondisplacement  boundary  conditions  is  caused  by  residual  stresses  or 
body  forces,  the  latter  superposition  may  be  the  most  straightforward 
solution  method. 
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DETERMINATION  OF  'in'  AND  'm  Consider  the  configuration  illus¬ 
trated  in  Fig.  3(a)  ,  where  U  =  U  over  and  T  =  0  over  I\p.  In  order  to 
determine  m*  a  solution  is  sought  for  3T/3a  and  K.  Employing  the  super- 
position  of  Fig.  3(b)  and  (c)  we  note  that  not  only  does  K  =  K,  but 

_  cs;  *  sss  a*s 

3T/3a  =  3T/3a,  indicating  that  m  may  be  obtained  from  K  and  3T/3a. 

The  implications  of  this  result  are  that  not  only  may  3U/3a,  and 
hence  'm' ,  be  obtained  with  arbitrary  loading  applied  to  the  crack  line, 
but  so  may  3T/3a,  and  hence  'm*'.  Thus,  m  and  m*  may  be  derived  simul¬ 
taneously  with  an  arbitrary  crack-line  loading,  provided  displacements 
or  tractions  are  set  to  zero  over  appropriate  portions  of  the  remainder 
of  the  boundary. 

RECOVERING  DISPLACEMENTS  AND  STRESSES.  Knowing  KR  and  Kc  it  is 
possible  to  rearrange  Equation  (3)  to  give: 

UB  =  g  /  kb  n'(x,y,a)  da,  (9) 

and  hence  reconstruct  the  complete  displacement  field  with  appropriate 
boundary  conditions  to  evaluate  the  constant  of  integration.  The  dis¬ 
placements  for  system  A  may  be  obtained  from  the  superposition  illus¬ 
trated  in  Fig.  4  wherein  system  D  is  the  equivalent  uncracked  geometry, 
loaded  by  the  same  tractions  and  displacements  as  system  A.  The  term  o(x) 
is  the  crack-line  loading  for  system  D,  and  system  E  has  U  and  T  set  to 
zero  over  and  r^,  respectively,  the  crack  being  loaded  by  -o(x).  If 
only  crack- line  displacements  are  required  (which  will  frequently  be  the 
case),  for  cracks  oriented  along  the  x-axis: 


Equation  (9)  is  essentially  equivalent  to  the  method  proposed  by 
Paris  [4],  and  employed  in  the  derivation  of  crack-opening  data  in  [5]. 
However,  it  is  important  to  note  the  functional  dependence  of  Kg  on  a, 
and  the  need  to  include  this  dependency  when  evaluating  the  integral. 

It  appears  that  some  displacements  quoted  in  [5]  may  be  in  error,  since 
this  dependency  is  ignored  in  calculating  certain  displacements. 

In  similar  vein,  rearranging  Equation  (5),  the  stresses  for  system  C, 
are  given  by: 


T 


C 


=  -  /  K  m*(x,y,a) 
H  L 


da 


(ID 


with  appropriate  boundary  conditions.  Once  again,  stresses  for  system  A 
may  be  obtained  from  the  superposition  of  Fig.  4. 

BODY  FORCE  AND  DISTRIBUTED  STRAINS.  Equation  (2)  is  generalized  by 
Rice  [2]  to  account  for  body  forces,  giving: 


K  =  /  T  m(x,y,a)  dr  +  /  F  m(x,y,a)  dA,  (12) 

rT  \ 

where  F  =  F(x,y)  is  the  body  force,  and  A^,  is  the  area  over  which  body 
forces  are  distributed.  In  similar  fashion  it  is  possible  to  generalize 
Equation  (4)  giving: 

K  =  /  Urn*  (x,y,a)  dr  ♦  /  D  m*(x,y,a)  dA,  (13) 

FU  \l 


where  D  represents  a  distributed  strain  field,  and  Ay  is  the  area  over 


which  it  acts. 


POSSIBLE  APPLICATIONS 


(a)  Residual  Stress  and  Thermal  Stress  Problems 

Consider  the  case  of  a  complex  thermal  stress  field  applied  to  a 
clamped  plate  which  is  initially  stress  free,  and  clamped  along  the  hori¬ 
zontal  faces.  Fig.  5(a).  Provided  the  profile  of  the  plate  without  crack 
and  clamping  U(x,  ±h)  is  known  it  will  be  possible  to  apply  equal  and  oppo¬ 
site  displacements  which  straighten  the  horizontal  faces  as  in  Fig.  5(c) , 
this  will  require  an  'm*'  type  weight  function.  It  will  also  be  necessary 
to  apply  a  crack- line  loading  with  zero-end  displacements,  Fig. 5(d)  to 
eliminate  any  thermal  residual  stresses  ot(x),  this  will  require  an  'm' 
type  weight  function.  As  an  alternative,  the  superposition  outlined  in 
section  (3)  may  be  employed  in  the  solution  of  Fig.  5(c),  via  an  'm'  type 
weight  function. 

(b)  Bonded  Sheets  and  Stiffeners 

Configurations  in  which  sheets  are  bonded  or  glued  to  stiffeners  or 
to  other  sheets  (including  the  case  of  'patch'  repairs  of  cracked  struc- 

r* 

tures)  are  becoming  more  common.  Tradionally  these  problems  are  solved 
by  ensuring  compatibility  and  equilibrium  at  a  number  of  discrete  points, 
the  number  of  points  being  increased  until  the  solution  converges.  By 
employing  the  'distributed  strain'  term  in  Equation  (13)  it  may  be  possible 
to  match  distributed  displacements  in  a  cracked  sheet  with  those  in  a 
bonded  sheet,  stiffener  or  repair  patch. 

(c)  Contact  Problems 

Contact  problems  (particularly  nonlinear  problems)  present  signifi¬ 
cant  difficulties  in  their  solution.  The  presence  of  cracks  and  defects 
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can  make  such  proi  lems  even  less  attractive,  since  the  crack  may  serve  to  in 
crease  the  nonlinearity  of  the  problem.  Employing  weight  function  methods  a 
direct  (in  the  linear  case)  or  iterative  (nonlinear  case)  approach  could  pro 
duce  accurate,  economical  solutions  in  a  short  time  with  modest  computing 
effort. 

For  example,  the  problem  of  cracked,  pin  and  rivet  loaded  holes  is 
commonplace  in  aeronautical  and  civil  engineering.  A  single,  accurate 
weight  function  will  permit  the  subsequent  recover)’  of  stress  intensity 
factors  and  displacement  fields  for  various  combinations  of  pin-fit, 
material  properties,  frictional  effects,  and  residual  stress  (mandrel 
enlargement),  including  testing  for  (and  correcting)  physically  unaccept¬ 
able  'overlapping'  of  crack  surfaces  [6). 

(d)  Special  Elements 

Various  techniques  are  currently  employed  in  the  determination  of 
accurate  stress  intensity  factors  via  finite  element  analyses,  for  example, 
collapsed  isoparametric  elements,  and  classical  solution  and  polynomial- 
based  functions.  Some  disadvantages  of  the  latter  formulation  are  the 
large  number  of  boundary  points  required,  the  complexity  of  the  functions 
employed,  the  problems  of  accuracy  at  short  crack  lengths  (particularly 
important  if  K  solutions  are  to  be  used  to  predict  component  lifetime  under 
fatigue  loading),  and  representation  of  residual  stress  effects  as  a  load¬ 
ing  along  the  crack  line. 

It  is  already  clear  that  weight  function  data  may  be  'packaged'  with 
minimal  loss  of  accuracy  [7],  In  principle  therefore,  it  would  be  possible 
to  obtain  weight  functions  for  a  limited  number  of  appropriate  geometries, 
using  methods  of  high  accuracy  (collocation,  modified  mapping  collocation). 
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and  to  subsequently  fit  the  data  in  convenient  form  as  the  basis  of  a 
special  element  capable  of  high  accuracy. 

CONCLUSIONS.  The  familiar  weight  function  'm'  of  Bueckner  and  Rice 
which  is  unique  to  a  given  cracked  geometry  may  be  employed  in  the  deter¬ 
mination  of  stress  intensity  factors  with  stress  boundary  conditions 
applied  to  the  geometry.  There  also  exists  an  additional  weight  function 
'm*' ,  also  unique  to  a  given  cracked  geometry,  which  may  be  employed  in 
the  derivation  of  stress  intensity  factors  with  displacement  boundary 
conditions  applied  to  portions  of  the  geometry.  Weight  functions  'm'  and 
' m*'  may  be  derived  simultaneously  with  an  arbitrary  crack- line  loading. 

The  weight  function  'm'  permits  the  recovery  of  displacements  for  a 
new  set  of  stress  boundary  conditions,  whilst  'm*'  permits  the  recovery 
of  stresses  for  a  new  set  of  displacement  boundary  conditions.  In  using 
'm'  and  'm*'  to  recover  additional  information,  it  is  important  to  recog¬ 
nize  the  functional  dependency  of  stress  intensity  on  crack  length. 

Whilst  the  weight  function  'm'  may  be  employed  in  the  determination 
of  stress  intensity  in  the  presence  of  a  distributed  body  force,  in  like 
manner  'm  '  may  be  employed  in  the  determination  of  stress  intensity  in 
the  presence  of  a  distributed  strain  field.  The  combination  of  weight 
functions  'm'  and  'm*'  may  have  application  to  residual  and  thermal  stress 
problems,  bonded  sheets  and  stiffeners,  nonlinear  contact  problems,  and 
special  elements  for  numerical  applications. 
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ABSTRACT 


On  the  basis  of  Drucker's  flow  rule  and  Ziegler's  kinematic  rule,  a 
general  nonisothermal  incremental  constitutive  law  for  elastoplastic,  work¬ 
hardening  solids  has  been  developed.  The  derived  incremental  constitutive 
relative  contains  an  unspecified  loading  function  of  stress,  stress  history 
and  temperature.  Several  special  explicit  constitutive  relations  have  derived 
on  the  basis  of  von  Mises'  yield  criterion  with  temperature-dependent  yield 
strength  of  materials.  Since  Ziegler's  kinematic  hardening  rule  is  included 
in  the  analysis,  the  derived  nonisothermal  elastoplastic  theory  is  particularly 
suitable  for  analyzing  the  inelastic  behavior  of  work-hardening  solids  subjected 
to  both  cyclic  mechanical  loading  and  cyclic  thermal  loading. 


fWCHttWO  PAOE  BUNK. -NOT  FILMED 


I.  INTRODUCTION 


The  isothermal  constitutive  rules  for  work-hardening  solids  have  been 
discussed  in  great  detail  in  literature  [1-9]2.  However,  very  little  work 
has  been  done  on  the  theory  of  plasticity  under  nonisothermal  condition. 

Prager  [10]  presents  a  nonisothermal  plastic  deformation  theory  in  which  he 
considered  a  special  case  that  the  nonisothermal  stress  tensor  is  equal  to 
the  product  of  the  isothermal  stress  tensor  and  a  temperature-dependent  para¬ 
meter.  Moreover,  since  elastic  strain  and  thermal  strain  were  neglected, 
Prager's  nonisothermal  theory  can  be  applied  only  to  rigid,  work-hardening 
solids.  No  general  nonisothermal  theory  is  available  for  elastoplastic 
problems  of  work-hardening  solids  subjected  to  both  cyclic  mechanical  and  cyclic 
thermal  loading.  On  the  basis  of  Drucker's  flow  rule  and  Ziegler's  kinematic 
hardening  rule,  a  general  nonisothermal  incremental  constitutive  law  will  be 
derived  in  this  paper  for  analyzing  elastoplastic  deformation  of  work-hardening 
solids  in  which  the  elastic,  the  plastic,  and  the  thermal  deformation  are 
taken  into  account. 


II.  DEVELOPMENT  OF  CONSTITUTIVE  LAW 

In  this  investigation,  small  deformations  are  assumed  to  be  valid.  Hence, 
the  strain  tensor  e^j  is  given  by 

Hj  =  V2  (uitj  +  u1tj)  0) 

where  Uj  are  the  displacement  components  referring  to  rectangular  cartesian 
coordinates  x^,  i=l,2,  and  3.  Differentiation  with  respect  to  a  coordinate 
Is  indicated  by  a  comma  followed  by  the  approximate  subscript  (ujj  B  3uj/3xj). 


*Numbers  In  brackets  designate  references  at  end  of  paper. 
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The  total  incremental  strain  tensor  dcij  is  assumed  to  be  the  sum  of 
elastic  part  defj,  plastic  part  de^j,  and  the  part  of  thermal  strain  de®j,  i.e., 

dcij  =  deij  +  dcU  +  dei  j  (2) 

As  indicated  Ziegler  [5],  the  inelastic  behavior  of  a  material  can  be  de¬ 
scribed  by  the  following: 

(1)  An  initial  yield  condition  by  which  the  elastic  limit  of  a  material 
is  defined. 

(2)  A  flow  rule  by  which  the  plastic-strain  increments  are  related  to 
stresses  and  strain  increments. 

(3)  A  hardening  rule  by  which  conditions  are  established  for  subsequent 
yield  from  a  plastic  state. 

Therefore,  to  study  inelastic  behavior  of  a  material  requires,  first,  a 
functional  representation  constituting  a  generalization  of  the  yield  point 
associated  with  uniaxial  stress.  In  the  case  of  initial  yielding,  the  function 
is  termed  the  yield  function  and  the  equation  constitutes  the  yield  surface. 

In  the  case  of  subsequent  yielding  from  plastic  state,  the  surface  used  to 
define  the  elastic  limit  is  referred  to  the  subsequent  yield  surface,  or  the 
loading  function,  and  can  be  represented  as 

f  (°ij  ‘  aij»  9)  =  0  (3) 

where  ajj  is  a  tensor  representing  the  total  translation  of  the  center  of  the 
initial  yield  surface,  and  0  is  temperature. 

On  the  basis  of  Drucker's  postulate  [11],  the  work  done  by  an  external 
agency  during  a  complete  cycle  of  loading  and  unloading  must  be  nonnegative, 
the  yield  loading  surfaces  must  be  convex  with  respect  to  the  origin  in  the 
stress  space. 
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The  state  of  stress  at  any  material  point  can  be  specified  by  the 
function  f  accordingly  as 


-ij 


! ,  if 

f  =  0  and  -  doi  < 

Soij  J 

i  +  f^0  >  0 

(4) 

,  if 

f  =  0  and  j 

dOjj 

+  >  =  0 

(5) 

-  o. 

if  f  <  0  or  J^-doi 
°°i  i 

ij  +  <  0 

(6) 

In  addition  to  the  yield  and  loading  condition,  a  constitutive  relation 
between  plastic  strain  increments,  stress,  and  stress  increments  is  required 
to  describe  the  inelastic  behavior  of  a  material.  The  constitutive  relation 
(flow  rule)  used  in  this  investigation  is  based  on  Drucker's  postulate  for 
work -hardening  materials  [11].  The  flow  rule  is  given  as 


AJP  -  3f 
deij  "  dX  3a 


(7) 


where  dX  is  a  positive  scalar  quantity.  On  the  basis  of  Drucker's  statement, 
this  plastic  strain  increment  tensor  must  lie  on  the  outward  normal  to  the 
loading  surface  at  the  instantaneous  stress  state. 

After  yield  condition  and  flow  rule  have  been  determined,  a  hardening 
rule  must  be  chosen  to  complete  the  description  of  the  inelastic  behavior  of 
a  material.  With  the  use  of  the  kinematic  hardening  rule  proposed  by 
Prager  [2,7],  the  increment  of  the  translation  of  the  center  of  the  loading 
surface  in  a  nine-dimensional  stress  space  in  the  direction  of  the  external 
normal  to  the  surface  at  the  instantaneous  stress  state  can  be  predicted,  i.e.. 


da-jj  -  Cdefj  (8) 

where  C  is  a  parameter  characterizing  the  hardening  behavior  of  the  material 
and  can  be  determined  from  a  uniaxial  stress-strain  test 
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e 


(9) 


c(e>  =  f  srr 


in  which  da j j  is  the  uniaxial  stress  increment  and  dc^j  is  the  corresponding  plan  tic 
strain  increment  at  specified  temperature  0. 

Inconsistencies  have  been  found  when  Prager's  hardening  rule  is  applied  to 
various  subspaces  of  stress  [4].  To  avoid  the  difficulty  associated  with  the 
implementation  of  Prager's  hardening  rule,  Ziegler  [5]  has  proposed  a  modifi¬ 
cation  by  which  the  increment  of  translation  of  the  center  of  the  loading  surface 
is  assumed  to  be  directed  along  the  radius  vector  connecting  the  center  of  the 
loading  surface  to  the  instantaneous  stress  state,  i.e., 

daij  =  (oij  -  aj j )  dp,  dp  >  0  (10) 

where  dp  can  be  determined  provided  the  stress  point  remains  on  the  translated 
yield  surface  during  plastic  flow,  i.e.. 


3f  ,  .  df  .. 

3oT7  d°kl  +  ae  d0 

dp  = - ~ -  (1 

(amn_amn)  3^ 

A  comparison  of  Prager's  hardening  rule  and  Ziegler's  modification  was 
shown  in  Figure  1  (a). 

An  expression  for  dX,  associated  with  the  flow  rule  equation  (7),  can  be 

p 

determined  if  the  vector  Cdcjj,  as  shown  in  Figure  1  (b)  is  considered  as  the 
projection  of  do-jj  (and  thus  of  do^j)  on  the  exterior  normal  to  the  loading 
surface  at  the  iistantaneous  stress  state.  Hence,  for  small  incremental  of 
stress  and  strain,  one  can  readily  find  that 


dX 


1 

C 


5%  d0iJ  *  W de 


'3o,  ;  1 


mn 


3o, 


mn 


02) 
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Therefore,  the  flow  rule  becomes 


3f 
3°i  j 


C  (#-) 


3f 


3a, 


mn 


da, 


mn 


HT  d°k’  * 


(13) 


The  sum  of  incremental  elastic  strain  and  thermal  strain  can  be  determined 
by  use  of  the  Duhamel -Neumann  law,  i.e.. 


+  de 


ij 


-  Bd8)  6jj 


(14) 


in  which  E  is  Young’s  modulus,  v  is  Poisson's  ratio,  d8  is  the  change  of  temper¬ 
ature,  3  is  the  thermal  expansion  coefficient  which  may  be  a  function  of  temper¬ 
ature,  and  6jj  is  the  Kroneker  delta. 

Substituting  equations  (13)  and  (14)  into  equation  (2),  one  obtains 


de 


iJ 


0+v)j_ 

E^aU 


3f 


3a 


(f  da 


kk  -  3d8)  + 


iJ 


r  t  af  \  /  df  \ 
c  '3a,  '  ' 


mn 


‘3a, 


mn  L 


3f 


da, 


kl 


dokl  +  d0 


(15) 


Hence,  the  general  formulation  of  a  nonisothermal  incremental  theory  of 
elastoplastic,  work-hardening  solids  has  been  completed. 


III.  SPECIAL  CASES 

The  incremental  stress-strain-temperature  relation  given  in  equation  (15) 
is  very  general  which  satisfies  any  given  loading  function  f  and  all  states  of 
stress,  strain,  and  temperature.  On  the  basis  of  the  von  Mises’  yield  criterion 
with  temperature-dependent  yield  strength  of  a  material,  several  explicit  ex¬ 
pressions  of  equation  (15)  will  be  derived  in  this  section. 


A.  Six-Space.  If  the  symmetry  of  stress  and  strain  tensors  is  assumed,  a 
general  nine-space  problem  is  reduced  to  a  six-space  problem.  For  conven¬ 
ience  here  and  for  the  subsequent  specializations,  the  physical  coordinates 
are  denoted  by  x,  y,  z;  the  stresses,  by  <rx,  ay,  az,  rXy,  Tyz,  tzx;  the  strains, 
by  ex,  ey,  ez,  e^,  CyZ,  ezx;  and  the  translation  of  the  center  of  yield  surface, 

by  Clx»  Oy*  ®xy  *  ayz »  ^ZX* 

If  the  material  is  assumed  to  be  von  Mises'  material,  then  the  temperature- 
dependent  loading  function,  equation  (3),  may  be  written 

f  =  \  {[(ox-ax)-(ay-ay)]*  +  [ (ay-ay )- (az- az)]2  +  [(az-az)-(ax-ax)]2 


+  6  [(T^-a^)2  +  (tyZ-ayZ)J  +  (Tzx-azx)2]}  -  a02  =  0  (16) 

where  a0  =  09(0)  is  the  temperature-dependent  yield  strength  of  the  material 
in  tension. 

Substituting  equation  (16)  into  equation  (7),  one  obtains  the  incremental 
plastic-strain  components: 

dex  —  5jjdX,  dcy  —  ^ydX,  dcz  —  "!TzdX,  dexy  =  SxydX,  dcyZ  =  ^yZdX, 


and  dc 


P 

zx 


=  IzxdX 


in  which 


3f 

^x  =  3o^  =  2K'°x)  '  (ay-ay)  “  (az"az) 
Sy  -  ^  -  2 (oy-ay)  -  (az-az)  -  (ax-ax) 
\  =  2(oz-az)  -  (ox-ax)  -  (oy-ay) 


>xy 


if 

^xy 

3f 


3zx 


y* 
8f 

^zx 


6(xXy-axy) 

6(tyZ-OyZ) 


6<Tzx‘azx) 


(17) 
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(18) 


Substituting  equation  (16)  into  equation  (12),  one  obtainsf 
dX  =  -lj-  [Sxdox  +  Syday  +  Szdoz  +  Sxy^xy  +  SyZdxy2  +  Szxdxzx 


+  2o 


»lrd9] 


(19) 


in  which 

S2  =  Sx2  +  Sy2  +  Sz2  +  ?xy2  +  SyZ2  +  $zx2  (20) 

Ziegler's  hardening  parameter,  dp,  can  be  determined  by  substitution  of 
equation  (16)  into  equation  (11),  i.e., 

Sxdax  +  SydOy  +  SzdfT  +  SXyXxy  +  SyzTyz  +  Szxtzx  +  2o3&d0 

dp  =  - — - — - 3 - — - — - - 

(ax-ax)Sx  +  ^Oy-OyJSy  +  (oz-az)Sz  +  (TXy-axy)Sxy  +  ( Ty  2  -  Oty  z )  Sy  2  +  (TZX'aZX)^ZX 

Hence,  the  incremental  translation  of  the  center  of  loading  surface  can  be 
determined 


(21) 


dax  =  (ax-ax)dp,  day  =  (oy-ay)dp,  da2  =  (az-az)dp 

daXy  =  (xjjy-aj^yJdp,  day z  =  (xyZ-ayZ)dp,  and  dazx  -  (xzx-azX)dp  (22) 

The  incremental  stress-strain-temperature  relation,  equation  (15),  can  now 
be  written  in  the  following  simple  matrix  form: 


(de)  = 

(23) 

in  which 

{de}^  =  <dex,  d£y,  dcz,  d cXy ,  dcyZ,  de2X^ 

(24) 

{ ^ q - }  =  <dox,  doy,  doz,  dxXy,  dxy z ,  dx2xid0> 

(25) 

and 


where 


[K]  =  [K,i  K2] 


ki  i 

ki  2 

ki  i 

kid 

kl  5 

kie 
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ki7 

k2i 

k22 

k2s 

k2d 

k2s 

k2* 

1 

1 

k27 

kn 

kj2 

kis 

kid 

kss 

ki* 

1 

1 

ki7 

kdi 

kd2 

kdl 

kdd 

kds 

kd  t 

• 

1 

kd7 

ksi 

ks2 

ksi 

k$d 

kss 

ks$ 

1 

1 

ksi 

kt  i 

k  62 

kd 

k  6  d 

k  6  5 

k  6  6 

• 

1 

k  6  7 

2 

«  5x  i 

k  1 1  =  - +  — 

CP  E 


ki  3  =  kjj 


SXSZ  v 

ci^""  E 


kis  =  k 


51  “ 


°x3yz 

CP 


'2  2 


^  1 

5l  +  1 

CS2  E 


kin  =  ki,2 


Sy^y 

CP 


k2c  *  k«2  = 


syszx 

CP~ 


k  1 2  =  k  2 1  = 


^y  v 
CP  ’  E 


kid  =  k 


Id  -  X  d  1  - 


^x^xy 

CS2 


kis  =  k 


61  ~ 


sxsyz 

CP 


k21  =  k  s  2  = 


sysz  v 
CP  '  E 


k25  =  ks2 


5y?yZ 

CP 


?  2 

k„^+i 

CP  E 


k  .  k  .  SzS*y 

k*d  kd*  B  - 
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k*s 
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kJS  =  k( 


S*y2  1+V 

km  =  - +  - 

CS2  E 


v  _  l  _  xy  yz 

*6  5  “  X  5 1( - - 


km  =  k( 


sxyszx 


r  2 

k  -  y2  .  1+v 

*55  _  — +  - 


k  56  =  k  6  5  = 


Syz^zx 


F  2 

k  -  2X  +  1+v 
X  6  6 - +  


2Sy0Q  300 

k27  s - +  0 

CS2  36 


2lxae  9oe 

ki  7  = - - +  g 

CS2  39 


2SZ00  3og 

k  3  7  = - +  $ 

CS2  30 


ki,7  = 


*Ve  3og 
CS2  30 


k$7  = 


2Sy2o0  3o0 
CS2  30 


2^x00  300 

CS2  30 


From  the  definitions  given- above  of  kjj,  one  can  conclude  that  Kj  is  a 
symmetic  partition  of  matrix  [K]. 


B.  Plane-Strain.  On  the  basis  of  plane-strain  assumption,  the  nonvanish  in¬ 
cremental  strain  components  are  dex,  dcy,  de^,  and  the  nonvanish  incremental 
stress  components  are  dox,  doy,  doz,  dx^y. 
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Since  dez  =  0,  one  can  readily  find 


daz 


[k^dox  +  kJ2doy  +  kJ%dTxy  +  kJ7d8] 


(28) 


Hence,  the  axial  stress  component  can  be  eliminated  by  use  of  the  equation 
given  above.  The  resulting  incremental  stress-strain  temperature  relation  is 
given  in  the  following  form: 

{de)  -  [LjLj]  {-^-)  (29) 

where 


{de}^  =  <dcx,  dey,  dexy>  (30) 

=  <dcJx,  day,  dTxy|d0>  (31) 


and 


[L]  -  [Lp'Lj  = 
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in  which  kjj  are  defined  in  equation  (27).  Since  kij  =  kji»  (i’j=1,"‘  ,6),  one  can 
readily  see  that  Lj  is  a  symmetric  partition  of  matrix  [L]. 

C.  Plane-Stress.  On  the  basis  of  plane-stress  condition,  the  nonvanish  incremental 
stress  components  are  dcrx,  doy,  and  dixy;  and  the  nonvanish  incremental  strain  com¬ 
ponents  are  dex,  dey,  dez,  and  de*y.  By  definition, 

Tzx  e  0 


0Z  -  tyz 


e 


(33) 


Following  Ziegler's  argument  [5],  one  has 


s  =  a2x  =  0  (34) 

Then  the  explicit  expression  of  equation  (15)  can  readily  be  written  in  the  follow¬ 
ing  simple  matrix  form: 

(dc)  =  [mJm2]  {-J|)  (35) 

in  which 


{dc)T  =  <dex,  dey,  dcz ,  dexy> 

(-j-g)T  3  <dax,  day,  dTXyjd6> 


and 


where 


CM]  3  CM/.  M2]  = 


mu 

mi  2 

■V 

m2i 

m22 

m2S 

m2i, 

m3l 

m32 

m3  s 

m42 

m,. 

ron  =  Cd2  £2(ax-ax)  ~  (°yay)3  +  £ 

m12  =  m2i  =  ftpr  [2(ox"ax)  ■  (^y-“y)!2 (ay-ay)  -  (ax-ax)] 
mis  =  m4i  *  ^gr  (2(ax-ax)  -  (oy-ctyJH-rxy-axy) 

m22  =  ci7  £2(ay‘ay)  “  (ax_ax)3  *  £ 

m2»  =  m*»2  S  cJT  [2(Oy-ay)  -  (Ox-axJKTxy-a^y) 
mn  “  qJT  t2(ox-ax)  -  (ay-ay)][(ox-ax)  +  (ay-ay)] 
m*2  *  CTF  ^2^°y'ayJ  ■  ^°x"ax)]((°x"ax)  +  (oy-ay)] 


(36) 

(37) 


(38) 


(39) 
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-  q^2  [ox-«x)  +  (ay-ayJKTj^-Oxy) 

_  36  /  \  2  .  Hv 

■«  "  cd?  ^Txy~axy'  +  £ 

2  300 

mm  =  [2(ox-<»x)  ~  (Oy-«y)]o0"30-  +  6 

m2<.  =  [^(Oy-ay)  ~  (Ox"C‘x)]ae-g|'  +  B 

m3.  =  ch7  C(ox-ax)  +  (oy-ay)]o6^§- +  e 

12  /  »  3oe 

mm.  cd2  'T*y'axy)a6  30 


and 


d2  =  6  [(ox-«x)2  -  (ox-ax)(°y-ay)  +  (oy-ay)*  +  6(rxy-axy)2]  (40) 


REMARK 

One  implicit  assumption  made  so  far  is  that  the  temperature-dependent 
yield  strength  00(8)  of  the  material  is  differentiable.  The  actual  relation¬ 
ship  of  yield  strength  of  the  material  vs  temperature  must  be  determined  by 
experiment.  Fortunately,  this  relationship  can  usually  be  approximated  by  a 
polynomial;  hence,  it  is  differentiable.  The  test  data  of  yield  strength  vs 
temperature  for  chrominum-molybdenum-vanadium  (Cr-Mo-V)  steel  are  shown  in 
Figure  2  by  open  circles.  A  fourth-degree  polynomial  approximation  for  test 
data,  as  shown  in  Figure  2  by  solid  curve,  is 

Og  -  131,000  -  10.890479  +  0.064835360* 

-  0.00016669790*  +  O.OOOOOOO59845650,, 

One  can  see  that  this  relation  exhibits  a  very  good  approximation  of  test  data. 
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ABSTRACT.  Using  von  Mises'  criterion  and  the  Prandtl-Reuss  flow  theory, 
numerical  solutions  are  obtained  for  the  stresses,  strains,  and  displacements 
in  an  elastic-plastic  thick-walled  tube  subjected  to  internal  pressure  and 
temperature  gradient.  The  material  is  ideally-plastic  or  obeys  the  isotropic 
hardening  rule.  The  formulation  is  based  on  the  incremental  finite-difference 
method  in  conjunction  with  a  scaled  loading  approach.  All  Incremental 
quantities  are  determined  in  the  program  and  no  iteration  is  needed.  The 
approach  is  simpler  than  others  yet  quite  general  and  accurate. 

I.  INTRODUCTION.  The  elastic-plastic  problems  of  thick-walled  tubes 
subjected  to  mechanical  loadings  have  been  solved  by  many  Investigators  based 
on  different  theories  or  methods  [1-4].  Very  little  work  has  been  done  on  the 
elastoplastlc  solutions  for  thick-walled  tubes  subjected  to  thermal  loadings 
[5-7].  Recently,  a  new  finite-difference  approach  was  developed  for  solving 
the  plane-strain  problems  of  elastic-plastic  thick-walled  tubes  subjected  to 
mechanical  loadings  [3]  or  thermal  loadings  [7].  The  approach  has  been 
extended  to  solve  the  generalized  plane-strain  problem  subjected  to  mechanical 
loadings  [4]. 

In  the  present  paper,  the  generalized  plane-strain  problems  of 
elastic-plastic  thick-walled  tubes  subjected  to  mechanical  as  well  as  thermal 
loadings  will  be  considered.  The  formulation  includes  internal  pressure, 
external  pressure,  axial  force,  steady  or  transient  thermal  loadings.  The 
numerical  result  will  be  reported  for  a  closed-end  tube  subjected  to  internal 
pressure  and  to  temperature  gradient.  The  formulation  is  based  on  the 
Incremental  finite-difference  method  using  von  Mises'  criterion,  the 
Prandtl-Reuss  flow  theory  and  the  isotropic  hardening  rule.  All  incremental 
quantities  are  determined  in  the  program  and  no  iteration  is  needed.  In  order 
to  improve  the  efficiency  of  the  program,  a  scaled  loading  approach  has  been 
Implemented.  The  numerical  results  have  been  compared  with  those  of  Bland  [5] 
and  additional  results  due  to  large  temperature  gradient  are  to  be  reported. 

II.  BASIC  EQUATIONS.  Assuming  small  strain  and  no  body  forces  in  the 
axlsymmetric  state  of  generalized  plane  strain,  the  radial  and  tangential 
stresses,  or  and  oq,  must  satisfy  the  equilibrium  equation, 

r(3or/3r)  -  oq  -  or  ;  (1) 

and  the  corresponding  strains,  er  and  eg,  are  given  in  terms  of  the  radial 
displacement,  u,  by 
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3u/3r  ,  C0  »  u/r 


(2) 


er  - 

It  follows  that  the  strains  must  satisfy  the  equation  of  compatibility 

r(3ee/3r)  =  er  -  cq  .  (3) 

Whereas  the  differential  equations  (1),  (2),  and  (3)  hold  throughout  the  tube 
regardless  of  the  material  properties,  the  constitution  equations  assume 
various  forms  according  to  the  adopted  form  of  yield  function,  hardening  rule, 
total  or  incremental  theory  of  plasticity.  In  the  present  paper,  the  material 
is  assumed  to  be  elastic-plastic,  obeying  the  Mises'  yielding  criterion,  the 
Prandtl-Reuss  flow  theory  and  the  isotropic  hardening  law.  The  complete 
stress-strain  relations  are: 

Aet'  =  Aoi'/2G  +  (3/2)0!* Ao/(oH' )  (4) 

Ao  >  0  for  i  =*  r ,  9,z 

A %  -  E_1(l-2v)Aom  +  aAT  (5) 

where  E,  v,  a  are  Young's  modulus,  Poisson's  ratio,  coefficient  of  thermal 
expansion,  respectively,  AT  is  the  temperature  increment, 

2G  =■  E/(l+v)  , 

era  a  (er+EQ+ez)/3  ,  ei'  »  ct  -  em  , 

°ra  =  (or+00+oz)/3  ,  at’  =  oi  -  om  , 

o  =■  ( 1//2)  [  (or-oe) 2  +  (o0-oz)2  +  (oz-or)2]1/2  >  o0  ,  (6) 

and  0o  is  the  yield  stress  in  simple  tension  or  compression.  For  a  strain¬ 
hardening  material,  H'  is  the  slope  of  the  effective  stress/plastic  strain 
curve 

o  -  H( / deP)  .  (7) 

For  an  ideally-plastic  material  (H'  =  0),  the  quantity  (3/2)do(oH')  is 
replaced  by  dX,  a  positive  factor  of  proportionality.  When  o  <  oQ  or  do  <  0, 
the  state  of  stress  is  elastic  and  the  second  term  in  equation  (4)  disappears. 

Following  Yamada  et  al  [8],  equations  (4)  and  (5)  can  be  rewritten  in  an 

Incremental  form 


Aoi  *  dijAej  -  EaAT/(l-2v)  for  i,j  ■  r,9,z 


and 


dij/2G  »  v/(l-2v)  +  5ij  -  oi'j'/S 


(8) 
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where 


S 


2  1 

-  (1  +  -  H’/G)ai 
3  3 


H'/E  -  w/(l-w) 


(9) 


uiE  Is  the  slope  of  the  effective  stress-strain  carve,  and  Is  the  Kronecker 
delta. 

Consider  an  open-end  or  closed-end  thick-walled  tube  of  inner  radius  a 
and  external  radius  b.  The  tube  is  subjected  to  inner  pressure  p,  external 
pressure  q,  and  force  f,  inner  temperature  Ta  and  external  temperature  Tb. 

The  boundary  conditions  for  the  problem  are 

or(a,t)  -  -p  ,  OrCb.t)  "  ~q  > 

2itJ  rozdr  ®  yTra^  p  +  f  (10) 

a 


where  y  is  0  for  open-end  tubes  and  1  for  closed-end  tubes. 

When  the  temperature  T  is  not  varying  with  respect  to  time,  the  steady 
state  distribution  is  given  by 

T  =  Ta  +  N  log  (r/a) 

and 


N  =  (Tb-Ta)/log  (b/a)  (11) 

The  stress  solution  in  the  elastic  range  is  well-known.  The  quantities  p*, 
q*,  f*,  Ta*  or  Tb*  required  to  cause  initial  yielding  can  be  determined  by 
using  the  Mises'  yield  criterion. 

III.  FINITE-DIFFERENCE  FORMULATION.  For  loading  beyond  the  elastic 
limit,  an  incremental  approach  of  the  finite-difference  formulation  is  used. 

The  cross  section  of  the  tube  is  divided  Into  n  rings  with  . . r^-p, 

....rn+i’b,  where  p  is  the  radius  of  the  elastic-plastic  interface.  At  the 
beginning  of  each  increment  of  loading,  the  distribution  of  temperature, 
displacements,  strains,  and  stresses  is  assumed  to  be  known  and  we  want  to 
determine  Au,  Aer,  Acq,  Aez,  Aor,  Aoe,  Aoz  at  all  grid  points  for  the  applied 
incremental  loading,  Ap,  Aq,  Af,  AT^  (i  =  1  to  n+1).  Since  the  incremental 
stresses  are  related  to  the  incremental  strains  by  the  incremental  form  (Eq. 
(8))  and  Au  »  rAeg,  there  exists  only  three  unknowns  at  each  station  that  have 
to  be  determined  for  each  increment  of  loading.  Accounting  for  the  fact  that 
the  axial  strain  ez  is  independent  of  r,  the  unknown  variables  in  the  present 
formulation  are  (Acq)^,  (Aer)^,  for  i  =  1 ,2 , . .  ,n,n+l ,  and  Aez. 

The  equation  of  equilibrium  (l)  and  the  equation  of  compatibility  (3)  are 
valid  for  both  the  elastic  and  the  plastic  regions  of  a  thick-walled  tube. 

The  finite-difference  forms  of  these  two  equations  at  i  *  l,...,n  are  given  by 
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< r j  — 2r i ) ( Aor) i  -  ( fi+l-ri) ( £09)1  +  ri(Aor)i+i 
*  (ri+1-ri)(O0-or)1  -  r1[(or)i+1  -  (ar)i) 


(12 


for  Che  equation  of  equilibrium,  and 

(ri+i-2ri)(Ae0)i  -  (d+i-riK  Aer)  ^  +  ri(Aee)jL+i 

-  (r1+i-ri)(er-ee)i  -  ri[(G0)i+1  -  (e0)jj  (13 

for  the  equation  of  compatibility.  With  the  aid  of  the  incremental  stress- 
strain  relations  (Eq.  (8)),  equation  (12)  can  be  rewritten  as 

[ ( ri+l“2ri)(di2)i  +  (-ri+i+ri)(d22)iK Ae0>i 

+  l (ri+l~2ri)(dii)i  +  (-ri+i+rf) (d2l)il ( Aer)i 

+  ri(di2)i+l(Ae0>i+l  +  ti(dn)i+l(Aer)i+i 

+  [(ti+l“2rt)(di3)i  +  (“tt+i+ri)(d23>i  +  ri(dl3)i+ll Aez 

“  (ri+l-ri)(°0“ar)i  ~  riK°r)i+l  “  (°r>il 

+  r*  Eo(l-2v)-1(ATi+1-ATi)  .  (14 

The  boundary  conditions  for  the  problem  are 

Aor(a,t)  *  -Ap  ,  Aar(b,t)  -  -Aq  , 
n 

n  l  [ri(Aoz)i  +  ri+i(Aoz)i+i)(ri+i-ri)  «  Mira2Ap  +  Af  ,  (15 

i-1 

where  p  is  0  for  open-end  tubes  and  l  for  closed-end  tubes.  Using  the 
incremental  relations  (Eq.  (8)),  we  rewrite  equation  (15)  as 

(di2)i(Aee)i  +  (dn )  1  (  Aer)  j  +  (dj3)iAez  -  -Ap  +  Ea(  1-2  v)“ 1  ATi  (16 

(d12>n+l(Aee)n+l  +  (dl l)rrt-l( Aer>n+1  +  (d13)n+l Aez  =*  -Aq  +  Eod-vr^Tju-l 

(17 

and 


n 

l  (ri+l~ri) { ri [ (d23>i( AE@)i  +  (di3)i( Aer)jJ  +  r*+i[ (d23)i+i( Aee)i+1 
i-1 

n 

+  (d13)i+l(Aer)i+l] >  +  I  (ri+i"ri) [ri(d33)i  +  r1+i(d33)i+i] Aez 

i-t 


n 

-  pa2Ap  +  Af /it  +  l  (ri+i-rt)  [  riATi  +  ri+i  ATi+ilEo/(l-2v)  (18 


Now  we  can  form  a  system  of  2n+3  equations  for  solving  2n+3  unknowns,  (Aeg)j, 
(Aer)i,  at  i  ■  1 ,2, . . . ,n,n+l  and  Aez.  Equations  (16),  (17),  and  (18)  are 
taken  as  the  first  and  last  two  equations,  respectively,  and  the  other  2n 
equations  are  set  up  at  i  9  l,2,...,n  using  (13)  and  (14).  The  final  system 
is  an  unsymmetric  matrix  of  arrow  type  with  the  nonzero  terms  appearing  in  the 
last  row  and  column  and  others  clustered  about  the  main  diagonal,  two  below 
and  one  above. 

IV.  INCREMENTAL  LOADING  -  FIXED  VS.  SCALED.  When  the  total  applied 
pressure  p  or  temperature  Ti(i-1  to  n+1)  are  given,  it  is  natural  to  divide 
the  loading  path  into  m  equal  fixed  Increments  such  as  Ap  =*  (p-p*)/m,  ATi  » 
(Ti~Ti*)/m.  These  fixed  increments  need  not  be  equal  for  all  steps  and  any 
sequence  of  m  Increments  can  be  supplied  by  the  user.  A  sequence  of 
decreasing  load  increments  is  a  better  choice  than  that  of  equal  increments. 

In  order  to  Increase  the  efficiency  of  the  program,  an  adaptive  algorithm 
based  on  a  scaled  Incremental- loading  approach  [8]  has  been  Implemented.  In 
each  step,  a  dummy  load-increment  such  as  Ap  is  applied  and  the  incremental 
results  Ao.  for  i  *  r,9,z  at  all  grids  are  determined.  For  all  grid  points  at 
which  a  m  J|°il I  ^  °o»  we  compute  the  scaler  a's  by  the  formula 

a  «»  -  (r  +  [  rI 2  +  4|  I  AajJ  j  2(o02-|  j  oil  |  2)]  }/|  |  Ao^  |  2  ,  (19) 

where 

r  3  I !°il I2  +  I |Aoi| |2  ~  | |oi  +  Aoi| |2  ,  (20) 

and  | | a i | | ,  j | Aoj | | ,  | | o±  +  Ao^ | | 2  are  computed  by 

I  KM2  -  -  ((or-OQ)2  +  (o0-oz)2  +  (o2-or)2]  .  (21) 

Let  X  be  the  minimum  of  the  a's.  Then  X  is  the  load-increment  factor  just 
sufficient  to  yield  one  additional  point.  A  sequence  of  X^j)  can  be 
determined  for  all  steps  j  *  l,2,...,m  and  the  updated  results  are 

p(j)  -  p(j-l)  +  x(j)Ap(j) 

+  x(j)AajO)  ,  etc.  (22) 

V.  NUMERICAL  RESULTS  AND  DISCUSSIONS.  Consider  a  closed-end  tube 
subjected  to  internal  pressure  p,  inner  and  outer  temperature  Ta  and  Tb*  The 
numerical  results  were  based  on  the  following  parameters:  b  ■  2",  a  *  1”,  n  ■ 
100,  v  -  0.3,  E  -  30xl06  psi,  o0  -  30xl03  psi,  u>  -  0,  a  -  7.75xl0-6  in/in'F. 

According  to  Bland  [5],  let  us  define 

6  -  EaN/l2(l-v)0o//3l 
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as  a  measure  of  the  effect  of  the  temperature  differences  in  the  stress 
system.  The  mean  temperature 

Tm  -  2(b2-a2)~1Jb  Trdr 
a 


is  taken  as  zero  in  the  calculation  of  u/r.  Three  values  of  the  temperature 
stress  factor  0  are  chosen:  0  =  — 1 /2 ,  0,  and  1/2,  i.e.,  Tb~Ta  *  -72.3°F,  0°F, 
and  72.3°F.  The  thermal  stresses  are  in  the  elastic  range.  In  the  presence 
of  these  temperature  gradients,  internal  pressure  p  is  applied  incrementally 
until  fully  plastic  state  is  reached.  The  internal  pressure  p  and  inside 
displacement  Ua  are  obtained  as  functions  of  elastic-plastic  interface  p  as 
shown  in  Figure  1.  The  effect  of  temperature  gradient  on  these  relations  is 
clearly  shown  in  the  figure.  In  order  to  compare  the  results  by  Bland  [5), 
the  state  of  stress  is  evaluated  at  p/a  *  1.73.  The  dimensionless  stresses 
(°r *°0 »°z)/°o  are  expressed  as  functions  of  r/a  as  shown  in  Figures  2  through 
4  for  three  cases  of  0=0,  -1/2,  1/2,  respectively.  After  removing  the 
temperature  gradients  and  internal  pressure,  the  residual  stresses  have  been 
obtained  for  all  three  cases.  The  states  of  residual  stresses  for  the  first 
two  cases  are  still  elastic  but  reverse  yielding  occurs  when  unloading  the 
last  case.  Five  scaled-incremental-loading  steps  and  one  applied-incremental- 
loading  step  are  needed  to  unload  completely.  The  residual  stresses  for  the 
last  case  are  shown  in  Figure  5.  The  results  in  Figures  1  through  5  are 
roughly  the  same  as  those  of  Bland  [5]  except  oz.  This  difference  is 
reasonable  because  Treses' s  yield  criterion  is  used  in  [5]. 

As  a  last  example  let  us  consider  a  closed-end  tube  subjected  to  inner 
temperature  Ta  only.  When  the  temperature  gradient  is  of  sufficient 
magnitude,  yielding  will  first  expand  from  the  inside.  When  Ta  is  larger  than 
a  certain  limit  (238. 4°F),  plastic  zone  will  expand  from  both  the  inside  and 
outside  surface  toward  the  interior.  The  relation  between  the  inside 
temperature  and  elastic-plastic  interface  is  shown  in  Figure  6.  The  stresses 
in  a  closed-end  tube  subjected  to  temperature  gradient  (Ta  »  299°F,  Tj,  *  0)  is 
shown  In  Figure  7.  The  dotted  lines  are  elastic-plastic  interfaces. 
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Figure  2.  Stresses  in  a  closed-end  tube  subjected  to 
internal  pressure  (p/a  ■  1.73;  8  ■  0) . 


f 


r/a 


Figure  5 


Residual  stresses  in  a  closed  end  tube, 
unloading  from  Figure  A,  1.0A  <  p/a  <  l.( 


f/a 

Figure  6.  The  relation  between  internal  temperature 
and  elaatic-plastic  interface,  Tb  *  0. 
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Figure  7.  Stresses  in  a  closed  end  tube  subjected  to  temperature  gradient. 
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ABSTRACT 

The  steady  propagation  of  a  flame  through  a  premixed  combustible 
mixture  is  studied  for  the  case  in  which  the  mixture  consists  of  two 
distinct  fuels.  The  overall  chemical  reaction  mechanism  is  represented  by 
A  +  v/\0  u/\P,  B  +  vqO  -*■  ugQ,  where  A  and  B  denote  the  fuels,  0  is  the 

oxidizer,  P  and  Q  are  the  corresponding  products,  and  va.ua* vg.ug  dre 
stoichiometric  coefficients.  We  employ  the  method  of  matched  asymptotic 
expansions  to  derive  a  solution  for  large  activation  energies,  in  which 
case  both  chemical  reactions  are  confined  to  a  thin  layer.  The  (small) 
separation  distance  (1  between  the  points  where  the  two  reactions  go  to 
completion  and  the  propagation  velocity  U  are  determined  as  functions 
of  such  quantities  as  Lewis  numbers,  activation  energies,  Damkohler 
numbers,  and  heat  release  fractions.  The  formula  for  H  represents  a 
relative  measure  of  the  flame  thickness  in  terms  of  standard  parameters, 
while  that  for  U  determines  the  role  of  each  reaction  in  the  overall 
flame  speed. 


1.  Introduction 


In  analytical  work  on  combustion,  it  is  now  commonplace  to  approximate 
the  complicated  chemical  reaction  mechanisms  that  occur  by  a  global  one- 
step  reaction  in  which  fuel  and  oxidizer  react  to  form  a  product.  By 
exploiting  the  fact  that  t ho  activation  energy  of  the  reaction  is  large,  a 
whole  theory  of  asymptotics,  peculiar  to  combustion  problems  with  Arrhenius 
reaction  rates,  has  been  developed.  They  range*  from  steady-state  studies 
of  one  dimensional  flames-^,  to  stability  and  bifurcation  analyses  in  various 
geometries. '  ,12,14-18  However,  there  are  many  chemical  reaction  mechanisms 

for  which  a  global  one-step  reaction  might  not  be  a  suitable  approximation. 
Examples  include  systems  with  multiple  fuels  (the  case  considered  here), 
inhibitors,  catalysts,  and  branched  chains.  For  such  problems,  it  is  often 
desired  to  obtain  profiles  of  intermediate,  catalytic  or  additional  reactant 
species,  as  well  as  to  study  their  effects  on  flame  thickness,  propagation 
velocity,  and  stability. 

There  have  been  only  a  few  asymptotic  analyses  of  flames  consisting  of 
more  than  one  reaction.  Berman  and  Riazentsev^ *••  considered  a  sequential 
mechanism  of  the  form  A  -*•  B  +  C  and  a  semi-parallel  mechanism  of  the  type 
B  <-  A  +  C.  By  assuming  that  the  Damkohler  numbers  (i.e.,  reaction 
rates)  of  the  two  reactions  were  of  the  same  order  of  magnitude,  they 
obtained  asymptotic  expressions  for  the  steady-state  propagation  velocity 
of  an  adiabatic  one-dimensional  flame.  Their  analysis  dealt  with  those 
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cases  for  which  the  corresponding  flame  separation  distance  was  either 
identically  zero  or  0(1).  Generalizations  of  the  A  -*■  B  •*•  C  flame  to 
account  for  widely  disparate  Damkohler  numbers  have  been  pursued  by 
several  authors. 6,8,9,10 

The  present  work  considers  steady  one-dimensional  flame  propagation 
governed  by  a  global  parallel  reaction  mechanism  of  the  form 

A  +  va°  *  uaP  *  8  +  VB°  "■  mBQ  ’  (Pb) 

where  A  and  B  denote  distinct  fuels,  0  is  the  oxidizer,  and  P,Q  are  pro¬ 
ducts.  Thd  quantities  VA«VB»UA>UB  are  stoichiometric  coefficients  which 
need  not  be  integers  for  these  types  of  global  mechanisms.  Reactions 
(la,b)  are  coupled  by  a  common  dependence  on  temperature  and  are  useful 
for  modelling  systems  with  multiple  fuels.  In  our  analysis,  we  employ 
reasonable  assumptions  on  the  large  activation  energies  and  the  diffusion- 
weighted  reaction  rates  (consumption  rates).  These  approximations  result 
in  a  merged  flame  to  leading  order  and  permit  the  derivation  of  explicit 
analytical  expressions  for  both  the  propagation  velocity  U  and  the  (small) 
separation  distance  H  between  the  points  where  the  two  reactions  go  to 
completion.  In  what  follows,  we  only  present  a  summary  of  t he  analysis 
and  emphasize  the  physical  results.  A  more  comprehensi ve  analytical 
presentation  is  contained  in  another  publication.^ 

2.  Governing  Equations 


.In  a  density-weighted  coordinate  system  whose  origin  is  attached  to 
the  flame  zone,  a  set  of  nondimensional  equations  governing  a  freely 
propagating  flame  with  the  mechanism  (la,b)  is^ 


Here,  Y  and  l  are  the  mass  fractions  of  species  A  and  B  divided  by  their 
unburned  values  at  4'  =  and  0  is  a  normalized  temperature  variable. 

The  nondimensional  parameters  appearing  in  Eqs.  (2)-(4)  are  the  Lewis  numbers 
I.  and  K,  activation  energies  N  and  M,  modified  Damkohler  numbers  (reaction 
rates)  i  and  k,  unburned  temperature  a,  expansion  parameter  a,  and  heat 
release  fractions  P,(l-P)  due  to  reactions  (la.b).  A  is  I  lie  flame  speed 
eigenvalue,  proportional  to  IJ“^,  where  1)  is  the  nondimensional  adiabatic 
flame  speed. 

Equations  (2)-((i)  are  solved  by  exploiting  the  fact  that  the  activa¬ 
tion  energies  N  and  M  are  large.  We  assume  that 

TP  1  +  I  »  f-Y  =  1  +  &  H  N(l-o)  ,  (ba.b.c) 

where  ~  0(1)  and  A  >>  1  is  introduced  as  our  large  expansion  parameter. 

We  refer  to  the  diffusion-weighted  Damkohler  numbers  K*k,L*ft  as  consump¬ 
tion  rates. 


128 


3.  Outer  Solution 


In  the  limit  of  large  activation  energies,  the  reaction  rate  terms 
become  negligible  except  in  a  thin  O(A'l)  zone  where  o  is  close  to  unity, 
just  as  in  the  case  of  a  single  reaction  mechanism.  The  reaction  zone  is 
considered  as  a  chemical  boundary  layer  and  the  regions  within  and  outside 
the  layer  are  treated  by  the  method  of  matched  asymptotic  expansions.  In 
the  outer  region,  each  reaction  term  is  replaced  by  a  6-function  distribu¬ 
tion,  whereas  in  the  inner  region  all  quantities  are  expanded  in  inverse 
powers  of  6.  To  all  algebraic  orders,  the  outer  solution  satisfies 


■1, 


PfiU),  cJ-q  »  K-Iz^  -  Q6U-H) 


aYo  -  L 

a0o  =  0o  +  +  (1-B)Q«(*-H)  , 


(7a, b) 

(8) 


subject  to  the  boundary  conditions  (5a, b).  This  has  the  solution  P=Q=«, 

Y  ,  ,  |l  -  exp(aU),  ♦  <  0  7  f  X  _  I  1  -  expCaK(t-H)],  *  <  !<[  (q 

V*'  "  jO,  *>0|’  jo, 


e0U)  = 


3  exp(aij))  +  (l-B)  exp[o(»|/-H)],  t|>  <  min  (0,H) 

3  +  (l-B)  exp[a(*-H)],  0  <  i|/  <  H ,  H  >  0 

1-3  +  3  exp(ai^) ,  H  <  *  <  0,  H  <  0 

1,  <|>  >  max  (0,H) 


,  (ID 


and  is  sketched  in  Fig.  1  for  typical  parameter  values. 


Figure  1.  Outer  Solution  Profiles  for  Typical  Parameter  Values 

The  flame  separation  distance  II,  like  A,  pi  ays  the  role  of  an  eigenvalue, 
since  both  quantities  are  determined  in  the  course  of  the  analysis.  The 
fact  that  neither  reaction  can  occur  until  0  ^  1  (a  consequence  of  Eq. 
(6)),  implies  that  H  is  small.  Consequently,  H  might  also  be  interpreted 
as  a  relative  measure  of  flame  thickness.  Both  II  and  A  are  determined  as 
functions  of  the  various  flame  parameters  by  a  boundary  layer  analysis  in 
the  reaction  zone. 
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4.  Reaction  Zone  Analysis 


In  the  thin  reaction  zone,  the  independent  variable  ^  is  stretched 
according  to  ^  =  n/A  and  the  remaining  unknown  quantities  are  expanded  as 
follows: 

*-jy-  yy- <iy-  *-?.y  •  <i2a’b-c'*-c) 

Substituting  these  expansions  into  Eqs.  (2)-(4),  equating  the  coefficient 
of  each  power  of  a  separately  to  zero,  and  matching  with  the  outer  solution 
(9)-(ll)  yields  a  sequence  of  problems,  the  first  two  of  which  are  con¬ 
sidered  in  detail . 

The  solution  to  the  first  order  problem  is*3 

A^  =  7j-  L  *a2  ,  h^  =  0  ,  y^  =  - L 0 ^  ,  Zj,  =  -Ko ^  (13a,b,c,d) 

i  0i  _  -1/2  __ 

n  sjJ  [l+tej-De  L]  d81  ,  a  »  -.935  .  (14) 

d 

This  solution  is  essentially  equivalent  to  that  obtained  for  the  single¬ 
stop  flame  problem. 3. 19  j0  this  order  of  analysis  the  multi-fuel  flame 
behaves  as  if  it  were  governed  by  a  single  reaction,  since  both  reactions 
occur  at  the  same  spatial  location.  In  order  to  determine  the  effects  of 
the  parallel  reaction  mechanism  on  the  flame  speed  and  the  flame  thickness, 
it  is  necessary  to  calculate  A2  and  h 2,  the  second  order  correction  to 
these  quantities. 

Since  our  main  purpose  in  considering  the  second  order  problem  is  to 
determine  hp  and  p  as  functions  of  the  flame  parameters,  we  do  not  attempt 
to  completely  solve  the  second  order  problem.  Rattier,  we  derive  a  coupled 
pair  of  solvability  conditions  for  these  two  unknowns  based  on  an  analysis 
of  t he  adjoint  problem.  The  result  is^ 

h2  =  a  (2yI2  +  vll}  (15) 

A2  =  a2L'1{3(l-0)+  j  (1-3)  (2y-v)-  \  lz  +  \  [aL+(l-d)K](2I1+I2)}  (16) 

I,  =  /  [l-p(i)1/2Jdx  =  -1.344,  I2  =  /  r[  l-p(T )I/2J dT  =  +1.731  .  (17a, b) 

0  0 


5.  Results 


The  final  dimensional  form  of  the  second-order  accurate  asymptotic 
expressions  for  the  flame  thickness  Tl  and  the  adiabatic  flame  speed  0  are 
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X  1  *  (1-0) 


J  t  (>B/5g)e»p(-rB/!n'ai  _  2  td  (19) 

"  (kA/BJ)exp(-EA/Rfa)  '  tA_ 


In  these  formulas,  and  £3  are  the  rate  constants  for  reactions  (la,b), 
E^and  Eg  are  the  activation  energies,  and  Djj  are  the  values  of  the 
mult icomponent^diffus ion  coefficients  evaluated  at  the  adiabatic  burned 
state,  Tg ,  Ta,pu,pa  are  the  unburned  and  burned  values  of  temperature 
and  density,  despecti vely,  and  Aa,Cp  are  the  adiabatic  values  of  thermal 
conductivity  and  heat  capacity.  The  combination  (R/Dd)exp(-£/lTra)  is  a 
consumption  rate.  Note  that  U  appears  in  the  formula  for  ft,  which  has 
the  units  of  mass  x  length-^.  The  flame  thickness  D  in  units  of  length  is 


By  studying  the  above  formulas  for  H  and  U^,  it  is  easy  to  see  quanti¬ 
tatively  how  parameters  such  as  Lewis  numbers,  activation  energies,  and 
consumption  rates  affect  the  thickness  of  the  flame  and  its  propagation 
velocity.  The  sign  of  H  is  determined  by  the  ratios  of  activation  energies 
and  consumption  rates.  If  t ho  activation  energies  of  the  two  reactions  are 
equal  (M=N),  but  the  second  reaction  has  a  larger  (smaller)  consumption 
rate  than  the  first  reaction  [ i . 0 . ,  K’k  >(<)  L*i],  then  species  B  is  deple¬ 
ted  upstream  (downstream)  from  species  A  [i.e.,  H  <(>)  0],  Conversely,  if 
the  consumpion  rates  are  equal  but  the  activation  energy  of  the  second 
reaction  is  larger  (smaller)  than  the  first  [i.e.,  M  >(<)  N],  then  species 
B  is  depleted  downstream  (upstream)  from  species  A  [i.e.,  H  <(>)  0],  In 
fact,  we  see  from  Eq.  (18)  that  the  ratios  of  activation  energies  and 
consumption  rates  have  opposite  effects  (since  Ij  <  0  and  I^  >  0)  and 
thus  H  may  be  positive;  negative,  or  zero  depending  on  the  relative  values 
of  these  parameters.  Similar  statements  can  be  made  for  the  effects  of 
consumption  rates  and  activation  energies  on  the  flame  speed.  In  particu¬ 
lar,  larger  (smaller)  consumption  rates  and  smaller  (larger)  activation 
energies  produce  larger  (smaller)  values  for  the  flame  speed  L). 

The  effects  of  selective  diffusion  on  T1  and  U  are  contained  in 
the  term  involving  t ho  quantity  (2Ii+I^)<0  in  l.g.  (I*)).  Assuming  fixed 
consumption  rates  and  activation  energies,  a  value  ol  T)jj  >(<)  D^,  fixed, 
[i.e.,  K<(>)  L,  L  fixed],  results  in  a  decrease  (increase)  in  the  flame 
speed  from  t(jat.  for  the  case  of  equal  diffusion  of  both  species.  Although 
the  sign  of  II  depends  only  on  consumption  rates  tind  activation  energies  and 
is  ].hus  fixed  in  this  argument,  the  magnitude  of  H  is  inversely  proportional 
to  U.  Thus,  the  decrease  (increase)  in  the  flame  speed  is  accompanied  by  an 
increase  (decrease)  in  Tl  .  Although  one  might  think  that  an  increase  in  the 
diffusion  of  species  B  would  tend  to  result  in  a  larger  flame  speed,  we  now 
sec  that  the  increased  spatial  separation  of  the  two  reactions  hinders  the 
flame  propagation  and  produces  the  opposite  conclusion. 
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Finally,  we  emphasise  that  it  is  the  consumption  rates  (k*K,i'L),  and 
not  merely  the  reaction  rate  coefficients,  vjh i eh  are  important  in  determin¬ 
ing  the  flame  speed  and  thickness.  The  fact  that  smaller  diffusion  coef¬ 
ficients  are  associated  with  higher  consumption  rates,  and  therefore  higher 
flame  speeds,  can  be  qual itat i vely  understood  by  recognizing  that  smaller, 
diffusion  coefficients  (higher  Lewis  numbers)  intensify  the  chemical 
reactions.  This  occurs  through  a  greater  concentration  of  the  reacting 
species  in  the  reaction  zone.  Thus,  the  consumption  rates  are  a  measure  of 
the  rate  of  depletion  of  the  reactants,  taking  into  account  both  the 
temperature  and  concentration  dependence  of  the  reaction  rate  terms. 

6.  Conclusion 

Thus,  in  summary,  we  have  considered  a  steadily  propagating  planar 
flame  governed  by  a  global  parallel  reaction  mechanism  of  the  form  (la,b). 
Employing  the  method  of  matched  asymptotic  expansions,  we  have  obtained 
explicit  analytical  formulas  for  the  propagation  velocity  U  and  the 
relative  flame  thickness,  or  separation  distance,  H  in  terms  of  various 
flame  parameters.  Our  approach  extends  to  other  types  of  reaction  mechan¬ 
isms,  and  future  papers  will  deal  with  flames  governed  by  sequential, 
reversible,  chain  branching,  and  catalytic  chemical  reactions. 
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SECONDARY  COMBUSTION  IN  GUN  EXHAUST  FLOWS 
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Aberdeen  Proving  Ground,  MD  21005 


ABSTRACT.  The  muzzle  flash  from  cannon  is  analyzed  using  a  simple 
description  of  the  gun  exhaust  plume  flow  structure  coupled  to  an  empirical 
ignition  criteria.  The  effect  of  muzzle  devices  such  as  recoil  brakes  is 
estimated  through  an  approximate  description  of  their  internal  flow.  The 
influence  of  the  transient  nature  of  the  weapon  exhaust  plume  is  examined 
by  using  a  one-dimensional,  unsteady  numerical  model  to  develop  the  flow 
properties  along  the  axis  of  symmetry.  These  properties  are  input  into  the 
ignition  model  and  the  possibility  of  the  occurrence  of  secondary  combustion 
is  determined  as  a  function  of  time  during  gun  tube  emptying. 

INTRODUCTION.  Excessive  blast  overpressure  in  the  crew  area  of  artillery 
pieces  is  restricting  the  operation  of  certain  current  systems.  One  reason  for 
the  emergence  of  the  problem  with  newer  cannon  is  the  requirement  to  increase 
weapon  performance, generally  through  the  use  of  highly  energetic  propellants. 
These  produce  high  pressure  and  temperature  in  the  gases  exhausting  from  the 
weapon  muzzle  following  shot  ejection.  As  a  result  the  blast  overpressure  due 
to  the  expanding  gases  increases.  Additionally,  the  propensity  of  the  exhaust 
plume  to  ignite  into  secondary  combustion  of  the  unoxidized  propellant  gas 
species  increases.  Secondary  combustion  results  in  excessive  flash  signature 
of  the  weapon  improving  probability  of  detection  and  reducing  night  vision  of 
the  artillery  crew.  Another,  equally  serious  effect  of  this  combustion  is  the 
generation  of  strong  pressure  disturbances  which  can  reinforce  the  initial  blast 
pulse  and  lead  to  excessive  overpressure  in  the  vicinity  of  the  crew  member.  In 
the  present  paper,  muzzle  flash  is  described  and  an  attempt  to  analyze  some  of 
the  features  of  the  phenomena  using  relatively  simple  methodology  is  presented. 

The  development  of  the  flow  from  the  muzzle  of  a  gun  has  been  extensively 
investigated  for  the  bare  muzzle  configuration  (1-4).  The  structure  (Fig.  1) 
consists  of  two  impulsive  jets.  The  first,  or  precursor,  develops  as  the  air 
in  the  gun  tube  is  forced  out  ahead  of  the  projectile.  The  second,  propellant 
gas,  jet  develops  when  these  high  pressure  gases  are  released  by  projectile 
separation.  The  muzzle  pressure  level  of  the  precursor  jet  is  typically  an 
order  of  magnitude  lower  than  that  in  the  propellant  gases.  As  such,  this 
initial  flow  is  rapidly  engulfed  in  the  expanding  propellant  gas  jet  and 
associated  air  blast.  The  propellant  gas  plume  growth  is  influenced  by  the 
precursor  flow,  the  projectile,  and  the  ambient  conditions.  However,  the  gross 
nature  of  the  plume  development  is  highly  directional3.  The  Mach  disc  moves 
continuously  away  from  the  muzzle  leaving  behind  a  lateral  shock  structure 
which  is  essentially  invariant  once  established.  This  is  contrary  to  the 
decay  of  the  plume  wherein  the  total  jet  structure  shrinks  toward  the  muzzle. 

The  behavior  of  the  Mach  disc  is  of  particular  importance  since  the  shock 
heating  of  the  propellant  gases  strongly  influences  the  occurrence  of  secondary 
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combustion.  From  optical  measurements  it  is  observed  that  at  early  times,  the 
Mach  disc  dominates  the  flow.  Almost  all  of  the  exhausting  gases  are  processed 
through  it.  At  later  times  when  the  plume  has  grown  to  its  maximum  dimensions, 
the  Mach  disc  attains  its  greatest  strength  but  only  processes  a  small  fraction 
of  the  exhaust  flow  (10-15%) .  During  this  period  of  rapid  changes  in  the  flow 
structure,  the  muzzle  exit  conditions  are  continuously  decaying.  Thus,  the 
properties  of  the  exhaust  gases  which  mix  with  the  surrounding  air  in  the  lateral 
viscous  layers,  impulsive  vortex,  and  turbulent  jet  are  spatially  and  temporally 
non-uniform. 

Cannon  flash  is  related  to  the  development  of  these  jet  flowfields  (Fig.  2). 

As  the  projectile  accelerates  down  the  gun  tube,  high  pressure  propellant  gases 
leak  around  it  and  mix  with  the  tube  gas.  If  this  gas  was  largely  air,  the  ejected 
mixture  could  be  burning  upon  exit;  or,  if  the  tube  gas  was  mainly  the  propellant 
gases  remaining  from  a  previously  fired  round,  then  mixture  with  the  atmosphere 
could  cause  ignition.  In  any  case,  the  flash  which  can  occur  prior  to  the  round 
breaking  the  muzzle  is  known  as  pre  flash.  With  uncorking  of  the  projectile,  the 
propellant  gases  are  released.  At  the  muzzle,  the  propellant  gases  are  at  a 
high  temperature  and  particulates  in  the  flow  incandesce.  This  bright  orange 
glow  is  known  as  primary  flash.  As  the  gases  move  away  from  the  muzzle,  the 
strong  expansion  within  the  supersonic  core  of  the  jet  quenches  this  incandescence. 
When  the  gases  pass  the  Mach  disc,  the  temperature  rises  toward  the  stagnation 
value  (in  excess  of  the  muzzle  temperature)  and  strong  luminosity  may  once  more 
be  observed.  This  region  is  termed  intermediate  flash.  By  far  the  most  severe 
flash  phenomena  is  secondary  flash  resulting  from  the  combustion  of  the  propellant 
gas/air  mixture  at  the  boundary  to  the  impulsive  jet.  The  propellant  gases  mix 
with  air  in  the  turbulent  shear  layer  on  the  lateral  jet  boundary  and  in  the  vortex 
ring  which  entrains  flow  which  passes  the  Mach  disc.  Since  the  propellant  gases 
are  not  fully  oxidized,  mixture  with  air  can  develop  a  combustible  mixture  requiring 
only  a  suitable  source  of  ignition.  Some  possible  sources  of  ignition  include; 
preflash,  burning  powder  particles,  hot  muzzle  for  burst  fire,  tracer  rounds,  or, 
more  likely,  ignition  due  to  elevated  temperatures  in  the  gases  behind  the  Mach 
disc  and  in  the  lateral  shear  layers. 

The  presence  of  muzzle  devices  can  alter  the  flash  characteristics  of  a 
particular  weapon.  Flash  suppressors  consist  of  conical  or  slotted  nozzles 
which  are  placed  on  the  muzzle  of  guns.  These  devices  alter  the  shock  structure 
in  the  exhaust  plume  preventing  the  formation  of  a  strong  normal  shock  in  the 
plume  and  thereby  reducing  the  temperature  in  the  propellant  gases.  On  the 
other  hand,  muzzle  brakes  can  act  as  flash  inducers.  These  devices  consist  of 
a  series  of  baffles  placed  in  the  exhaust  gases  in  order  to  deflect  the  flow 
and  recover  momentum  for  the  attenuation  of  the  recoil  impulse.  However, 
shock  formation  on  baffle  surfaces  can  cause  severe  heating  of  the  exhaust 
gases.  This  is  illustrated  by  examining  the  flash  from  a  30mm  cannon  (Fig.  3). 

With  no  muzzle  attachments,  only  minor  luminosity  is  recorded  on  the  photograph 
(color  Polaroid  film,  ASA  75,  f 2 . 5) .  With  a  single  baffle  muzzle  brake  installed, 
the  luminosity  increases  in  the  form  of  intermediate  flash.  With  a  double  baffle 
muzzle  brake  installed,  secondary  flash  completely  envelops  the  exhaust  field. 

The  energy  released  by  secondary  combustion  of  the  propellant  gases  in 
the  exhaust  plume  of  guns  can  result  in  the  generation  of  blast  waves  which 
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may  be  as  strong  as  or  stronger  than  the  primary  blast  due  to  initial  free 
expansion  of  the  jet.  Additionally,  the  secondary  combustion  induced  blast 
may  interact  with  the  primary  blast  in  a  manner  that  significantly  raises  the 
overpressure  level  at  a  given  position.  For  example,  consider  the  blast  field 
about  a  155mm,  M109  self-propelled  howitzer  firing  a  Zone  7  charge.  From 
high  speed  photography,  it  was  determined  that  in  one  of  the  firings,  the 
weapon  flashed;  while  in  the  second  case  no  flash  was  observed.  The  pressure 
transducers  were  located  along  a  90°  radial  at  a  distance  of  30  feet  from  the 
weapon  (Fig.  4). 

For  the  round  where  no  flash  was  observed,  the  peak  overpressure  was  0.15 
atmospheres  and  corresponds  to  the  arrival  of  the  ground  reflection  at  the  gage 
station.  For  the  round  with  flash,  the  peak  overpressure  is  0.24  atmospheres 
and  corresponds  to  the  arrival  of  a  strong  secondary  pulse  roughly  coincidental 
with  the  ground  reflection.  In  both  cases,  the  free  field  blast  due  to  the 
expansion  of  the  muzzle  gases  has  an  identical  level  of  0.14  atmospheres. 

Similar  alterations  of  the  blast  pulse  due  to  the  occurrence  of  muzzle  flash 
have  been  observed  in  a  number  of  other  weapons.  For  the  81mm  mortar,  the 
problem  was  quite  critical  in  that  flash  related  overpressures  two  to  three 
times  greater  than  the  expansion  driven  blast  were  recorded.  In  order  to  be 
capable  of  anticipating  such  problems,  a  means  of  predicting  the  probability 
of  a  particular  weapon/projectile/propellant  combination  to  produce  secondary 
flash  is  desirable. 

FLASH  PREDICTION  TECHNIQUE.  Previous  Approximations.  The  approach  taken 
is  to  adapt  existing  techniques  to  approximate  the  gasdynamic  processes  occurring 
during  transient  mixing  of  the  exhausting  propellant  gases  with  the  ambient.  A 
significant  amount  of  research  has  been  dedicated  to  modeling  the  steady  exhaust 
plume  from  rockets  and  lias  led  to  the  development  of  standardized  models  of  the 
flow,  combustion,  and  radiation  processes  in  these  plumes5’6.  However,  these 
models  are  formulated  to  treat  steady,  axisymmetric  flows  from  nozzles  having 
relatively  low  exit  pressure  ratios.  The  exhaust  from  large  caliber  artillery 
firing  high  zone  charges  can  leave  the  muzzle  with  pressures  of  500  atmospheres 
or  more.  Additionally,  the  flow  is  transient  and  often  three-dimensional. 
Attempts  to  estimate  the  ignition  and  combustion  in  such  a  flow  requires  the 
application  of  significant  simplifying  assumptions. 

Carfagno7’8  conducted  extensive  experimental  investigations  into  the 
occurrence  of  and  radiation  from  gun  muzzle  flash.  He  developed  a  set  of 
ignition  temperature  limits  for  various  mixtures  of  air  and  propellant  gas 
at  atmospheric  pressure.  The  limits  were  established  in  shock  tube  tests. 
Combustion  gas  composition  was  determined  from  equilibrium  calculations  of  the 
chemistry.  Five  propellants  were  simulated.  Each  had  combustion  products 
containing  between  40  and  70  percent  of  combustible  CO  and  H0.  Muzzle  gas 

mixtures  were  simulated  from  commercial  bottled  gas  and  then  mixed  with  air 
and  water  vapor.  The  mixture  was  placed  in  a  shock  tube  and  subject  to  the 
incident  and  reflected  waves  in  order  to  achieve  the  required  pressure 
(atmospheric)  and  temperature.  Ignition  was  determined  from  luminosity 
measurements. 
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From  these  tests,  the  ignition  temperatures  shown  in  Fig.  5  were 
established.  Carfagno  found  that  there  was  relatively  little  variation  with 
propellant  composition;  although,  the  addition  of  flash  suppressants  such  as 
k.,S0^  did  raise  the  ignition  temperatures  measurably.  After  concentrations 

of  3"  suppressant ,  little  additional  benefit  was  achieved. 

Using  these  ignition  temperature  limits,  Carfagno0  examined  the  structure 
of  the  muzzle  flow  field.  Through  one-dimensional  mixing  and  gasdynamic  models, 
he  attempted  to  characterize  the  flow  processes  that  led  to  ignition.  His 
recommended  model  (Fig.  o')  assumed  that  the  propellant  gas  expanded  isentropicall 
to  atmospheric  pressure,  mixed  with  the  ambient,  passed  through  a  normal  shock, 
re-expanded  to  atmospheric  pressure,  and  finally  was  ignited  if  the  mixture 
temperature  exceeded  the  specified  limits  (Fig.  5). 

May  and  Einstein9  point  out  that  the  flow  model  recommended  by  Carfagno 
is  not  in  good  agreement  with  experiment.  Only  the  propellant  gas  passes 
through  the  normal  shock  (Mach  disci  in  the  exhaust  plume  (Fig.  1).  They 
recommend  an  alternative  approach  (Fig.  71.  The  propellant  gas  expands 
isentropicallv  to  atmospheric  pressure,  puss  through  a  normal  shock  and  re¬ 
expand  to  atmospheric  pressure  where  mixing  with  air  occurs  followed  bv  possible 
ignition.  May  and  Einstein  also  use  an  improved  interior  ballistic  model10  to 
arrive  at  the  weapon  exit  conditions. 

While  the  models  of  Carfagno  and  May  and  Einstein  agree  qualitatively 
with  experiment,  the  approximations  of  the  basic  propellant  plume  flowfield 
are  not  satisfactory.  Yousefian11  uses  a  more  realistic  model  of  the  supersonic 
jet  as  input  to  a  finite  difference  computation  of  two-dimensional  plume  mixing 
and  chemistry  (Fig.  8).  He  uses  empirical  correlations12’ 13  to  locate  the 
downrange  position  and  lateral  extent  of  the  Mach  disc: 

Xm.d./l'  =  °-b9  >  (D 

Vj/"  a  .  <-> 

From  computations  of  the  supersonic  core  flow12,  Yousefian  develops  an  expression 
which  may  be  used  to  interpolate  for  the  Mach  number  upstream  of  the  Mach  disc: 
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Yousefian  assumes  that  the  only  shock  heating  of  importance  occurs  in  the 
gas  passing  the  Mach  disc.  Lateral  shocks  are  taken  to  be  sufficiently  weak 
that  isentropic  expansion  from  muzzle  conditions  may  be  assumed.  The  fraction 
of  propellant  gas  passing  the  Mach  disc  is  given  as 
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The  two  propellant  gas  streams  are  assumed  to  undergo  instantaneous,  one¬ 
dimensional  mixing  and  form  the  input  to  a  steady,  two-dimensional  finite 
difference  computation  of  mixing  and  chemistry  between  the  propellant  gas 
and  air. 

IVhile  providing  the  most  realistic  model  of  muzzle  flash  to  date, 

Yousefian  fails  to  examine  the  influence  of  the  basic  unsteady  nature  of  gun 
exhaust  flow  and  does  not  treat  the  effect  of  muzzle  devices  common  to  large 
caliber  gun  systems.  To  examine  these  factors,  a  flash  model  is  suggested 
which  combines  many  of  the  features  of  the  above  approximations. 

Present  Model.  The  present  model  is  illustrated  schematically  in  Fig.  9. 

To  determine  weapon  exit  conditions,  the  Baer  and  Frankie10  interior  ballistic 
model  is  applied.  The  expansion  to  sonic  conditions  is  computed  if  the  initial 
exit  properties  are  subsonic.  The  jet  plume  is  approximated  as  a  steady  plume12 
with  the  shock  structure  and  mixing  of  the  propellant  gas  streams  processed 
through  Lhc  lateral  shocks  and  Mach  disc  according  to  Yousefian11.  The  mixing 
of  the  propellant  gas  and  air  occurs  in  an  instantaneous,  one-dimensional  fashion 
using  the  approach  of  May  and  Einstein9.  Finally,  the  Carfagno8  ignition 
temperature  criteria  is  applied. 

To  account  for  the  unsteady  development  of  the  flow,  the  decay  of  the 
muzzle  properties  is  computed  in  an  approximate  manner  and  coupled  with  both 
experimental 3  and  numerical1  descriptions  of  the  growth  and  decay  of  the 
propellant  gas  plume  and  associated  air  blast.  However,  the  basic  application 
will  assume  quasi-steady  conditions  with  muzzle  exit  conditions  at  the  initial 
sonic  value.  A  step-wise  procedure  is  summarized  below: 

1.  Compute  weapon  exit  properties  using  a  suitable  interior  ballistic 
analysis:  Cug,  ag,  p£) 

2.  Compute  sonic  conditions  following  projectile  separation: 
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3.  Isentropic  expansion  through  lateral  shocks  to  atmospheric  pressure: 


Ti  =  T* 


(9) 
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(10) 


u.  =  [ CT*  -  T. )/2  c  ] 

1  1  s  iJ  p  J 

1  e 

4.  Flow  properties  following  transit  of  Mach  disc  may  be  estimated  once 
Mach  disc  is  located,  Eq.  (1),  and  the  Mach  number  of  the  flow  entering  the 
Mach  disc,  M  ,  is  determined,  Eq.  (3).  The  properties  of  interest  are: 
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In  general,  the  steady  state  location  of  the  Mach  disc  should  be  such  that 

p  _/p  i  1.0;  however,  if  this  is  not  the  case,  the  flow  will  be  assumed  to 
r  2  r<w 

undergo  isentropic  expansion  to  ambient  conditions: 
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5.  The  ratio  of  propellant  gases  passing  the  Mach  disc  is  given  by*: 

7  (Y+D/2(Y-1) 

a  =  0.96  (Xm<(jy0)  M1[(y+1)/(2+(y-1)MZ)]  (16) 

6.  Compute  mixing  of  propellant  gas  streams: 

u  =  (1-a)  u.  +  au 
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7.  Compute  mixing  of  propellant  gas  with  air: 
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*As  described  in  following  section,  the  coefficient  is  increased  from  that  given 
by  Yousefian  to  account  for  measured  shock  structure  of  actual  muzzle  flow. 
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i  =  T  -  u2/2  c 
s  p 

8.  Compute  the  variation  of  the  final  temperature,  T,  versus  mixture 
ratio  and  compare  with  the  ignition  limits  specified  by  Carfagno  (Fig.  5). 

155MM  HOWITZER  FLASH.  The  155mm,  M109A1,  self-propelled  howitzer  is  used 
to  examine  the  capabilities  of  the  proposed  flash  prediction  methodology.  The 
weapon  is  equipped  with  a  high  efficiency  muzzle  brake  (Fig.  10).  Firings  of 
a  46kg,  M483  projectile  were  conducted  for  Zones  3-8S.  These  data  are  supple¬ 
mented  by  firings  at  Zone  8S  with  no  muzzle  brake  attached  to  the  tube.  The 
latter  firings  were  conducted  by  the  Interior  Ballistics  Division,  BRL,  on  a 
test  stand. 

Both  blast  field  pressure  measurements  and  high  speed  cinematography 
were  taken  for  each  firing  event.  The  high  speed  cinematography  was 
accomplished  with  16mm  Fastax  cameras  framing  at  2000  frames/s.  Occurrence  of 
secondary  flash  was  quite  evident  in  these  photographs. 

Launch  properties  were  computed  by  Keller13  and  are  summarized  below(Table  1) . 
The  Zone  8S  firings  are  of  particular  interest  since  this  is  the  "super 
charge"  configuration  for  the  system.  The  thermodynamic  properties  for  the 
M30A1  propellant  which  makes  up  this  charge  are: 

Y  =  1.24 

T  =  3012  °k 
a 

c  =  1849  m2/S2  °k 
P 

R  =  357.9  m2/S2  °k 

As  previously  mentioned,  the  M109A1  is  equipped  with  a  double-baffle  muzzle 
brake.  The  presence  of  a  baffle  has  been  shown114  to  generate  strong  shock  waves 
in  the  flow.  To  approximate  the  heating  associated  with  the  shocks  standing  off 
the  baffle  surfaces,  the  gasdynamic  model  shown  in  Fig.  11  is  employed.  An 
axisymmetric  plume  expands  from  the  muzzle  and  passes  a  normal  shock  at  the  first 
baffle.  The  shocked  gas  exits  laterally  as  a  plate  jet  and  axially  through  the 
projectile  hole.  The  gas  passing  the  projectile  hole  reaches  sonic  velocity 
and  forms  a  second  plume  which  impinges  upon  the  next  baffle.  After  repeating 
the  shock/expansion  process  on  the  second  baffle,  the  flow  expands  as  a  free 
jet  through  the  exit  hole  of  the  brake.  This  final  exit  flow  is  analyzed 
using  the  techniques  described  in  the  previous  section. 

For  a  Zone  8S  firing,  the  mixture  temperature  is  computed  at  various  air/fuel 
ratios  for  both  the  bare  muzzle  and  muzzle  brake  cases  (Fig.  12).  The  difference 
between  the  two  temperature  profiles  is  dramatic.  With  a  bare  muzzle,  ignition 
is  not  predicted  to  occur;  however,  with  the  muzzle  brake  in  place,  mixture 
temperatures  reach  quite  high  values  and  ignition  would  be  expected. 

Experiment  shows  that  for  Zone  8S  with  the  muzzle  brake  in  place,  secondary 
combustion  occurs  in  each  of  20  observations.  For  the  bare  muzzle  firings,  the 
picture  is  not  as  clear.  When  the  Zone  8S  firings  were  conducted  with  the 
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standard  charge,  secondary  flash  was  not  observed  (one  round);  however,  when 
0.23kg  of  propellant  was  removed,  secondary  flash  was  observed  (five  rounds). 
Additionally,  when  the  amount  of  flash  suppressant  was  reduced  to  1%,  flash 
was  observed  (five  rounds).  In  order  to  resolve  this  disagreement  and  to 
expand  the  bare  muzzle  data  base,  more  firings  are  required. 

The  prediction  procedure  was  used  for  the  remainder  of  the  M109A1  tests 
conducted  with  the  muzzle  brake  in  place.  Fig.  13.  The  results  are  summarized 
in  Table  2. 


Table  1  155mm,  M109A1  Launch  Properties 


Zone  Propellant  ^Suppressant  V 
_ (kg/ type) _ (m/s) 


3 

1.50/Ml (SP) 

2.0 

250 

5 

3.21/Ml (7P) 

2.0 

379 

7 

6.07/Ml (7P) 

1.5 

542 

8 

9.59/M6(MP) 

3.6 

649 

8S 

12 . 24/M30 (MP) 

4.7 

790 

T 

A> 

a 

e 

(m/s) 

Pe/P„ 

u* 

(m/s) 

P*/P. 

T* 

1418 

793 

68 

735 

31.4 

1319 

1425 

795 

148 

749 

82.6 

1376 

1353 

775 

273 

749 

196.9 

1376 

1490 

813 

486 

795 

393.1 

1549 

1756 

883 

703 

872 

629.5 

1865 

Zone 

Table  2  155,  M109A1  Secondary  Flash 

Measured  Secondary 

Flash 

Predicted  Secondary 
Flash 

3 

No 

No 

5 

No 

No 

7 

Yes 

Yes 

8 

Yes 

(?) 

8S 

Yes 

Yes 

The  firings  at  Zone  7  showed  two  types  of  flash  behavior.  In  some  instances, 
secondary  flash  was  observed  only  in  the  gas  exiting  through  the  projectile 
hole  but  not  that  passing  out  of  the  lateral  vents.  On  other  occasions, 
secondary  combustion  completely  enveloped  the  field. 

For  the  Zone  8  firings,  the  mixture  temperature  was  predicted  to  be  70°K 
below  the  ignition  limit.  The  observations  showed  combustion  only  in  the 
gases  exiting  the  projectile  hole.  With  this  charge,  suppressant  is  added  in 
the  form  of  a  0.34kg  bag  of  K^SO^  tied  to  the  front  of  the  charge  (ammunition 
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for  the  155mm  is  separate  loaded) .  There  is  some  debate  as  to  the  nature  of 
suppressant  mixing  with  the  propellant  gases;  thus,  if  the  effective  percentage 
of  suppressant  is  lower,  the  mixture  temperature  could  exceed  the  ignition 
limit. 


Since  the  muzzle  exhaust  process  is  basically  an  unsteady  phenomena,  it 
is  of  interest  to  examine  the  sensitivity  of  muzzle  flash  predictions  to  changes 
in  the  nature  of  the  flow. 

UNSTEADY  FLASH  ANALYSIS:  BARE  MUZZLE  155MM  HOWITZER.  The  development  of  the 
muzzle  flow  field  is  illustrated  in  Fig.  1.  The  shock  structure  within  the 
propellant  gas  plume  grows  in  a  manner  which  is  strongly  influenced  by  the 
projectile  presence  and  pressure  field  associated  with  the  expanding  air  blast. 
Both  medium  caliber14  and  small  caliber3  weapons  show  nearly  identical  flow 
field  properties  at  correctly  scaled  times  if  the  exit  conditions  are  similar 
in  each  case.  Assuming  that  the  inviscid  flow  structure  for  a  155mm  howitzer 
can  be  scaled  from  data  acquired  on  a  5.56mm  rifle3  will  permit  estimation  of 
the  influence  of  muzzle  flow  field  growth  and  decay. 

The  technique10  used  by  Keller13  to  calculate  weapon  exit  conditions  can 
not  define  the  temporal  decay  of  propellant  gas  properties  during  tube  emptying. 
For  the  155mm,  M109A1  firing  the  Zone  8S  charge,  this  decay  is  estimated  using 
data  acquired  from  a  20mm  cannon14.  It  is  assumed  that  the  property  decay  from 
peak  values  occurs  similarly  for  both  weapons  if  the  time  scale  is 

t  =  t/r 

where 

t  =  L/a* 

L  =  gun  tube  length 

a*  =  initial  sonic  velocity  in  propellant 
gas  at  muzzle 

For  the  20mm  case,  only  exit  pressure  could  be  measured.  Lacking  additional 
data,  the  remaining  gas  properties  were  estimated  under  the  assumption  that 
the  emptying  process  was  isentropic.  For  the  155mm  howitzer,  these  approxi¬ 
mations  lead  to  the  following: 


Table  3  155mm,  M109A1  Muzzle  Exit  Property  Variation  when 

Firing  Zone  8S  Charge 


t 

(ms) 

u* 

(m/s) 

P*/Poo 

T* 

.(•« 

0 

872 

630 

1918 

1.9 

835 

446 

1759 

3.7 

808 

316 

1647 

5.6 

784 

234 

1551 

7.4 

762 

179 

1469 

9.3 

741 

134 

1385 

11.1 

723 

106 

1319 

14.8 

692 

67 

1208 

20.4 

660 

42 

1099 

26.0 

626 

25 

989 

30.0 

594 

15 

890 

The  flow  development  was  computed  using  a  one-dimensional,  unsteady 
numerical  model  developed  by  Erdos  and  DelGuidice1  (Fig.  14).  It  is  inter¬ 
esting  to  note  that  by  the  time  the  propellant  gas  plume  reaches  its  maximum 
size  (t  =  6  ms),  the  muzzle  exit  conditions  have  dropped  markedly  from  the 
initial  levels.  Five  points  were  selected  as  representative  of  various  stages 
of  development.  Two  of  the  conditions  were  taken  during  growth  of  the  plume; 
the  fully  developed  stage  was  selected;  and  two  conditions  representing  plume 
decay  were  examined. 

From  spark  shadowgraph  records  of  small  caliber  firings3,  the  shock 
structure  internal  to  the  plume  at  each  condition  is  determined  (Fig.  15). 

The  following  properties  were  determined: 


142 


Table  4  Mach  Disc  Properties  During  Growth  and  Decay  of  Propellant 
Gas  Plume 


Stage 

t 

(ms) 

Xm  A  /° 

m.d. 

a 

V  , 
nt  •  d  • 

(m/s) 

V 

1 

1 

6.0 

.99 

698 

3.7 

2 

3 

12.3 

.28 

328 

6.2 

3 

6 

15.3 

.16 

0 

7.7 

4 

9 

12.5 

.06 

-255 

8.2 

5 

15 

6.5 

.10 

-  87 

5.8 

Using  the  computed  Mach  disc  velocity,  a  relative  flow  Mach  number  is 
determined.  Using  this,  the  shock  jump  conditions  are  evaluated.  The  flash 
analysis  described  previously  is  then  directly  applied.  For  each  stage  of 
the  flow  life  cycle,  the  mixture  temperature  variations  are  shown  in  Fig.  16. 

The  most  interesting  feature  of  this  plot  is  the  prediction  that  the  gas 
processed  through  the  shock  early  in  the  development  cycle,  stage  1,  produces 
very  high  mixture  temperatures  with  an  increased  probability  of  ignition.  This 
stage  shows  that  very  high  fractions  of  the  exhausting  propellant  gas  are  passing 
the  Mach  disc.  Even  though  the  wave  is  relatively  weak,  the  mixture  temperatures 
are  significantly  elevated. 

As  the  grovrh  of  the  plume  continues,  the  mixture  temperatures  monotonically 
decay.  Apparently,  this  portion  of  the  cycle  is  dominated  by  the  variation  in 
muzzle  exit  properties  a.id  by  the  diminishing  mass  flow  through  the  Mach  disc. 

The  results  of  this  analysis  could  help  explain  some  of  the  bare  muzzle 
firing  data  with  the  155mm  howitzer.  Assuming  the  prediction  of  high  mixture 
temperature  propellant  gases  exiting  at  early  times  is  correct,  the  Zone  8S 
charge  would  be  borderline  for  even  bare  muzzle  firings.  Additionally,  these 
results  are  partially  supported  by  experimental  results  of  Klingenberg  and 
Mach15  who  show  time-resolved,  smear  photographs  of  the  muzzle  flash  from  a  7.62mm 
rifle.  Their  data  indicates  combustion  initiates  behind  the  Mach  disc  in  the 
gases  which  exit  early  in  the  tube  emptying  cycle.  Additionally,  the  high  speed 
cinematography  of  the  155mm  shows  a  tendency  for  the  propellant  gas  to  ignite 
early  in  the  venting.  This  initial  secondary  combustion  may  be  extinguished 
as  the  fuel  is  consumed  only  to  reignite  later  in  the  exhaust  cycle. 

SUMMARY  AND  CONCLUSIONS.  The  muzzle  flow  field  from  guns  is  analyzed  to 
determine  features  which  influence  the  tendency  of  the  weapon  to  produce 
secondary  flash.  The  gun  tube  exit  conditions  and  plume  shock  structure  are 
strong  factors  in  the  flash  process.  The  presence  of  muzzle  devices  also  is 
shown  to  alter  the  properties  of  the  exhaust  flow.  Finally,  the  basic  unsteady 
nature  of  the  process  appears  to  require  serious  consideration. 
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The  model  used  in  the  analysis  is  overly  simplistic.  It  does  not  treat 
the  gasdynamics  or  chemical  kinetics  of  the  process  in  a  satisfactory  manner. 

However,  the  ignition  criteria  can  be  easily  coupled  to  existing  inviscid 
analyses  of  muzzle  flow  and  used  to  point  out  qualitative  variations  in  flash 
processes. 

Additional  experimental  data  is  required  to  define  the  temporal  sequence 
of  muzzle  flow  ignition  and  combustion.  Improved  analytical  techniques  are 
needed  to  address  the  problem  of  transient,  high  pressure  exhaust  flows. 
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Figure  2.  Schematic  of  muzzle  flash 


Figure  5.  Carfagno  ignition  limits:  r  =  0,  all  propellant  gas,  and  r  =  1.0, 

all  air  (note:  limits  include  100°K  safety  factor  of  May  and  Einstein) 


Figure  8.  Yousefian  flow  model 


Figure  9,  Present  flow  model 
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Figure  14.  Muzzle  discontinuity  trajectories  for  155mm,  M109A1  Howitzer 
at  Zone  8S  with  bare  muzzle 


Figure  15.  Growth  and  decay  of  muzzle  flow  plume  for  155nun,  M109A1  Howitzer 
firing  Zone  8S  with  bare  muzzle 
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ABSTRACT 


The  air  blast  in  the  irregular  Mach  region  was  investigated  in  a  series 
of  high  explosive  experiments  known  as  Operation  Mighty  Mach.  These  tests 
used  490  kg,  spherical,  Pentolite  charges  detonated  at  heights  of  burst  of 
3.26  to  6.04m  over  a  concrete  surface.  High  response  piezoelectric  pressure 
recordings  made  with  wide  band  FM  magnetic  tape  provided  side-on  and  stagnation 
overpressure  time  histories  of  the  flow  phenomena  at  shock  strengths  of  8000 
to  350  kPa.  The  progression  of  the  air  shock  through  the  reflection  regions 
is  presented  in  this  paper. 


The  reflection  of  shock  waves  has  long  been  a  subject  of  ;  '-vest  i gat i on 
by  numerous  researchers  using  both  analytic  and  experimental  techniques. 
Research  activities  using  shock  tubes  have  examined  one-dimensional  flows 
over  a  range  of  shock  strengths,  with  some  having  as  high  a  Mach  number  as 
10.  Works  of  such  researchers  as  Gvozdeva1,  Glass  f,  Ben-Dor-,  llelig', 
Takayama4,  and  Bertrand5  are  well  known,  and  established  much  of  the  ground 
work  for  the  various  conditions  and  domains  of  shock  wave  reflection  in  the 
region  of  transition  from  regular  to  Mach  reflection. 

As  a  result  of  this  research  work,  many  people  within  the  U.S.  became 
virtually  interested  in  the  transition  zone  for  high  shock  strengths  as  it 
develops  from  height-of-burst  (HOB)  explosions.  The  surface  reflection  for 
HOB  air  blast  is  illustrated  in  Figure  1  with  the  transition  region  between 
regular  reflection  and  regular  Mach  reflection  labeled  irregular  Mach 
reflection  (IMR).  The  general  term  of  irregular  was  used  to  cover  both  the 
regions  of  complex  Mach  and  Double  Mach  reflection  as  described  by  Ben-Dor6. 
The  structure  of  the  irregular  Mach  for  three  dimensional  flows  was  first 
observed  by  Carpenter7  in  3.6  kg  HOB  experiments  conducted  in  1973.  The 
investigation  was  done  over  a  planar  surface  instrumented  to  measure  static 
overpressure  above  689  kPa.  Subsequent  to  these  experiments,  the  Defense 
Nuclear  Agency  sponsored  the  Ballistic  Research  Laboratory  in  an  extensive 
HOB  program  to  study  the  flow  characteristics  of  the  air  blast  in  IMR. 

The  effort  was  code  named  Operation  Mighty  Mach,  and  as  shown  in  Table  I. 
was  carried  out  in  1978  and  1979,  with  a  continuation  into  1980.  The  recent 
work  placed  the  emphasis  on  models  and  generic  shapes  located  in  the  IMR  for 
blast  loading. 
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Ope  ra t  i on  M  i 
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A  VC  chargT  ¥T 
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1978 

Phenomena 

Stud i es 

2 

500.0 

Pentol i te 

1 .5(i 

1979 

Phenomena 

Studi es 

5  (2) 

490.8 

Pent o I  i  te 

4.55 

(5) 

487.9 

Pentol  itc 

5.05 

1980 

Mode  1 

6  (1) 
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Pentol  i te 

(>.04 

Load i ng 

(4) 

487.0 

Pentol  i  te 

1 . 80 

Stud i es 

(1  1 

485.0 

Pen to  1  i  te 

5 . 2(i 

Operation  Mighty  Mach  was  fielded  as  a  joint  effort  with  the  Ik'fence  Research 
P.stabl ishment ,  SuffieJd  (IMPS),  Alherta,  Canada,  at  their  south  boundary  test 
range.  Quartz  piezoelectric  pressure  transducers  of  commercial  manufacture  were 
used  in  a  static  and  stagnation  measurement  mode.  The  transducers  have  a  500  kllz 
resonant  frequency  and  were  configured  for  field  use  as  shown  in  figure  2. 

Signals  from  the  transducers  were  transmitted  through  line  drivers  located  near 
the  test  pad  over  RG-58  cable  600m  in  length  to  wide-hand  (400  kllz)  I'M  magnetic 
tape  recording  systems  in  a  recording  trailer. 

The  pressure  gages  were  mounted  in  steel  wedge-shaped  mounts  called  rakes 
at  elevations  near  the  surface  to  observe  the  conditions  close  to  the  triple 
point  as  it  rises  with  distance.  The  elevations  chosen  were  1.27,  5.81,  8.80, 
15.00,  and  24.15  cm.  Although  static  and  stagnation  gages  were  of  necessity 
mounted  in  different  rakes,  they  were  located  at  equal  radial  distances  from 
ground  zero,  figure  5  shows  a  photograph  of  the  gage  rakes.  A  reinforced 
concrete  pad  was  installed  to  provide  an  ideal  reflecting  surface,  as  shown 
in  figure  1.  Pressure  gages  were  located  in  the  concrete  surface  at  various 
radial  distances  from  station  ground  zero  directly  under  the  charge  to  9.2m. 

\  Scotchlite  screen  for  laser  photography  is  seen  on  the  right  side  of  the 
photograph,  and  striped  backdrops  for  late  time  photogrammot r i e  studies  of 
the  triple  point  path  are  seen  in  the  background. 

Pressure- t i me  records  from  the  surface-mounted  gages  are  presented  in 
figures  5-7  from  a  IIOB  of  4.55m  (Mighty  Mach  11-79,  Shot  4).  Stations  0.0 
through  station  12.5.0,  figure  5,  indicate  the  regular  reflection  region  with 
typical  exponential  decaying  waveforms.  figures  (>  and  7  show  waveforms  of 
gages  in  the  irregular  Mach  region.  A  second  peak  is  first  seen  at  station 
15,0,  4. 27m,  which  is  2lt  times  the  magnitude  of  the  initial  peak.  The  secondary 
peak  is  a  compression  wave.  It  decreases  in  magnitude  and  occurs  later  in  time 
as  the  wave  moves  outward.  At  station  50.0,  9.15m,  whose  waveform  is  shown 
in  figure  7,  the  secondary  peak  has  disappeared  and  the  transition  is  complete. 
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The  stagnation  (T)  and  static  pressure  records  were  used  to  calculate  the 
Mach  number  and  dynamic  pressure  (Q)  according  to  the  procedures  described  in 
Reference  8.  Results  from  a  typical  station  located  in  the  region  of  early 
irregular  Mach  development  are  shown  in  Figures  8-10.  The  gages  were  located 
at  elevations  of  1.27  (.05),  3.81  (1.5),  and  8.89  (3.5)  cm  at  station  16.  The 
time  of  occurrence  of  the  second  peak  of  the  stagnation  pressure  record  is 
noteworthy  as  it  occurs  at  the  beginning  of  the  rise  of  the  second  peak  of  the 
static  record.  At  greater  distances,  such  as  station  22  (6.71m),  whose  waveform 
is  shown  in  Figure  11,  for  instance,  the  time  of  occurrence  of  the  two  is  the 
same.  A  second  observation  is  seen  in  Figure  9,  station  16.15,  where  the 
stagnation  and  Q  records  show  a  very  decided  fall -off  in  pressure,  evidently 
created  by  a  downward  component  in  the  flow.  A  very  turbulent  flow  is  indicated 
in  this  region  and  is  supported  by  the  velocity  results  of  the  hydro-code 
HULL  computations  of  Reference  9  discussed  below. 

Needham  and  Booen9  in  January  1981  published  HULL  computations  of  a  4.57m 
HOB,  498  kg  Pentolite  shot  equal  to  that  of  Mighty  Mach  11-4.  For  relative 
correlation,  the  pressure  gradient  of  the  HULL  run  for  2.787  ms  is  shown  in 
Figure  12  with  the  static  pressure  record  positions  superimposed  and  the  time 
histories  associated  with  those  positions  shown.  The  gages  are  all  located 
within  the  region  of  1MR  as  indicated  by  the  pressure  contour  and  confirmed  by 
the  double  peak  in  the  waveforms.  The  triple  points  together  with  the  shocks, 
slip  streams,  and  vortex  are  also  shown  by  the  HULL  computation.  Pressure  as 
a  function  of  time  is  compared  in  Figure  13  for  static  pressure  for  the  experiment 
and  the  code  for  station  16,  4.8m  at  the  three  elevations.  A  very  good  correla¬ 
tion  is  evident. 

The  structure  of  the  IMR  as  determined  from  laser  photograpy  is  shown 
in  Figure  lL,  Part  A.  It  compares  well  with  the  density  contour  of  the 
code.  The  time  occurrence  is  difference  so  the  height  of  the  Mach  stems  Jo 
not  compare . 

In  summary,  the  irregular  Mach  reflection  produced  by  explosions  in  air  has 
been  investigated  and  the  double  peak  phenomena  clearly  recorded  by  high  resolu¬ 
tion  pressure  instrument.it ion .  Comparisons  made  with  the  hydro-code  HULL  show 
good  correlation. 
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Figure  1.  Surface  Reflection  for  HOB  Air  Blast. 
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Figure  4.  Photograph  of  Test 


160 


PRESSURE,  MPa  PRESSURE,  MPa 


TEST  MIGHTY  MACH  II 


TEST  MIGHTY  MACH  II 


TEST  MIGHTY  MACH  II 


TIME,  ■iIIImc 

TEST  MIGHTY  MACH  II 


Figure  5.  Static  Pressure  Records,  Regular  Reflection  Region. 
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Figure  6.  Static  Pressure  Records,  4.27-6. 10m  Range,  Irregular 
Mach  Reflection  Region. 
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Figure  7.  Static  Pressure  Records,  6. 71-9. 15m  Range,  Irregular 
and  Regular  Mach  Reflection  Region. 
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Figure  9.  Dynamic  Pressure  Data,  4.88  m  at  3.81  cm  Elevation. 
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Figure  10.  Dynamic  Pressure  Data,  4.88  m  at  8.89  cm  F.levation. 
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Pressure  Data,  6.71  m  at  1.27  cm  Klcvation. 
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tire  13.  Static  Pressure  Gage  Records  Compared  with  HULL  Code. 
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Figure  14.  Structure  of  Irregular  Mach  Reflection,  Experiment  and  Code 
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Mach  Stem  Formation  From  Multiple  Detonations 
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Noel  H.  Ethridge 
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U.S.  Army  Armament  Research  5  Development  Command 
Aberdeen  Proving  Ground,  Maryland  21005 


ABSTRACT 


The  shock  phenomena  from  single  detonations  have  been  studied  and  discussed 
in  many  technical  papers  and  reports.  Far  less  attention  has  been  given  to  the 
interaction  of  multiple  detonations.  This  paper  will  review  the  work  that  has 
been  done  to  better  understand  Mach  stem  formation  with  interacting  shock  fronts. 

Analytical  prediction  techniques  will  be  compared  with  the  actual  measure¬ 
ments.  In  the  multiple  charge  case,  the  overpressure  is  enhanced  at  the  expense 
of  the  dynamic  pressure  thus  resulting  in  damage  at  greater  distance  than  if 
the  total  explosive  weight  had  been  detonated  as  a  single  charge. 


When  a  spherical  charge  is  detonated  above  the  ground  surface  the  resulting 
spherical  blast  wave  reflects  from  the  ground.  At  a  distance  from  the  point  on 
the  ground  immediately  beneath  the  charge,  approximately  equal  to  the  height  of 
the  charge  above  the  ground  but  varying  with  shock  strength,  the  reflected  shock 
begins  to  overtake  and  combine  with  the  primary  shock  to  form  a  single  shock 
known  as  the  Mach  stem.  The  point  at  which  the  primary  shock,  the  reflected 
shock  and  the  Mach  stem  meet  is  called  the  triple  point.  As  the  Mach  stem  shock 

moves  outwards  the  height  of  the  triple  point  continues  to  grow,  as  described  by 

several  Computer  Codes'^  ,  in  a  hyperbola- 1  ike  trajectory. 

The  physical  properties  of  the  Mach  stem  blast  wave  and  the  trajectory  of 

the  triple  point  depend  upon  the  energy  yield  of  the  charge;  the  height  of 

burst  of  the  charge  above  the  ground,  anJ  on  the  nature  of  the  ground  surface. 
When  the  primary  shock  reflects  from  the  ground,  some  energy  will  be  absorbed 
by  the  ground  and  will  appear  as  seismic  disturbances,  including  cratering  if 
the  explosion  is  close  enough  to  the  ground.  As  the  blast  wave  continues  to 
move  across  the  ground  surface,  there  will  be  a  continued  transfer  of  energy 
between  the  air  and  the  ground,  and  also  a  redistribution  of  energy  within  the 
blast  wave. 
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A  better  understanding  of  the  air  blast  environment  surrounding  a  two 
charge  multiburst  detonation  above  the  ground  was  gained  through  an  experimental 
research  program  known  as  DIPOLE  WEST.  This  series  of  16  experiments  was 
conducted  at  the  Defence  Research  Establishment,  Suf field,  Alberta,  Canada. 

It  was  postulated  by  R.  Reisler  (BRL)  that  if  two  identical  charges  are 
simultaneously  detonated,  at  a  certain  distance  apart,  the  two  resulting 
identical  spherical  blast  waves  will  interact  along  a  plane,  and  since  there 
will  be  no  energy  loss  in  this  interaction  it  will  be  possible  to  observe  an 
ideal  spherical  shock  reflection. 

In  two  of  the  experiments  (DIPOLE  WEST,  Shots  8  and  11)  one  of  the  charges 
was  at  7.6  metres  above  the  ground  and  the  second  charge  at  a  further  height  of 
15.2  metres  above  the  first.  A  photograph  of  Shot  11  fireballs  at  0.05  seconds 
after  detonation  is  shown  in  Figure  1.  For  each  charge  configuration,  one 
experiment  was  carried  out  over  smooth  ground  and  another  over  rough  ground. 

In  each  experiment  photogrammetr i cal  measurements  were  made  of  the  trajectories 
of  the  primary  spherical  shock  from  the  bottom  charge;  of  the  Mach  stem  shock 
along  the  ground  surface,  and  of  the  Mach  stem  shock  produced  along  the  ideal 
reflecting  plane  between  the  two  charges.  Comparisons  of  the  shock  strengths 
of  the  Mach  stems  along  the  ground  and  close  to  the  ideal  reflecting  plane, 
indicated  an  energy  loss  in  the  shock  front  of  approximately  10%  over  the  smooth 
ground  and  of  approximately  57%  over  the  rough  ground.  The  trajectories  of  the 
triple  points  formed  by  the  junction  of  the  primary  shocks,  reflected  shocks 
and  Mach  stems,  also  show  a  difference  for  the  rough  ground  compared  with  the 
smooth  ground,  and  the  smooth  ground  compared  with  the  ideal  reflecting  plane2. 
See  Figure  2. 

In  order  to  consider  the  effect  of  surface  absorptivity  for  a  given  height 
of  burst  (MOB)  a  power  function  best  described  the  variation  in  growth  (y)  of 
the  path  of  the  triple  point  with  range  (r)  feet 

y  =  (a)  (rf) 

where  f  =  1.55  -  (i|) 
r 

a  =  .159  x  e 

and  e  =  1.00  for  Ideal  Surfaces 
e  =  .90  for  Hard  Surfaces 

c  =  .63  for  Soft  Surfaces 

Comparison  of  maximum  overpressure  for  the  15.2  metre  vertical  separated 
events  with  the  Air  Force  Weapons  Laboratory  IH1LL  code  results  are  presented 
in  Figure  3.  Correlation  between  the  calculated  results  and  the  measured  data 
is  excellent1,4. 

In  a  multiple  burst  of  more  than  two  charges,  the  interaction  of  the  blast 
waves  begins  as  an  interaction  between  blast  wave  pairs.  The  interaction  for  a 
pair  would  develop  to  a  point  where  a  third  blast  wave  becomes  involved  in  the 
interaction. 
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Several  small  scale  tests  were  conducted  in  1960  at  the  Ballistic  Research 
Laboratory  (BRL)5  to  establish  the  enhancement  in  air  blast  coverage  pn  the 
ground  that  can  be  obtained  from  the  simultaneous  detonations  of  a  cluster  of 
explosive  charges  as  compared  to  the  detonation  of  a  single  large  charge.  In 
those  early  studies  it  was  shown,  using  trios  of  bare  explosive  spheres  located 
on  the  vertices  of  an  equilateral  triangle,  that  efficient  use  of  such  simultan¬ 
eously  detonated  charges  requires  an  optimization  of  the  separation  distance 
between  charges  and  their  height  of  burst  to  obtain  maximum  coverage  on  the 
ground  with  a  given  overpressure.  Particular  emphasis  had  been  placed  on 
developing  iso-pressure  contours  for  special  pressure  levels  in  and  about  the 
triad  for  both  ground  and  air  bursts. 

Several  phenomenological  aspects  of  the  blast  problems  associated  with 
simultaneous  detonations  remained  uncertain  at  the  completion  of  the  small 
scale  studies.  Therefore,  it  was  felt  by  the  Air  Force  Special  Weapons  Center 
(AFSWC)  and  the  BRL  that  a  large  scale  test  should  be  conducted.  Consequently 
a  larger  scale  test  was  considered  with  the  following  air  blast  objectives: 

(1)  to  determine  the  dynamic  pressure  field  both  within  and  outside  a  triad  of 
charges,  (2)  to  determine  more  precise  mapping  of  the  peak  overpressure  field 
in  the  region  close  to  the  center  of  the  charges  and  in  other  regions  of  reflec¬ 
tion  enhancement.  The  test  site  selected  for  the  program  was  White  Sands  Missile 
Range,  New  Mexico.  The  nickname  "White  Tribe",  an  acronym  derived  from  White 
Sands  Triple  Burst  Experiment,  was  selected.  The  test  conditions  were  scaled 
from  the  previous  454g  and  3.6kg  charges  fired  to  give  the  optimum  separation  of 
a  triangular  array,  for  ground  hursts,  for  the  case  of  maximizing  ground  coverage 
with  peak  pressure  exceeding  689. S  kPa6.  Thus,  a  nominal  separation  of  53.6  metres 
between  each  of  three  4536  kg  hare  charges  of  Pentolite  was  selected.  Moreover, 
these  conditions  could  simulate  those  predicted  for  the  simultaneous  detonation 
of  three  200  KT  nuclear  weapons  at  a  separation  of  approximately  1463.0  metres. 

The  air  blast  in  and  about  the  triad  of  explosive  charges  was  measured  at 
a  large  number  of  stations  using  several  different  techniques.  A  total  of 
29  piezo-electric  gages  of  BRl.  design,  2"  strain  gages  and  43  mechanical  self- 
recording  pressure  transducers  were  used.  Several  motion  picture  and  still 
cameras  were  used  to  observe  the  detonation  from  both  the  ground  and  from  the 
air. 


A  day  or  two  before  the  three  tests,  when  all  instrumentation  was  nearly 
ready,  the  large  explosive  charges  were  prepared  at  the  vertices  of  the  triangle. 
The  explosive  was  TNT,  formed  in  3.6  kg  blocks,  and  stacked  in  an  hemispherical 
shape  to  yield  an  air  blast  equivalent  to  that  from  a  4536  kg  charge  of  50/50 
Pentolite  at  sea  level  conditions.  So  the  charges  weighed  5248  kg  in  order  to 
compensate  for  the  1220  metre  elevation  of  the  White  Sands  site6. 

With  the  exception  of  several  variations  in  the  location  of  gages,  each 
of  the  White  Tribe  firings  was  conducted  in  essentially  the  same  manner  and 
yielded  similar  results.  The  side-on  overpressure  contour  plot  for  the  first 
shot  is  shown  in  Figure  4.  From  these  results  it  can  be  seen  that  by  dividing 
the  charge  into  three  approximately  equal  portions  and  then  detonating  them 
simultaneously  that  the  area  on  the  ground  covered  by  at  least  689.5  kPa  is 
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increased  by  55%  over  the  coverage  that  would  have  been  obtained  if  the  total 
quantity  of  explosive  had  been  left  in  one  charge.  Mapping  of  the  dynamic 
overpressure  field  was  not  accomplished,  although  some  of  the  expected  dynamic 
pressure  phenomena  were  observed. 

If  n-charges  are  placed  in  a  row  and  n>3  the  resulting  shock  pattern  is 
shown  in  Figure  5  for  simultaneously  detonated  charges.  If  additional  rows 
are  added  to  the  multi  burst  array  blast  focusing  will  occur. 
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BLOW-OFF  OF  A  FLAME  LOCATED  IN  A  REAR  STAGNATION  POINT  FLOW 
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Abstract 

If  a  combustible  mixture  flows  past  a  thin  plate,  experiment  shows 
that  a  flame  may  be  stabilized  in  the  wake.  At  moderate  Reynolds 
Numbers  the  wake  is  characterized,  near  the  symmetry  axis,  by  a  rear 
stagnation  point  flow  and  this  is  the  fundamental  ingredient  of  a 
mathematical  model  of  this  situation.  Analysis  shows  that  static 
stability  is  determined  by  the  outcome  of  a  conflict  between  the  de¬ 
stabilizing  effects  of  heat  transfer  to  the  rear  of  the  plate,  and  if 
the  flow  is  too  strong  blow-off  occurs. 


Introduction 

Gas  flow  at  modest  Reynolds  Numbers  past  the  blunt  trailing  edge 
of  a  thin  plate  is  characterized  by  a  closed  laminar  wake,  and  it  is 
possible,  if  the  gas  is  combustible,  to  stabilize  a  flame  in  the  rear 
stagnation  point  flow  immediately  downstream  of  this  wake  (Kawamura, 
Asato,  Mazaki,  Hamaguchi  &  Kayahara  (1979)).  At  large  enough  flow 
rates  the  flame  is  blown  off,  and  the  aim  of  our  investigation  is  to 
understand  these  phenomena  in  the  context  of  an  elementary  combustion 
model.  This  model  is  defined  by  the  following  system  of  equations: 


Here  fresh  mixture  is  characterized  by  a  temperature  Tj  and  mass 
fraction  of  reactants  Yf  ,  and  x  is  measured  downstream  from  the 
stagnation  point.  These  equations  are  solved  in  the  asymptotic  limit 
of  infinite  activation  energy  (0-*-“)  with  the  Lewis  Number  close  to 
1  [L-1=O(0“1)]  .  Moreover  a  similarity  solution  is  constructed 

that  is  valid  only  on  the  axis  of  symmetry.  The  stability  of  the  steady 
solution  is  examined  by  adding  appropriate  time  derivatives  to  the 
equations  and  then  formulating  an  eigenvalue  problem  that  is  solved 
numerically  using  the  method  of  weighted  residuals. 


Results 

The  essential  results  are  shown  in  Fig.  1  which  reveals  how  h  , 
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fl  =  -0.5 


the  distance  between  the  flame  and  the  stagnation  point,  varies  with 
the  straining  rate  6  .  These  results  are  expressed  in  terms  of  the 
single  parameter 


Y,0(L-1) 

Q5  -  - - 2  (2) 

2(T{  +  Yf) 


Note  that  there  is  a  maximum  straining  rate  that  any  flame  can  tolerate, 
beyond  which  it  may  be  inferred  that  blow-off  occurs.  Only  those  portions 
of  the  curve  that  are  solid  are  stable  so  that  for  Os -.9  the  steady 
state  becomes  physically  unattainable  before  0  reaches  its  maximum. 

It  is  possible  that  bifurcation  occurs  at  the  transition  point  but  no 
analysis  has  been  undertaken  of  this  question.  It  would  be  an  interesting 
matter  to  examine  experimentally. 
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THE  EQUATION  GOVERNING  THE  PROPAGATION 
OF  FAST  DEFLAGRATION  WAVES  FOR  SMALL  HEAT  RELEASE1" 


D.S.  Stewart  and  G.S.S.  Ludford 
Department  of  Theoretical  and  Applied  Mechanics 
Cornell  University,  Ithaca,  N.Y.  14853 


ABSTRACT .  The  initial -value  problem  of  a  plane  flame  subjected  to 
arbitrary  upstream  and  downstream  disturbances  is  treated  using  activation 
energy-asymptotics  (AEA)  and  the  limit  of  small  heat -release.  The  flame  is 
a  discontinuity  whose  locus  is  found  from  an  appropriate  ordinary  differential 
equation.  The  position  of  the  shock  wave  formed  by  the  expanding  burnt  gas 
can  be  calculated.  The  unsteady  analysis  uses  the  solution  for  the  fast 
deflagration  developed  in  a  paper  by  Stewart  &  Ludford  (1981);  under  suitable 
circumstances  the  flame  behavior  is  quasi-steady.  This  asymptotic  solution 
to  the  unsteady  equations  of  combustion  allows  study  of  the  flame  acceleration 
and  shock  formation  incipient  to  the  transition  from  deflagration  to  detonation. 

I.  INTRODUCTION.  The  question  of  transition  from  deflagration  to  deto¬ 
nation  (DDT)  has  long  defied  being  answered  by  a  simple  theory.  This  is  in 
part  due  to  the  inherent  nonlinearities  of  the  equations  of  reacting  flow 
which  have  precluded  analytical  solutions.  In  their  recent  book  on  detonation 
theory,  Fickett  &  Davis  (1979)  wrote,  "Except  for  a  few  very  special  cases, 
there  are  no  explicit  solutions  of  the  equations.  They  are  studied  by  theo¬ 
retical  analysis  of  their  general  properties  and  by  numerical  calculation  of 
particular  cases".  In  this  paper  we  give  a  simple,  explicit  solution  to  the 
unsteady,  one-dimensional,  reacting  flow  equations  for  the  initial-value  prob¬ 
lem  of  a  plane  flame  subjected  to  suitably  prescribed  disturbances. 

The  present  work  is  preceded  by  two  papers.  Recently  Lu  &  Ludford  (1981) 
analyzed  steady  detonations;  the  assumptions  required  in  using  AEA  in  their 
paper  are  made  here  as  well.  Then  Stewart  &  Ludford  (1981)  discussed  steady 
deflagrations  for  wave  speeds  which  are  appreciable  as  must  be  the  case  in 
DDT.  In  their  paper  they  gave  an  explicit  asymptotic  solution  for  deglagra- 
tions  which  this  paper  uses  as  a  starting  point. 

The  development  of  the  present  model  proceeds  in  two  distinct  steps. 

First,  we  treat  the  reaction  term,  AY  exp(-0/T)  in  the  governing  equations 
(system  (1)  of  Section  II)  by  using  the  limit  of  large  activation  energy,  0  -►  ™. 
This  Unit,  with  no  other  assumptions  allows  us  to  pose  an  unsteady,  initial- 
value  problem  In  which  the  reaction  term  is  eliminated;  but  the  effect  of 
treating  the  reaction  term  in  this  way  is  to  produce  a  moving  discontinuity 
across  which  certain  asymptotically  derived  conditions  must  hold.  We  will  give 
a  brief  discussion  of  how  this  problem  is  arrived  at  in  Section  III,  but  the 
full  details  of  this  step  are  worked  out  by  Stewart  (1981).  The  second  step 
is  treated  in  detail  in  this  paper  and  involves  the  solution  of  the  problem 
posed  by  0  ->  •»  when  the  heat  released  by  the  chemical  reaction,  8,  is  small. 


Present  address:  Department  of  Theoretical  and  Applied  Mechanics,  University 
of  Illinois,  Urbana-Champaign,  II.  61801. 
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FfOCBXLlO  PASS  HUMt-ttOC  FILMED 


Stewart  &  Ludford  (1981)  discussed  the  steady  deflagration  wave  solutions 
for  system  (1),  using  the  limit  0  ->  °°,  for  finite  8.  This  steady  wave  solu¬ 
tion  is  parametrized  by  the  flame  speed,  V,  which  is  0(1)  instead  of  being 
small  as  is  usually  assumed  in  the  combustion  approximation;  they  dubbed  these 
solutions,  for  finite  wave  speeds,  "fast  deflagrations".  Throughout  the  steady 
flame-zone,  the  density,  velocity,  temperature  and  mass  fraction  vary  from 
quiescent  values  upstream  to  downstream  equilibrium  values.  The  overall  changes, 
upstream  to  downstream,  which  depend  on  V,  can  also  be  found  directly  from  the 
classic  Rankine-Hugontot  relat  Lons  as  well  as  from  integrating  the  appropriate 
differential  equations.  Stewart  &  Ludford  also  showed  that  when  8  is  small, 
the  fast  deflagration  solutions  have  a  simple,  explicit  form.  The  small  heat- 
release  version  of  the  Rankine-Hugoniot  condit  ions  can  be  inferred  directly  from 
these  solutions  as  well. 

If  the  upstream  and  downstream  disturbances,  away  from  the  flame,  are 
"sufficiently"  gradual,  then  these  "outer"  disturbances  are  governed  by  acoustic 
solutions.  The  fast  deflagration  solution  for  small  heat-release  can  then  be 
used  as  the  appropriate  description  for  the  flame-zone  which  interacts  with  the 
upstream  and  downstream  disturbances  as  a  Rankine-Hugoniot  discontinuity.  Thus, 
as  we  well  show  in  Section  V,  if  the  heat  release  is  small  and  if  the  initial 
data  is  sufficiently  gradual,  the  solution  to  (1)  is  an  acoustic  solution  mod¬ 
ified  by  the  presence  of  an  (quasi-steady)  accelerating  or  decelerating  flame; 
the  solution  is  then  completely  determined  by  integrating  an  appropriate  first- 
order  differential  equation  for  the  flame  location. 

At  a  certain  point  in  the  paper  we  specialize  our  treatment  to  consider 
problems  when  the  flame  is  initially  disturbed  only  downstream.  We  show  that 
it  is  possible  to  accelerate  a  flame  with  a  rarefaction  disturbance  downstream; 
our  results  also  imply  that  a  flame  rnav  be  decelerated  or  even  extinguished  by 
a  downstream  compression  wave  that  passes  through  the  flame.  This  might  seem 
surprising  at  first  until  one  considers  the  ordinary  results  of  a  Rankine- 
Hugoniot  diagram  which  shows  that  the  mass  flux  through  a  flame  increases  with 
the  negative  pressure  drop  across  it.  We  briefly  discuss  the  development  of 
a  precursor  shock  that  occurs  upstream  of  an  accelerating  flame. 

II.  THE  GOVERNING  EQUATIONS.  The  equations  used  here  are  the  equations  of 
one-dimensional,  unsteady  combustion.  In  order  to  obtain  tractable  equations, 
certain  simplifying  assumptions  must  be  made,  the  most  important  being;  one 
step  reaction,  Arrhenius  kinetics,  perfect  gases,  Newtonian  fluids,  equal  spe¬ 
cific  heats,  equal  molecular  masses  and  constant  material  properties.  For  a 
discussion  of  these  assumptions  and  their  justification,  see  Buckmaster  & 

Ludford  (1981)  . 

The  equations  for  p,  v,  T  and  Y,  the  dimensionless  density,  fluid  vel¬ 
ocity,  temperature  and  reduced  mass  fraction  of  the  deficient  reactant,  express 
the  usual  balances  of  mass,  momentum,  energy  and  species.  The  dimensional 
units  of  p  and  T  have  been  chosen  with  respect  to  a  quiescent,  unreacted 
state,  so  that  if  quiescent,  p  and  T  are  1.  The  reduced  mass  fraction 
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Y  is  the  mass  fraction  of  the  reactant  divided  by  its  quiescent  value,  so 
that  if  quiescent  Y  =  1.  The  velocity  unit  is  chosen  to  be  the  quiescent 
sound  speed,  x  denotes  dimensionless  distance  and  the  distance  unit  is 
A/CpM,  where  A  and  Cp  are  respectively  the  thermal  conductivity  and 
specific  heat  of  the  fluid,  and  M  is  the  mass  flux  found  by  multiplying 
the  quiescent  density  times  the  quiescent  speed  of  sound,  t  represents 
non-dimensional  time  and  the  time  unit  is  formed  from  the  length  unit  and 
divided  by  the  velocity  unit. 

To  simplify  the  present  discussion  we  have  set  both  the  Prandtl  and  Lewis 
numbers  equal  to  1;  it  is  a  simple  matter  to  generalize  the  present  discussion 
to  include  other  values.  The  other  parameters  that  appear  in  the  governing 
equations  are  y,  the  ratio  of  specific  heats,  (3  a  non-dimensional  measure 
of  the  amount  of  heat  released  by  the  reaction,  A  =  DM-^  where  D  is  the 
DamkiShler  number  and  0,  the  dimensionless  activation  energy.  The  governing 
equations  are  written  concisely  in  a  vector  form,  where  u  is  the  column  vector 
formed  by  respective  components  p,  v,  T  and  Y,  as 

u  +  C  •  u  =  D  •  u  +G+AY  exp(-9/T)  H.  (1) 

-t  ;  -X  ;  -XX 

Here  the  subscripts  x  and  t  denote  partial  differentiation  and  C,  D,  G, 
and  H  are  square  matrices  and  column  vectors 


In  general,  the  task  is  to  solve  the  system  (1)  when  u  is  prescribed 
initially  at  t  *=  0.  In  particular  we  will  focus  on  the  initial  value  prob¬ 
lem  of  a  flame  propagating  to  the  left  into  an  initially  quiescent  mixture 
upstream,  while  subjected  to  an  initially  prescribed  disturbance  downstream. 
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III.  ACTIVATION-ENERGY  ASYMPTOTICS;  FAST  DEFLAGRATIONS.  Here  we  present 
the  results  of  using  the  limit  of  large  activation  energy,  0  in  order  to 

treat  the  reaction  term,  AY  exp(-0/T),  in  (1).  The  effect  of  0  -*■  •  is  to 
eliminate  the  reaction  term  everywhere  except  in  a  thin  flame  sheet  (a  region 
of  reactive-diffusive  balance) .  The  flame  sheet  is  effectively  a  discontinuity 
which  separates  unburnt,  upstream  gases  from  burnt,  downstream  gases  and  re¬ 
quires  certain  jumps  across  it.  The  advantage  of  this  limit  is  that  the  flame 
speed  is  precisely  defined  as  the  speed  of  the  discontinuity. 

A  standard  flame-sheet  analysis  requires  that  we  consider  the  stretched 
coordinate 

z  “  0[x  -  x*(t) ]  ,  (3) 

where  x  =  x*(t)  is  the  flame  location,  expansions  of  the  type 

u  =  uQ(t)  +  0(6_1)  ,  (4) 

and  a  distinguished  limit  for  the  Damkohler  number,  namely, 

D  =  C02  exp(0/T*)  .  (5) 

C  and  T^  are  0(1)  constants  that  characterize  I).  The  analysis  is 
straightforward  (See  Stewart  (1981))  and  we  are  led  to  the  following  conditions 
across  the  flame  sheet.  Denoting  a  jump  across  the  flame  sheet  at  x  =  x*  by, 
[<f>]  =  <J>(x*)  -  <t>(x*),  we  find 

[ul  =  tp  1  -  [v  3  =  (T  +  0Y  ]  =  0  ,  (6) 

-o  o  o  o  o 

X  X  X  X 

T  =  T.  at  x  =  x*  and  Y  =0  for  x  >  x*  .  (7) 

o  *  o  — 

Using  AEA,  the  problem  of  unsteady  flame  propagation  is  posed  by  solving 
the  reactionless  equations  (1)  subject  to  the  conditions  (6)  and  (7).  Initial 
disturbances  may  be  arbitrarily  prescribed  both  upstream  and  downstream  with 
the  requirement  that  the  conditions  at  the  flame  sheet  are  satisfied  initially. 
This  problem  is  well-posed  and  we  will  solve  it  explicitly  for  a  limited  class 
of  disturbances  whenever  the  heat  release  0  is  small,  and  the  initial  distur¬ 
bances  are  sufficiently  gradual. 

Stewart  &  I.udford  (1981)  found  the  steady  wave  solutions  of  the  above 
problem  for  deflagrations  when  V,  the  flame  speed,  is  0(1).  They  found 
that  such  "fast"  deflagrations  are  composed  of  three  regions;  a  convective- 
diffusive  zone  on  the  x  scale,  upstream  of  the  flame  sheet,  the  flame  sheet, 
(now  the  discontinuity  given  by  (6)  and  (7)),  and  a  downstream  convective- 
diffusive  zone  which  adjusts  the  solution  to  its  final  equilibrium  state. 
Finally,  the  main  result  in  their  paper  is  that  the  flame  temperature  T* 

(a  property  determined  by  Liu?  mixture)  is  determined  as  a  function  of  the 
flame  speed  V. 
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IV.  THE  LIMIT  OF  SMALL  HEAT  RELEASE.  Stewart  &  I.udford  also  showed  that 
the  steady  solution  of  a  fast  deflagration  takes  a  simple  limiting  form  when 
the  heat  release  0  is  small.  Determination  of  this  steady  solution  is  found 
when  uq  is  expanded  as 

uq  *  +  0uL  (x  -  Vt)  +  ...  ,  where  =  Y/0  (say).  (8) 

Here  and  u^  are  the  column  vectors  (1,0, 1,0)  and  (p  ,v^,T^,Y^)  respec¬ 

tively.  Substitution  of  (8)  into  reactionless  equation  (1J  leads  to  a  set  of 
linear  equations  for  the  components  of  u^  containing  the  flame  speed  V  as 
a  parameter.  The  resulting  equation  for  u^  must  be  solved  subject  to  the 
flame  sheet  conditions  (6)  and  (7)  and,  in  general,  matching  conditions  that 
-*  u+  (say)  as  x  -  x  -*•  + 

The  upstream,  convective,  diffusive  zone  followed  by  the  flame  sheet,  and 
the  downstream  adjustment  region  has  been  referred  to  as  the  flame-zone.  As 
x  -  x*  varies  between  -«®  and  +“,  the  components  of  u-^  vary  continuously 
from  u_,  to  u+.  On  a  scale  larger  than  x,  0x  =  X  for  example,  this  flame 
zone  can  be  viewed  as  a  discontinuity  similar  to  a  shock  wave.  These  overall 
jumps  are  found  in  terms  of  the  wave  speed  V  from  the  solution  for  u-^,  or 
equivalently  from  the  small  heat  release  version  of  the  Rankine-Hugoniot  rela¬ 
tions.  Denoting  the  overall  jump  in  a  quantity  <j>(x  -  x*)  by  {<)>)  =  $(+“>)  _4’(_<”)» 
these  jumps  are  given  by 

(Vj.)  =  -[V/(l  -  yV2)]{T1}  =  V  { p  2 }  «  [V/(l-V2)]  (Yj)  =  ~Y_V/(1  -V2)  (9) 

The  detailed  structure  of  the  flame-zone  is  needed,  however,  to  determine 
the  flame-temperature,  flame-speed  relationship.  The  flame  temperature,  T*, 
is  assumed  to  be  given  as  1  +  Bt*,  so  that  setting  =  t*  at  x  =  x*  in 
the  solution  for  u^ ,  described  above,  leads  to  the  equation 

t*  *  T_  +  Y_/[l  +  (y  -  1)V2]  .  (10) 

V.  QUASI-STEADY  ANALYSIS.  The  unsteady  solution  developed  in  this  paper 
requires  that  the  flame  behaves  quasi-stead ily  in  the  manner  described  by  (9) 
and  (10).  Hence,  we  restrict  the  disturbances  applied  to  the  flame-zone  to 
those  that  vary  sufficiently  slowly,  spatially  and  temporally,  so  as  not  to 
destroy  the  quasi-steady  flame  response.  Therefore  it  is  necessary  to  assume 
the  outer  hydrodynamic  disturbances  evolve  on  the  slowly  varying  length  and 
time  scales  X  =  6x  and  T  =  Bt . 

Under  this  change  of  variable  and  by  expanding  uq  as  in  (8) ,  u^  sat¬ 
isfies  the  linear  wave  equation 

u,  +  C  •  u  =  0  ,  (11) 

T  'c  x 

where  C  ~  C(u  ).  Equation  (11)  has  a  simple  solution  given  by 
tc  ;  *c 
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X  -  X^ 


(12) 


u.  =  E  f .  (f, . )  r .  ,  r  = 

'!  i=l  1  1  'X 

where  X^  and  r^  are  the  eigenvalues  and  right  eigenvalues  satisfying 


(C  -  X  I)  •  r  =  0 
~c  1  *  - i 


The  eigenvalues  are  easily  found  to  be  X^  =  1,  X^™-!,  X^  =  X^  «*  0,  and  the 
eigenvectors  (as  column  vectors)  are  r.  =  (l,l,y-l,0),  rj  =  (1,-1, y-1,0) 
r^  =  (1,0, -1,0)  and  r^  =  (0,0, 0,1).  From  (12)  it  is  easy  to  write  out  the 
components  of  u^  in  terms  of  f^  and  vice-versa.  Note  that  the  solution  for 
u^  is  a  superposition  of  four  traveling  waves;  fj(£^)  and  ^2^2^  represent 
waves  that  travel  at  the  sound  speed  to  the  right  and  left  respectively,  and 
f 3 ( ^*3^  an<*  ^4(^4)  are  stationary. 

The  solution  for  u^  is  determined  by  evaluating  f...  Prescribing  the 
initial  data  u..  at  T  =  0  is  equivalent  to  specifying  fj  =  Fi(X),  (say), 
as  seen  from  (12).  If  there  is  no  flame  present,  (i.e. ,  we  are  dealing  with 
purely  acoustic  disturbances)  then  f^(£  .)  =  •  Now  consider  how  the 

existence  of  a  flame  modifies  this  acoustic  solution. 

Let  the  flame  location  on  the  X  scale  be  X*(T) ,  where  X*(T)  =  V. 

Note  that  the  jumps  in  the  components  of  u^  imply  jumps  in  f^  as  well  and 
are  given  by 

{f1J--Vf4_/[2(l-V)],  (f 2)  =Vf4_/[2(l+V)],  (f3)  =  {f4>  =  -f4_  (14) 


The  initial  data  F^(Cj)  is  assumed  to  be  arbitrarily  given  except  that 
initially  it  must  satisfy  the  flame-zone  jumps  (14).  Construction  of  the 
solution  for  f.  when  a  flame  is  present  will  be  illustrated  by  solving  for 

f1(c1)  • 

At  this  point,  and  for  the  remainder  of  the  paper,  we  will  make  the 
explicit  assumption  that  the  flame  is  propagating  into  an  initially  quiescent 
mixture.  Also,  we  will  assume  that  the  flame  is  originally  at  the  origin  and 
that  the  initial  flame  speed  is  VD.  Note  that  for  this  example  it  is  proper 
to  set  f4_  =  1;  f4_  would  be  different  from  1  if  the  mixture  ahead  was  not 

initially  quiescent.  Then  the  initial  data  required  for  f^,  consistent  with 
(14) ,  has  the  form 

F,  =  0  for  X  <  0,  F.  (X)  bounded  for  X  >  0,  where  F,  (0+)  =  -V  /[2(1-V  )].  (15) 

1  1  i  o  o 

Consider  the  flame  locus  X  =  X*(T)  as  a  monotonically  increasing  curve 
to  the  left,  (say).  For  points  (X,T)  such  that  X  >  T  or  X  <  X*(T),  f^ 
is  assigned  the  initial  value  F^(C^).  However,  in  the  region  T  >  X  >  X*(T), 
the  characteristic  which  passes  through  the  point  (X,T)  also  passes  through 
the  flame  locus.  See  Figure  1  .  is  then  given  by  the  value  of  f^  on 
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the  downstream  side  of  the  flame  sheet,  i.e.,  f^  ,  which  is  simply  calculated 
using  the  jump  condition  (14),  Thus,  for  the  region  T  >  X  >  X*(T) 

fl  =  W  "  V/t2<1  "  V)1  •  (16) 

Thus,  we  have  determined  f^(li^)  once  we  are  given  the  initial  data  for 
f^  and  know  the  location  of  the  flame  locus,  X  =  X*(T) .  It  is  a  simple  matter 
to  verify  that  similar  arguments  apply  for  f2>f3  and  f^  as  well.  The  only  ' 
restriction  on  the  construction  of  this  solution  is  that  the  flame  locus  never 
have  characteristic  slope,  i.e., 

V  =  X*  4  +  1,0  .  (17) 

To  determine  the  flame  locus  we  note  that  equation  (10)  is  a  first-order 
ordinary  differential  equation  for  X*(T)  which  is  to  be  solved  subject  to 
the  initial  condition  X  (0)  =  0  (say).  And  for  a  particular  initial -value 
problem  it  is  necessary  to  evaluate  T  and  Y_  in  equation  (10).  By  the 
definition  of  u^  from  equation  (12)  we  find 

Y_  =  f4_  and  Tj  =  (y  -  l)(fL_  +  f2_)  -  (18) 

and  for  our  present  example  of  initially  quiescent  upstream  conditions 

f1_  =  f3_  =  0  and  f4_  =  1  .  (19) 

The  only  remaining  unknown  in  (18),  ,  is  to  be  evaluated  at  X  =  X*(T) 

and  is  found  in  terms  of  V  and  f2  =  F2(X*(T)  +  T)  from  the  jump  condi¬ 
tion  in  equation  (14)  .  The  differential  equation  for  the  flame  speed  becomes 

t*  =  <Y  -  1)(F2(X*  +  T)  -  X*/ [2(1  +  X*)]}  +  1/[1  +  (y  -  1)X*  ]  .  (20) 

Note  that  since  initially  X*  =  V  and  F2(0+)  =  V  /[2(1  +  VQ)  ] ,  t*  and 
Vq  are  related  by  the  steady  result  (10)  as  expected. 

It  is  important  to  emphasize  that  equation  (20)  and  the  conclusions 
drawn  from  it  apply  specifically  for  flame  propagation  into  an  initially 
quiescent  atmosphere.  However,  it  is  possible  to  treat  many  other  initial 
value  problems  in  a  similar  way  by  simply  reevaluating  T  and  Y  in 
equation  (10) . 

VI ■  AN  EXAMPLE .  In  this  section  we  present  the  results  of  integrating 
equation  (20)  and  the  subsequent  determination  of  u^  for  a  particular  initial 
downstream  disturbance.  We  examine  the  case  where  initially  far  downstream 
of  the  flame  the  burnt  gas  is  motionless,  at  the  quiescent  temperature  but  at 
a  different  pressure,  i.e., 

v^  =  =  Y^  =  o(l)  and  Pi  H  +  ~  P,,  +  °(D  as  X  -*  “>.  (21) 
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For  purposes  of  illustration  let  the  initial  downstream  disturbance  (X  >  0) 
be  given  by 


F.  -  -  V  / ( 2(1  -  V  ) ] 4 {p  /2y  +  V ,712(1  -  V  ) ] }  g(X)  , 

X  o  o  w  u  o 

F,  =  V  / [ 2 ( 1 +  V  )]  +  { p  /2y  -  V  / [ 2(1 +  V  ) ] }  g(X)  , 

2  0  0  o  (22) 

f3  =  -  1  +  IpJy-D/y+I]  g(X)  ,  f4  =  0  , 
where  g(X)  =  1  -  exp  (-X)  . 

The  result  of  integrating  (20)  for  y  «  1.4f  V  =  -.1  and  p,,,  =  -1  is  shown 
in  Figure  2  and  the  profiles  for  p^,v-pT^,Y^  and  p^  are  evaluated  at  times 
T  =  1,2. 5, 5  and  10  and  are  shown  in  Figures  3  through  7  respectively. 

The  first  thing  to  notice  is  that  a  negative  pressure  gradient  downstream 
causes  the  flame  to^accelerate.  It  is  a  simple  matter  to  calculate  the  final 
speed  of  the  wave  X*(“)  in  terms  of  p^  =  2y  F2(°°)  directly  from  (20);  the 
result  is  shown  in  Figure  8.  As  p^  becomes  more  negative,  the  flame  accel¬ 
erates  towards  sonic  velocity.  This  effect  can  be  understood  in  terms  of  a 
Rankine-Hugoniot  diagram  which  clearly  shows  that  as  the  pressure  drop  across 
the  flame  becomes  more  negative, the  mas$  flux  and,  hence,  the  flame  velocity 
must  increase.  This  conclusion  is  the  direct  consequence  of  the  quasi-steady 
assumption.  > 

VII.  SHOCK  FORMATION.  It  is  well  known  that  the  rapid  acceleration  of 
a  flame  acts  as  a  piston  and  causes  compression  of  the  unburnt  gases  upstream 
of  the  flame.  For  our  example  the  compression  upstream  of  the  flame-zone  is 
clearly  shown  in  Figure  7.  Ultimately  the  piston  effect  of  the  flame-zone 
leads  to  the  development  of  a  precursor  shock  wave  which  must  be  described  by 
taking  into  account  the  convective  steepening  in  the  hydrodynamic  regions  out¬ 
side  the  flame  zone. 

The  precursor  shock  wave  can  be  described  if  we  assume  that  the  distur¬ 
bance  evolves  on  the  long  time  scale  t  =  BT.  Assuming  a  traveling  wave  solu¬ 
tion  of  the  form 


u  *= 
~o 


u 

~c 


+  e  f2(C2.t)r2 


+  8 


gU2,T,T)r2  + 


and  the  expansions 

C(u)  -  C  (u  )  +  B  C.  (f,)  +  .. .  , 

s-  =C  ~C  s  L  i 


I)  =  D  (u  )  +  ... 

e  rC  'C 


we  find  that  g  must  satisfy 


(23) 


(24) 
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(25) 


ST'2  “  ~  i2i  -2  "  =1  r2  f2X  +  ?c  *  =2  f2XX 

To  obtain  a  scalar  equation  for  we  multiply  (24)  by  l ,  where 

satisfies 

-2  •  (?c  +  I)  =  0  and  g2  •  r2  =  1  .  (26) 

In  order  to  suppress  the  secularity  that  otherwise  develops  in  g  we  must 
require  that  the  right  hand  side  of  (25)  vanishes.  That  requirement  implies 
that 


f2x  ~  { (y  +  l)/2) 


f2f2C 


=  (y/2) f 


2V>2 


(27) 


which  is  Rurger's  equation  for  the  evolution  of  f  . 

To  obtain  the  initial  data  for  f2  we  examine  the  region  in  the  X,T 
plane  where  the  focusing  of  characteristics  caused  by  the  flame  takes  place, 
namely,  X  <  X*(T) .  This  region  can  be  further  divided  into  two  regions 
X<  -  T  and  -T  <  X  <  X*(T) .  In  the  region  X<  -  T,  ^2  <  0  and  by  choosing 
any  non-characteristic  path  (starting  from  the  origin)  we  can  evaluate  f2 
for  i2  <  0.  A  convenient  path,  of  course,  is  T  =  0,  X  <  0;  the  initial  data 
for  f2  when  ^2  <  0  is  F2(C2)-  Note  that  for  our  specific  example  F2(X)  = 0 
for  X  <  0.  In  the  region  -T  <  X  <  X*(T) ,  >  and  we  can  similarly  choose 

any  non-characat eristic  path  on  which  to  evaluate  •  The  simplest  choice 

is  the  flame  locus  X  =  X*(T) ;  each  point  on  the  flame  locus  is  assigned  a 
value  of  £2  =  X*(T)  +  T  and  f2  is  then  given  by  f 2-^2^  ’  a  fUT>cti°n  which 
has  been  calculated  in  the  course  of  solving  for  u^  in  Section  V.  This  data 
then  forms  the  initial  data  for  f2  on  i  =  0  in  the  ( F.  2 » T  ^  pTane-  Thus 
equation  (27)  is  to  be  solved  subject  to 

f2  =  F?(f>2^  f°r  f'2  <  °  and  f2  =  f2-^2^  f°r  ^2  >  ° 

The  result  of  calculating  f2  according  to  (28)  for  the  example  of  Section 
VI  is  shown  in  F  Lgure  9 . 

In  the  usual  analysis  of  weak  shocks  an  additional  length  scale,  char¬ 
acteristic  of  the  disturbance  at  hand,  is  introduced.  Typically,  rep¬ 

resents  the  non-dimensional  length  that  measures  the  maximum  initial  fluid 
velocity  of  the  hydrodynamic  disturbance  divided  by  the  maximum  initial  velocity 
gradient.  Letting  £  =  6£,2,  t  =  6t  in  equation  (26)  allows  us  to  replace  (26) 
with  the  nonlinear  wave  equation 

f-  -  (y  +  l)/2f f *  =  0  .  (29) 

T  C 

This  equation  has  a  simple  characteristic  solution  (see  Whithan  (1974))  that 
shows  that  the  time  of  breaking,  or  initial  formation  of  the  shock  caused  by 

the  flame  acceleration,  is  given  by 


« 
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(30) 


Tfi  =  2/ (y  +  1)|F^(Cb)|  , 

where  Cg  corresponds  to  the^characteristic  where  iF^^g)!  is  maximum 
for  the  initial  data  and  F^Cg)  >  For  our  examPle  max^“ 

mum  at  £„  =  0  and  has  the  value  .25.  Thus  the  time  of  breaking  is  esti¬ 
mated  to  be  t  =  .33.  If  desired,  an  entire  shock  trajectory  may  be 
calculated  by  standard  shock  fitting. 
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Figure  1.  Characteristic  plane  for  the  solution  of  f  (Cj) 
Solid  lines  represent  characteristics  that 
carry  f^  with  initial  values.  Dotted  lines 
require  evaluation  of  f.  at  the  flame  locus. 


x  -a.H 
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Figure  2.  Result  of  integrating  (20)  for  the  example  in  Section  VI. 
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Figure  6.  Fuel  fraction  profile  Y,  for  times  T  =  1.2. 5, 5 
and  10,  for  the  example  in  Section  VI. 
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CYCLIC  PLASTICITY  AHEAD  0I;  A  BLUNT  CRACK 
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ABSTRACT .  Results  are  given  for  the  elastic-plastic  stress  and  strain  states 
which  develop  ahead  of  a  cracklike  elliptical  flaw  isolated  within  an  unbounded 

j 

plane  strain  tension  field,  A  finite  element -boundary  collocation  formulation 
was  employed  to  obtain  the  numerical  results .  Comparisons  are  made  with  elastic 
and  fully  plastic  stress  predictions  and  these  provide  guidelines  to  the  range 
of  applicability  of  these  theories.  Plastic  zone  growth  is  discussed  and  also 
the  stress  variation  which  occurs  during  load  cycling.  The  sensitivity  of  solu¬ 
tion  to  element  capability  to  accommodate  near-incompressible  deformation  was 
tested  and,  by  comparison  with  slipline  results,  the  four-triangle  quadrilateral 
was  found  to  provide  highly  accurate  results . 

INTRODUCTION .  We  are  concerned  with  the  details  of  stress  and  deformation  in 
the  material  immediately  ahead  of  a  blunt-tipped,  cracklike  flaw.  In  our  anal¬ 
ysis,  we  have  employed  the  non-hardening  Prandtl-Reuss  constitutive  theory  and 
have  considered  problems  of  plane  strain.  An  elliptical  shaped  flaw  was  consid¬ 
ered  as  buried  in  an  infinite  domain,  with  a  uniform  remote  stress  T  directed 
perpendicular  to  the  flaw's  major  axis.  For  general  applicability,  results  are  h-4 

given  in  dimensionless  form.  The  stress  data  is  normalized  by  the  yield  stress 
Y,  strain  data  is  normalized  by  the  simple  tension  yield  strain  Y/E  and  distance 
scales  are  normalized  by  either  the  flaw  half  length,  a,  or  the  flaw  root  radius, 
p . 

The  elastic-plastic  results  have  been  generated  for  the  elliptical  flaw  with 
a/p  ratio  of  1000  (major  to  minor  axis  ratio  of  31.6).  Fully  plastic  results 
have  been  obtained  for  a  set  of  large  aspect  ratio  cracklike  elliptical  flaws. 

The  elastic  solution  to  these  problems  is  available  in  analytical  form.  We  have 
compared  the  elastic,  elastic-plastic  and  fully  plastic  results  with  the  goal  of 
establishing  when,  in  the  load  history,  the  slipline  result  holds  near  the  flaw 
surface  and  when,  away  from  the  surface,  the  elastic  results  become  unrepresen¬ 
tative  . 
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We  have  described  the  elastic-plastic  numerical  formulation  in  a  previous 
report.  Ref.  (1),  along  with  preliminary  results  for  the  cracklike  ellipse  prob¬ 
lem.  Finite  elements  are  used  to  model  the  nonlinear  behavior  and  beyond  the 
finite  element  mesh  the  solution  is  represented  by  elastic  stress  functions. 

The  finite  element  mesh  surrounds  the  flaw  root,  Fig.  1,  and  extends  a  distance 
of  8p  ahead  of  the  root  in  the  analysis  that  was  performed.  In  the  computations, 
symmetry  conditions  were  invoked  so  that  only  the  upper  part  of  the  mesh  illus¬ 
trated  in  Fig.  1  was  used.  Results  over  a  smaller  finite  element  region  extend¬ 
ing  4p  ahead  of  the  root  were  discussed  in  Ref.  (1).  Since  elastic  stress  func¬ 
tions  are  used  to  represent  the  solution  beyond  r,  load  incrementation  in  the 
elastic-plastic  analysis  must  be  terminated  when  the  plastic  zone  reaches  r. 

This  occurred  at  a  load  level  of  T  =  0.12  Y  for  the  problem  of  Fig.  1. 

Complex  variable  techniques  involving  conformal  mapping  and  analytic  con¬ 
tinuation  were  employed  in  establishing  the  elasticity  equations  governing  be¬ 
yond  T,  following  the  work  of  Bowie  and  Freese,  Ref.  (2).  The  elliptical  flaw 
in  the  physical  plane  is  mapped  onto  the  unit  circle  |c|  <  1  in  an  auxiliary  £- 
plane.  The  simple  circular  shape  allows  conditions  to  be  formulated  which  im¬ 
plicitly  satisfy  the  traction  free  condition  on  the  flaw  surface  |c|  =  1.  A 
single  analytic  stress  function  <j>  then  governs  over  the  entire  s-plane  and  it 
was  chosen  to  have  the  following  approximate  form: 

15 

<t>  =  AT  [(a+bK  -  (3a+b)/t ]/8  +  2  a  c/(C2-l)n 

n=l 

The  first  term  is  the  exact  elastic  solution  corresponding  to  a  remote  load  in¬ 
crement  AT,  for  a  flaw  with  semi -axes  a  and  b.  This  elastic  solution  is  expected 
to  be  adequate  far  from  the  plastic  zones.  As  the  plastic  zone  is  approached, 
the  elastic  solution  will  become  less  and  less  meaningful,  hence  the  choice  of  a 
negative  power  series  expanded  about  the  flaw  ends  ?  *  tl  to  complete  the  ap¬ 
proximate  representation  of  the  unknown  function  $.  With  real  coefficients  a^, 
the  remote  stress  condition  and  the  symmetry  conditions  are  satisfied  by  this 
stress  function. 

The  conventional  collocation  approach  employs  truncated  power  series  approx¬ 
imations  for  the  governing  stress  function(s)  and  establishes  the  undetermined 
coefficients  from  known  data  at  distinct  boundary  locations.  Here  the  coefficients 
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are  determined  in  conjunction  with  the  finite  element  unknowns.  The  two  sets 
of  unknowns  are  coupled  by  conditions  of  equilibrium  and  compatibility  at  the 
nodal  locations  on  the  boundary  r.  Force  increments  acting  on  the  r  nodes, 
which  represent  the  load  transfer  across  r,  are  expressed  in  terms  of  AT, 
and  likewise  displacement  increments  of  these  nodes  are  expressed  in  terms  of 
AT,  an>  By  eliminating  the  interior  nodal  degrees  of  freedom  from  the  finite 
element  stiffness  equation,  a  system  of  equations  in  a  is  established.  As  is 
characteristic  in  collocation  analysis,  the  system  is  overdetermined  and  solu¬ 
tion  is  by  least  squares.  Whereas  15  coefficients  appear  in  the  stress  func¬ 
tion,  there  are  53  nodal  degrees  of  freedom  along  r.  Overall,  there  are  608 
finite  element  degrees  of  freedom.  With  determined,  the  nodal  displacement 
increments  and  then  strain  and  stress  increments  are  determined  throughout  the 
finite  element  mesh.  The  value  of  AT  at  each  step  in  the  incrementation  is 
adaptively  established  to  accurately  trace  the  spread  of  plasticity  and  flow 
rule  changes  in  the  finite  element  region,  Ref.  (3). 

An  important  consideration  in  the  finite  element  formulation  is  the  ability 
of  the  network  of  elements  to  accommodate  the  near-incompressible  deformation 
that  will  develop  in  the  highly  strained  root  region.  Nagtegaal  et .  al.,  Ref. 
(4),  have  demonstrated  that  a  mesh  of  four  node  quadrilaterals  each  of  which  is 
subdivided  by  its  diagonals  into  four  constant  strain  triangles  can  represent 
a  non -homogeneous  pure  inccmrressible  deformation  field,  while  the  four  node  bi¬ 
linear  isoparametric  quad  cannot.  For  a  given  problem,  it  is  not  possible  to 
a  priori  establish  when  <.  the  leading  history  the  near- incompressible  state 
will  be  achieved  and  thus  ,  "edict  when  this  modeling  facet  will  become  signif¬ 
icant.  To  establish  «hen  th  :•  effect  is  important  for  our  problem,  we  obtained 
two  separate  solutions.  In  one  analysis,  the  quads  of  the  mesh  shown  in  Fig.  1 
were  considered  to  be  feu  node  isoparametric  elements.  In  the  other,  the  quads 
of  the  mesh  were  subdivided  into  triangles.  We  found  significant  differences  at 
the  load  levels  reached  and  were  able  to  quantify  errors  by  comparing  against 
slipline  stress  predictions.  Before  discussing  the  elastic-plastic  results  we 
will  first  describe  the  numerical  procedure  used  to  establish  the  slipline  solu¬ 
tion  to  our  problem. 
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SLIPLINE  ANALYSIS  OF  ELLIPTICAL  FLAWS 


Slipline  analysis  provides  the  stress  state  which  is  asymptotically  ap¬ 
proached  as  the  deformation  becomes  predominantly  plastic  during  load  increase. 
Although  the  slipline  solution  gives  the  limiting  stress  state,  elastic-plastic 
analysis  is  necessary  to  establish  when  the  slipline  result  is  effectively  a- 
chieved.  When  the  elastic  strain  is  neglected  as  in  slipline  theory,  the  equi¬ 
librium  equations  and  yield  condition  constitute  a  set  of  hyperbolic  equations 

governing  the  variation  of  the  stress  components  o  ,  a  ,  a  .  Hill  (5)  clas- 

xx  xy  yy 

sifies  our  problem  of  developing  the  stress  field  ahead  of  the  flaw  from  the 
known  fully  plastic  stress  state  along  the  flaw  surface  (tangential  stress  equals 
2Y//3)  as  a  Cauchy  problem.  Solutions  are  obtained  by  utilizing  the  relationships 
which  hold  along  the  sliplines  (maximum  shear  directions),  the  characteristics 
of  the  problem. 

In  our  analysis,  we  employed  the  Hencky  equations  which  govern  the  slip¬ 
line  stress  variations.  The  equations  involve  the  mean  normal  stress  a  and  the 

m 

angle  ip  which  the  a-slipline  makes  with  the  x-axis  (CCW  positive).  Of  course, 
both  ct^  and  ip  are  functions  of  position,  and  knowledge  of  these  variables  is 
sufficient  to  determine  the  stress  components  at  a  point.  The  convention  used 
to  distinguish  the  «  and  6-sliplines  has  the  a-line  clockwise  45  degrees  from 
the  maximum  principal  stress  direction.  The  Hencky  stress  conditions  holding 
along  the  a  and  6-lines  are  given  in  terms  of  the  constants  C^  and  C 2  as  follows: 

/3  a  -  2  Y  i|>  =  C,  along  an  a-line 
m  1 

/3a  +  2Yi(j  =  C_  along  a  B-line 

m  2 

Both  stress  parameters  are  known  on  the  flaw  surface:  equals  Y//3  and 

ip  follows  from  the  fact  that  sliplines  intersect  free  surfaces  at  45  degrees. 

The  numerical  algorithm  for  developing  the  slipline  field  ahead  of  the  flaw 
starts  with  selecting  a  finite  number  of  stations  on  the  flaw  surface  and  com¬ 
puting  Cj  and  C2  at  each.  Using  and  C 2  from  adjacent  stations,  the  Hencky 
equations  are  simultaneously  solved  for  o  ,  ip  which  gives  the  stress  solution 
at  the  location  in  the  domain  where  the  Cj  a-line  and  the  C2  S-line  intersect. 

An  approximate  slipline  network  is  constructed  by  following  this  procedure  in 
a  step-by-step  fashion,  progressing  deeper  into  the  domain  at  each  step.  A 
final  aspect  of  the  computation  is  to  establish  the  (x,y)  location  of  the  slipline 
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intersections  making  up  the  network.  This  is  done  by  computing  the  intersection 
of  chordal  approximations  to  the  slipline  arcs  by  using  the  average  slopes  from 
the  previously  determined  nodal  4>  values.  Symonds  (6)  suggested  this  method  of 
slipline  construction  in  1949  and,  coincidently ,  he  used  elliptical  cutouts  as 
demonstration  problems,  Graphical  tools  were  required  then  to  make  the  construc¬ 
tion  manageable,  as  the  number  of  arithmetic  operations  are  too  great  for  manual 
calculation.  By  necessity,  he  limited  his  analysis  to  small  aspect  ratio  el¬ 
lipses.  We  computerized  his  algorithm  and  obtained  results  for  a  set  of  crack¬ 
like  elliptical  flaws. 

The  slipline  stress  distribution  for  the  various  flaws  considered  are 
plotted  in  Fig.  2.  Considering  crack  length  fixed,  the  figure  demonstrates  the 
effect  of  flaw  root  acuity  on  the  stress  magnitude  at  locations  out  to  a  distance 
of  0.01a  ahead  of  the  flaw.  Excepting  the  sharp  crack  case,  a/p  =  °°,  the  value 
of  at  the  root  is  always  equal  to  1.15  times  the  yield  stress  and,  as  can  be 
seen,  the  stress  gradient  increases  with  acuity  ratio  a/p.  The  sharp  crack  has 
the  root  value  of  2.97  Y= (2+r) Y//5  and  this  value  remains  fixed  ahead  of  the 
crack,  corresponding  to  the  constant  state  region  of  the  Prandtl  slipline  field. 
The  blunt  tipped  flaws  have  distributions  which  approach  the  Prandtl  value  over 
the  size  scale  plotted.  For  elliptical  flaws  this  value  is  achieved  only  when 
plasticity  has  progressed  to  encompass  the  entire  crack.  For  the  1000/1  flaw, 
the  Prandtl  value  would  be  realized  very  far  from  the  root,  at  x  =  2.06a.  If 
distance  is  normalized  by  the  root  radius,  the  stress  distribution  for  all 
cracklike  ellipses  blend  into  one  over  the  8p  range  used  in  our  finite  element 
analysis.  We  have  generated  results  which  show  this  to  be  true  for  a/p  greater 
than  100.  This  single  representative  distribution  is  given  in  Fig.  4.  The 
manner  in  which  the  root  region  stress  field  evolves  into  the  limiting  slipline 
prediction  will  be  considered  after  the  following  discussion  of  the  plastic  zone 
growth . 
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ELASTIC  STIC  >ESl)LTS 
Growth  of  Plastic  Zone 

The  nature  of  our  elastic-plastic  formulation  is  such  that  incrementation 
of  the  remote  tension  must  be  terminated  when  the  plastic  zone  spreads  to  the 
modeling  interface  r,  Fig.  1.  The  zone  had  spread  to  within  one  finite  element 
of  T  at  a  T  value  of  0.12  Y.  The  elastic-plastic  boundary  at  this  peak  load  and 
at  0.045  Y  and  0.09  Y  are  illustrated  in  Fig.  3.  In  the  very  early  stages  of 
loading,  the  boundary  tends  to  parallel  the  flaw  surface  and  the  dimension  of 
the  plastic  zone  along  the  surface  exceeds  the  maximum  depth  into  the  material. 
Sharp  crack  solutions  suggest  that  the  zone  will  eventually  take  a  "butterfly" 
shape,  with  the  maximum  distance  of  the  elastic-plastic  boundary  from  the  crack 
tip  at  an  angle  of  roughly  70  degrees  from  the  symmetry  axis.  The  boundaries 
shown  in  the  Figure  suggest  that  the  zone  is  indeed  approaching  this  crack  zone 
shape . 

It  is  useful  to  contrast  these  results  with  the  crack  solutions  of  Rice  and 

Tracey  (7)  and  Larsson  and  Carlsson  (8).  The  former  is  a  general  small  scale 

yielding  solution  following  from  an  analysis  which  set  remote  boundary  conditions 

according  to  the  leading  term  of  the  elastic  singular  solution.  The  latter  is  a 

specific  small  scale  yielding  solution  for  a  center  cracked  tension  plate  (with 

crack  length  one-half  the  plate  width).  Results  for  both  solutions  are  given  in 

2  2 

terms  of  the  length  parameter  (K/Y)  ,  which  equals  ira(T/Y)  for  an  isolated 
tension  crack,  a/p  =  For  the  load  T  =  0.12  Y,  the  angle  of  maximum  plastic 
zone  extent  is  very  close  to  the  65  degree  angle  found  by  Larsson  and  Carlsson 
for  their  problem.  It  would  be  of  interest  to  determine  how  the  angle  changes 
with  further  loading.  The  Rice  and  Tracey  asymptotic  solution  has  the  maximum 
extent  at  71  degrees  from  the  x-axis.  At  T  =  0.12  Y,  this  maximum  distance 
(rp3X)  from  the  root  tip  (x=a)  to  the  elastic-plastic  boundary  is  equal  to  7.6p 
or  0.0076  a.  There  is  substantial  difference  in  the  sharp  crack  predictions. 

At  our  peak  load  level,  the  two  solutions  bound  the  result  for  the  cracklike 
ellipse : 

rmax  _  ls  (k/y) 2  =  .0065  a  Ref.  (7) 

rmax  _  25  (k/y)2  =  010  a  Ref. 
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The  differences  in  the  crack  solutions  have  been  attributed  to  the  constant 
valued  non-singular  term  in  the  crack  tip  expansion  for  the  stress  component 
a  .  This  term  was  not  included  in  the  asymptotic  analysis  reported  in  Ref. 

(7) .  Both  crack  plastic  zone  results  have  the  maximum  extent  far  exceeding  the 
extent  along  the  x-axis.  This  result  is  anticipated  for  our  problem  once  the 
plastic  zone  dimensions  become  large  compared  to  root  radius,  at  which  point 
the  flaw  shape  does  not  significantly  influence  the  solution  at  the  elastic- 
plastic  boundary. 

Stress  Ahead  of  Flaw 

We  have  discussed  the  slipline  solution  to  our  problem  and  have  noted  that 
while  slipline  theory  provides  the  limiting  stress  state  in  monotonic  loading, 
elastic-plastic  analysis  is  required  to  establish  how  stress  varies  with  load 
prior  to  attaining  its  fully  plastic  value.  Here  of  course  we  are  considering 
the  solution  at  points  within  the  plastic  zone.  Another  consideration  is  the 
solution  in  the  unyielded  region.  Tt  is  of  interest  to  establish  how  the  elastic- 
plastic  results  for  this  region  deviate  from  the  predictions  of  elastic  analysis 
at  different  load  levels. 

Comparisons  have  been  made  and  are  plotted  at  T  values  of  0.06,  0.09  and 
0.12  Y  in  Fig.  4.  The  data  show  that  as  load  increases  the  slipline  state  is 
achieved  over  an  expanding  region,  corresponding  to  the  growth  of  the  plastic 
zone.  From  a  numerical  accuracy  viewpoint,  the  agreement  of  the  elastic-plastic 
results  with  the  slipline  result  is  exceptionally  good.  It  is  worth  noting  that 
at  any  particular  load  level  the  slipline  result  holds  only  over  a  portion  of 
the  plastic  zone,  the  portion  which  has  plastic  strain  levels  far  in  excess  of 
elastic  strain.  The  elastic-plastic  results  are  seen  to  rapidly  approach  the 
elasticity  solutions.  Deviations  drop  to  within  10?o  at  distances  roughly  three 
times  the  x-axis  plastic  zone  dimension. 

In  our  previous  report,  Ref.  (1),  we  discussed  the  near  root  stress  solu¬ 
tion  for  a  cyclic  variation  of  load.  We  found  that  the  method  of  plastic  super¬ 
position,  Ref.  (9),  provides  very  accurate  estimates  of  the  solution  after  load 
reversal.  With  the  method,  all  that  is  required  is  the  monotonic  solution.  We 
have  used  the  method  to  generate  the  residual  stress  state  after  unloading  from 
the  load  value  of  0.12  Y.  This  residual  state  is  plotted  in  Fig.  5  along  with 
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the  distributions  for  the  intermediate  load  level  0.06  Y  and  peak  load.  The 
residual  state  is  simply  computed  as  the  state  at  peak  load  minus  twice  the 
state  at  intermediate  load.  Another  result  verified  in  the  previous  work  is 
that  the  cyclic  plastic  zone  is  essentially  the  same  as  the  yielded  region  at 
the  intermediate  load  level  in  monotonic  loading. 


Solution  Sensitivity  to  Element  Interpolation 

The  results  discussed  above  were  obtained  with  the  four-triangle  quadri¬ 
lateral  finite  element  mesh.  At  the  stress  level  T  =  0.12  Y,  the  significant 
differences  between  that  solution  and  the  one  following  from  the  bilinear  quads 
occurred  within  a  distance  of  one  root  radius  from  the  flaw  root,  a  distance 
approximately  one-third  the  x-axis  plastic  zone  extent.  It  was  in  this  region 
that  plastic  strain  far  exceeded  elastic  strain  magnitudes.  Of  course,  as  the 
elastic-plastic  boundary  is  approached,  the  magnitudes  become  comparable  and 
differences  caused  by  near-incompressible  deformation  are  not  expected.  The 
solution  differences  were  greatest  at  the  flaw  surface  and  comparisons  of  re¬ 
sults  for  the  first  quadrilateral  element  bordering  the  x-axis  are  shown  in 
Figs .  6  and  7 . 


The  numerical  results  for  the  variation  of  o  at  this  near  root  location 

YY 

during  load  increase  is  displayed  in  Fig.  6  along  with  the  slipline  result. 

The  element  spans  the  region  0  5  (x-a)  5  0.187p,  so  the  slipline  result 

=  1.258  Y)  chosen  for  comparison  corresponds  to  the  solution  at  (x-a,y)  = 
(.0935p,  0).  The  data  for  the  constant  state  triangle  with  base  along  the  x- 
axis  represents  one  solution,  while  the  average  stress  data  for  the  two  Gauss 
stations  nearest  the  x-axis  represents  the  other.  The  bilinear  quad  solution 
is  seen  to  rise  above  the  slipline  result  very  early  in  the  loading  and  the 
deviation  grows  with  load  at  an  increasing  rate.  In  contrast,  the  four-triangle 
quad  solution  quickly  levels  off  to  a  value  1.251  Y  and  remains  there;  step  to 
step  changes  are  in  the  fifth  significant  figure.  It  would  be  of  interest  to 
establish  how  this  result  might  change  with  further  loading. 


The  excellent  agreement  found  with  slipline  theory,  displayed  in  Fig.  6 
and  earlier  in  Fig.  4,  is  ample  justification  for  claiming  high  accuracy  for 
our  solution  using  the  four-triangle  quads.  Certainly,  the  data  show  that  the 
ability  to  model  near-incompressible  deformation  is  essential  to  our  problem  at 
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very  low  load  levels,  and  thus  the  isoparametric  element  should  not  be  used  for 
problems  in  this  class.  The  differences  in  the  solution  for  the  equivalent  plas¬ 
tic  strain  using  the  data  from  the  first  element  ahead  of  the  root  are  shown  in 
Fig.  7.  The  strain  levels  using  the  triangles  exceed  those  using  the  bilinear 
element  over  the  entire  loading  history.  At  peak  load  there  is  an  18  percent 
difference  in  the  solutions  and  the  trend  suggests  that  the  differences  will  be 
more  pronounced  with  further  loading. 

Data  displaying  the  spatial  gradient  of  equivalent  plastic  strain  over  a 
one  root  radius  distance  ahead  of  the  flaw  is  given  in  Fig.  8.  Results  are 
given  for  T/Y  levels  of  0.06,  0.09,  and  0.12.  The  plastic  strain  at  T  =  .06  Y 
is  seen  to  fall  to  a  value  below  the  yield  strain  at  x-a  =  p,  corresponding  to 
the  fact  that  the  elastic-plastic  boundary  is  then  at  x-a  =  1.2p.  The  accelerated 
strain  intensification  during  load  elevation  that  is  displayed  in  Fig.  7  is  also 
evidence  in  Fig.  8.  At  the  load  levels  represented,  extrapolation  gives  surface 
plastic  strain  values  of  6.2,  18.6,  and  26.7  times  the  yield  strain.  These  re¬ 
sults  suggest  local  to  global  strain  concentration  factors  of  103,  151,  and  223 
for  the  respective  load  levels,  in  contrast  to  the  concentration  factor  of  64 
suggested  by  the  elastic  solution  to  our  problem. 
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Figure  3.  Elastic-Plastic  Boundaries  at 
Three  Load  Levels  in  Monotonic  Loading. 
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Figure  4.  Elastic-Plastic,  Rigid-Plastic  and  Elastic  Near  Tip  Stress  Solutions. 
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Figure  5.  Near  Tip  Stress  Variation  at  Tmax/2,  Tmax  and  T  ■  0,  Using  Plastic  Superposition 
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Figure  6.  Stress  History  at  a  Location  with  a  Near- incompressible  Deformation  History. 


Figure  7.  Data  Showing  Dependency  on  Element  Type  of  Plastic  Strain  at  a  Near  Tip  Location. 
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Figure  8.  Plastic  Strain  Distribution  Ahead  of  Flaw  at  Three  Load  Levels. 
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ABSTRACT .  One  of  the  many  efforts  undertaken  to  increase  the  life  of  gun 
tubes  and/or  increase  their  resistance  to  erosion  involves  the  use  of  liners 
fabricated  from  different  materials.  A  finite  difference  computer  code  for 
investigating  the  thermo-elastic-plastic  response  of  gun  tubes  has  been 
expanded  to  include  multi-layered  cylinder  response  to  time  dependent  boundary 
conditions.  Considered  are  both  cyclic  heat  input  and  cyclic  stress  input. 
Response  curves  from  inputs  representative  of  repeated  firing  cycles  will  be 
presented.  The  emphasis  in  this  report  is  on  the  transient  temperature 
response  and  on  the  thermo-elastic  stresses  and  mechanical  stresses  in  the 
layers. 

I .  INTRODUCTION .  One  of  the  many  efforts  undertaken  to  increase  the 
life  of  gun  tubes  and/or  increase  their  erosion  resistance  involves  the  use  of 
liners  fabricated  from  materials  differing  from  the  base  material  of  the  gun 
tube.  Typical  properties  sought  in  these  materials,  many  of  which  are 
refractory  materials  or  alloys  of  them,  are  high  melting  points  for  protection 
against  erosion  due  to  the  high  flame  temperatures,  different  elastic  moduli 
to  effect  transmission  of  loads  to  the  base  gun  tube,  etc.  Currently  most 
designs  are  of  the  two-layer  system  or  liner-jacket  type  and  with  a  variation 
that  the  liner  may  be  coated  or  not.  This  paper  does  not  consider  coatings 
for  reasons  to  be  mentioned  later. 

In  this  paper,  the  response  of  monobloc  and  multi-layered  large  caliber 
gun  tubes  due  to  a  typical  firing  schedule  will  be  calculated.  This  response 
is  found  using  a  finite  difference  computer  code  reported  in  [1,2]  for 
transient  temperatures  and  thermo-elastic-plastic  stresses.  The  program  was 
updated  to  accept  time  dependent  boundary  conditions  and  to  apply  to  multiple 
layers.  A  consistent  set  of  data  for  a  firing  pulse  was  found  in  [3]  for  a 
specific  weapon  and  this  configuration  was  chosen  for  this  study. 

The  computer  program  is  a  two  part  program.  Knowing  gas  temperatures  and 
heat  transfer  coefficients  as  a  function  of  time  during  the  firing  cycle 
allows  the  computation  of  the  transient  temperatures  in  the  gun  tube.  This  is 
accomplished  in  the  first  part  of  the  program.  These  temperatures  are  then 
used  in  the  second  part  to  calculate  the  associated  thermo-elastic  stresses. 
The  program  is  capable  of  computing  the  thermal  response  of  the  tube  for  any 
desired  firing  cycle,  thus  monitoring  an  average  temperature  use  at  the  bore. 
This  can  be  used  in  cook-off  studies,  cook-off  being  the  undesirable  condition 
of  premature  propellant  Ignition.  The  temperatures  at  any  time  are  saved  on 
disk  and  are  used  as  input  to  the  stress  portion  of  the  program.  The  interest 
here  is  in  the  mechanical  and  thermal  stresses  due  to  the  pressure  pulse  and 
the  thermal  pulse  respectively.  It  should  be  mentioned  that  the  thermal 
problem  and  stress  problem  are  treated  as  uncoupled. 
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II.  DESCRIPTION  OF  THE  PROBLEM.  The  partial  differential  equation  for 
determining  the  temperature  in  a  cylinder  is  given  by 

13  ,  3T  3T 

- (rkL(T>  — )  =  pkT)cL(T)  —  (1) 

r  3r  3r  3t 

where  the  superscript  L  refers  to  the  layer  number  and 
T  is  temperature, 

k^(T)  is  thermal  conductivity  in  layer  L, 
pL(T)  is  density  in  layer  L, 
ckl)  is  specific  heat  in  layer  L, 
r  is  radial  distance 


and  t  is  time.  The  problem  Is  assumed  to  be  axisymmetric  and  axial  effects 
are  ignored.  Figure  1  shows  a  typical  geometry.  At  the  interface  between 
layers,  the  following  continuity  conditions  must  apply: 

continuity  of  temperature 


XL 


3  fL+1 


rL 


rL+ 


(2) 


and  continuity  of  heat  flux 


kL(T) 


kL+l(T) 


3T 

3r 


(3) 


where  rL  is  the  radius  to  the  outer  surface  of  the  Lth  layer.  Contact 
resistance  between  layers  is  ignored  at  this  time. 


The  above  quantities  are  dimensionless,  normalized  to  the  properties  of 
the  steel  layer.*  Thus  if  the  thermal  conductivity  can  be  written  as 


kL(T)  -  kSLSolcL(T) 


(4) 


where  k^(T)  is  the  dimensioned  thermal  conductivity  of 
is  the  thermal  conductivity  of  the  steel  layer  at  some 
then  for  L  »  1 


k1  (T) 

k^So 


kl(T) 


the  L*-*1  layer  and  k^^g0 
reference  temperature, 


(5) 


and  L  > 


kL(T) 

^So 


kL 
K  o 

- kL(  T) 

*SLSo 


(6) 


*In  the  results  that  follow,  one  of  the  layers  was  steel.  Other  definitions 
or  material  properties  can  be  used  so  long  as  one  is  consistent. 
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The  specific  heat  and  density  are  defined  in  similar  fashion.  Also 


r  T 

r  =  -  ,  T  = -  (7) 

b  Tgas 

where  Tgas  is  initial  gas  temperature,  and  time 

kSLSot 

x  - -  (8) 

pSL,0cs,-0b2 


The  stresses  are  computed  in  the  second  part  of  the  program.  Again, 
finite  differences  are  used.  The  equations  of  compatibility  and  equilibrium 
are  written  at  each  node, 

3°r  1  .  . 

-  +  -  (oLr  -  oLe)  =  0  (9) 

3r  r 


3C9L  j 

-  +  -  (eL0  -  eLr)  =0  (10) 

3r  r 

where  L  identifies  the  layer.  Between  layers,  the  continuity  conditions  for 
radial  stress  and  radial  displacement  must  be  satisfied.  Between  the  L  and 
L+l  layer,  therefore, 


ol'r  =  and  „L  =  UL+1  (11) 

Initial  stresses  may  exist  due  to  fabrication  methods  used  for  the 
multilayered  cylinder,  the  Prandtl-Reuss  equations  are  used  to  relate  the 
incremental  stress  and  strain.  The  assumption  of  plane  strain  is  used.  The 
equations  (9)  and  (10)  are  written  in  finite  difference  form.  Expressions 
relating  incremental  stress  to  incremental  strain  similar  to  those  of  Yamada, 
et  al  [4]  but  including  the  effect  of  temperature  are  used  to  express 
equation  (9)  in  terms  of  the  incremental  strains. 

For  the  computation  of  the  thermal  stresses,  the  new  temperature 
distribution  and  temperature  increments  are  used  at  each  time  step.  As  the 
yield  criterion  is  approached,  the  temperature  increments  are  themselves 
divided  into  smaller  increments  to  maintain  smaller  load  steps. 

III.  BOUNDARY  CONDITIONS.  It  is  important  when  solving  for  the  response 
due  to  firing  pulses  of  these  geometries  to  have  a  set  of  consistent  boundary 
conditions.  For  the  thermal  response,  either  the  temperature  versus  time  on 
the  boundaries  or  the  gas  temperature  and  heat  transfer  coefficients  is 
required  and  for  the  pressure  pulse,  the  bore  pressure  versus  time.  Kovacs 
l 3)  considered  the  transient  temperature  response  for  several  firing  cycles, 
see  Figure  2,  and  did  give  in  his  report  a  complete  set  of  data.  The  data  is 
based  on  a  program  relying  on  empirical  information  for  heat  flux  and  applied 
to  a  large  caliber  weapon  with  chrome  plating.  It  was  felt  that  the  heat 
transfer  coefficients  generated  would  apply  to  a  steel  monobloc  tube  or  to  a 
multi-layered  tube  where  the  steel  layer  was  at  the  bore.  Lacking  better 
input,  however,  the  data  was  used  in  all  cases. 
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Future  plans  include  the  incorporation  of  an  initial  program  for  the 
purpose  of  analytically  computing  the  heat  transfer  coefficients  for  the 
designated  multilayer  properties.  The  problems  encountered  in  comparing 
responses  of  different  multi-layered  designs  would  then  be  alleviated. 

IV.  RESULTS.  Several  runs  have  been  made,  mainly  to  show  the  different 
problems  that  can  be  accommodated  by  the  computer  program.  Once  a  geometry 
has  been  chosen,  either  monobioc  or  multi-layer,  and  the  material  properties 
found,  the  first  part  of  the  program  can  be  run  for  temperature  response 
versus  time.  One  can  look,  at  both  the  temperature  distribution  throughout  the 
tube  wall  and  the  change  In  bore  temperature  In  time.  If  a  firing  cycle 
consists  of  a  number  of  firing  pulses  and  pauses,  the  bore  temperature  can  be 
monitored  in  time.  If  stresses  are  required,  the  temperature  distributions  at 
each  time  step  are  saved  in  a  file  which  is  subsequently  used  as  Input  to  the 
second  part  of  the  computer  program.  These  temperature  distributions  are  used 
to  compute  the  thermal  stresses.  The  associated  stress  pulse  can  also  be 
applied  to  the  tube,  either  by  itself  for  a  mechanical  response  or  with  the 
thermal  loads  for  a  combined  response.  As  mentioned  before,  however,  the 
thermo-mechanical  problem  is  considered  to  be  uncoupled.  If  the  distortion 
energy  criterion  is  satisfied,  then  an  incremental  therrao-elastic-plastic 
analysis  will  be  performed.  It  should  be  noted  that  while  some  examples 
showing  elastic-plastic  response  are  presented,  the  loading  generated  from  the 
data  of  Ref.  [31  was  not  of  sufficient  magnitude  to  cause  this  and  the  stress 
pulse  was  Increased  to  cause  the  program  to  perform  a  plasticity  solution.  If 
the  problem  Is  more  realistically  modeled  with  material  properties  and  yield 
strength  a  function  of  temperature,  it  may  not  be  necessary  to  artlfically 
induce  thLs  type  of  solution. 

Figure  3  shows  the  result  of  the  problem  of  thermal  response  due  to  the 
heat  pulse  for  a  monobloc  tube.  The  response  to  a  single  pulse  is  shown  for 
different  time  increments.  An  important  function  of  this  type  of  analysis  is 
to  be  able  to  predict  hore  temperatures  under  various  firing  cycles  and  for 
long  firing  periods.  Being  able  to  use  coarser  time  increments  allows  the 
prediction  of  bore  temperatures  for  longer  periods.  Figure  4  shows  the 
response  of  a  monobloc  tube  for  about  five  cycles. 

Table  t  shows  the  properties  for  tile  multi-layered  geometry  chosen.  The 
liner  is  a  tantalum  tungsten  alloy  (Ta-lOW)  with  a  steel  jacket.  The  bore 
diameter  is  3.351  Inches,  the  outside  diameter  is  5.6  inches,  and  the 
interface  diameter  is  4.1  Inches.  The  properties  are  assumed  constant  in 
temperature  but  a  variation  in  temperature  is  allowed.  Figures  5  and  6  are 
equivalent  to  Figures  3  and  4  for  a  multi-layered  tube.  Figures  7  and  8  show 
the  stress  response  of  a  monobloc  tube  to  a  stress  pulse  and  a  thermal  pulse, 
respectively.  It  should  be  noted  that  most  of  these  results  show  the  effect 
at  the  bore.  During  the  early  stages  of  the  response,  there  Is  little  effect 
on  the  rest  of  the  tube. 

Figure  9  shows  the  stress  response  of  a  multi-layered  cylinder  (Ta-10W/ 
Steel).  The  material  behavior  Is  assumed  to  be  elastic.  The  change  in  the 
tangential  stress  at  the  bore  with  time  i3  shown  for  the  stress  pulse  (M 
curve)  and  for  the  temperature  distributions  (T  curve).  The  combined  curve 
shows  the  computed  stresses  due  to  both  the  thermal  and  mechanical  loading. 
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TABLE  1 .  MATERIAL  PROPERTIES  OF  MULTI-LAYERED  CYLINDER 

LINER:  TA-10W 

JACKET:  STEEL 
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(M)  Mechanical  Loading 
(T)  Thermal  Loading 


Figure  0,  Bore  Stress  vs  Time, 

Elastic  Response ,  Multilayered  Cylinder 


Since  only  elastic  behavior  occurs,  however,  the  same  combined  loading  curve 
could  be  arrived  at  by  assuming  the  results  for  the  individual  loads. 

An  elastic-plastic  response  due  to  the  applied  pressure  pulse  is  shown  in 
Figure  10.  The  curve  labeled  pressure  Is  actually  the  radial  stress  at  the 
bore,  or,  and  the  pressure  should  be  |ar|.  The  other  three  curves  are  the 
response  of  a  monobloc  steel  tube  and  two  multi-layered  systems,  a  Ta-lOW 
liner  with  a  steel  jacket  and  a  steel  liner  with  a  Ta-lOW  jacket.  The  figure 
shows  mainly  the  effect  of  the  elastic  modulus  of  the  materials.  The  Ta-lOW 
liner,  having  a  modulus  approximately  one  third  less  than  steel,  transmits  the 
load  towards  the  interior  of  the  tube  better  than  the  other  configuration 
which  has  a  more  rigid  liner.  Figure  11  was  included  just  to  show  that  the 
stresses  throughout  the  wall  thickness  are  computed.  The  figure  shows  the 
response  of  a  Ta-lOW  liner/steel  jacket  cylinder  to  combined  thermo-mechanical 
loads. 


Figure  12  shows  the  elastic  response  due  to  thermo-mechanical  loads  in  a 
multi-layered  cylinder  with  a  steel  liner  and  Ta-lOW  jacket.  Figure  13  shows 
the  thermo-elastic-plastic  response  for  the  same  configuration.  The  radial 
stress  and  the  tangential  stress  at  the  bore  are  shown  as  the  change  in  time. 

V.  CONCLUSIONS.  The  above  results  are  an  indication  of  the  type  of 
problems  to  which  the  computer  program  can  be  applied.  Several  layers  can  be 
handled  and  for  the  two  layer  geometry  initial  stresses,  due  to  interference 
fits  (for  fabrication  reasons)  can  be  calculated.  In  either  program  part,  the 
properties  can  be  considered  as  a  function  of  temperature.  While  the  program 
does  not  have  the  full  responsibility  of  a  general  purpose  finite  element 
program,  for  the  allowed  geometry,  a  wide  variety  of  behavior  can  be  examined. 
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ABSTRACT:  Of  concern  here  is  the  question  of  convergence  of  computed 
solutions  of  integral  equations  with  principal  value  integrals  Using 
the  Jackson  Theorem  on  "best  approximation"  and  an  estimate  for  the  norm 
of  the  inverse  matrix  of  the  discretized  system,  it  is  shown  that  a 
direct  method  of  solution  based  on  collocation  yields  convergence. 

1 .  Introduction 

In  this  paper,  we  consider  the  question  of  convergence  of  interpolatory 
polynomials  interpolating  the  numerically  computed  approximate  values  of 
the  solution  of  the  singular  integral  equation 

(1.1)  Tg  =  a  g(s)  +  ^  +  xf  K(s,t)g(t)dt  =  f(s) ,  -1  <  s  <  1 . 

"J-i  c_s  J-l 

Such  integral  equations  arise  in  the  mixed  boundary  value  problems  of  solid 
and  fluid  mechanics,  and  are  solved  frequently  using  direct  methods  based 
on  quadrature  and  collocation.  Of  concern  here  is  a  method  proposed  by 
Krenk  [4],  which  consists  of  Gauss-Jacobi  quadrature  and  collocation  at 
zeros  of  a  suitable  Jacobi  polynomial,  after  g(t)  has  been  replaced  by 
w(t)y(t),  where 

(1.2)  w(t)  =  (l-t)a(l+t)8. 

The  exponents  ot,B  are  determined  by  the  index  of  the  equation,  which  is 
either  1,  0  or  -1.  In  this  paper,  we  consider  only  the  index  1  for  which 
a  +  B  =  -1,  a  =  -a,  where  a  is  given  by  the  equation 

(1.3)  COt(a  tt)  =  (a/b),  0  <  a  <  1. 

The  solution  of  (1.1)  is  not  unique.  Usually,  the  equation  (1.1)  is 
augmented  by  an  additional  condition  of  the  form 

1  f1 

(1.4)  ±  g(t)dt  =  N. 

*  J-l 

Let  Wj  and  wj  respectively,  denote  the  weights  of  the  classical 
Gaussian  quadrature,  using  the  zeros  (tj)  and  (sj)  of  the  polynomials 
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k— 'J_1)(x)  and  pn-11a)(x)  - 

(The  weight  corresponding  to  the  zeros  {xj  of  pia,B^(x)  are  given  by 
Szegtt  ([7],  p.  352)  as  v 

for  a  >  -1 ,  8  >  -1 .) 


For  the  approximate  solution  of  (1.1),  quadrature  and  collocation 
yield  the  equations 


(1.5) 


3  i  wi 
j=l  J 


yjiil 

Vsk 


n 

+  x*  l  w.K(s.  ,t.)y(t.)  =  f( 
j=l  J  k  J  J 


k  =  1 ,2, . . . ,n- 


n 

(1.6)  l  w.y(t.)  =  N. 
j=l  J  J 

The  method  is  an  extension  of  the  popular  Erdogan-Gupta  method  [1] 
for  dealing  with  the  integral  equations  of  the  first  kind,  i.e.  with  a  =  0 
In  [4],  it  is  argued  that  if 


and  <5n(x)  0  uniformly,  then  en  0  uniformly.  However,  Stewart  [6]  has 

shown  that  uniformity  is  not  enough  to  interchange  limiting  processes 
involving  singular  integrals.  We  are  able  to  prove  convergence  for  the 
problems  in  which  y(t)  e  C3[-l,l]  and  K(s,t)  is  equally  smooth,  with  x 
sufficiently  small.  For  simplicity,  we  describe  only  the  case  x  =  0. 

The  paper  is  organized  as  follows:  In  Section  2,  we  derive  an 
estimate  for  the  norm  of  the  inverse  matrix  of  the  system  of  equations 
(1.5),  (1.6).  In  Section  3,  using  Jackson's  theorems  on  "best  approxi¬ 
mation"  and  the  properties  of  the  Lebesgue  constants  on  Jacobi  nodes,  we 
prove  the  convergence  of  the  sequence  of  interpolatory  polynomials  to 
the  solution  of  the  integral  equation.  Finally,  in  Section  4  we  show 
that  a  "natural  interpolant"  also  converges  to  the  solution  of  the 
Integral  equation. 


2.  Norm  of  the  Inverse  Matrix 


It  has  been  shown  by  Gerasoulis  and  Srivastav  [2],  that  the  coeffi¬ 
cient  matrix 


(2.1)  An  =  (ai j)  =  b  Wj/ (tj~s j ) , 


i  =  1 ,2,. . .  ,n-l ;  j  =  1 ,2,. . . ,n 


a 


nj 


has  the  inverse 


j  =  1 ,2, . . .  ,n 


a 


(2.2)  A”  *  (b^ j )  ■  b  Wj/{ (a2+b2)(t.-Sj)} ,  j«l,2 . n-1;  1  *  1,2,... 

b^n  =  1  ,  i  *  1,2,. ...n. 

Observe  that 

(2.3)  A;'  .  D  aJa, 

where  D  and  a  are  diagonal  matrices,  whose  elements  d,6ik  and  xi5ik  («ik 
Is  the  Kronecker  delta)  are  given  by  J  J  J  J  J 

d .  =  1/w.,  x.  =  w^/(a2+b2),  j  x  1 ,2 . n-1 

(2.4)  J  J  J  J 

dn  "  ,/wn’  xn  =  ’• 

Now,  let  An  =  QC  where  Q  is  non-singular  and  C  is  non-singular, 
diagonal.  This  decomposition  is  not  unique.  A  routine  calculation  gives 

(2.5)  Q"1  -  (CDCT)QTa. 

C  is  now  chosen  so  that  (CDCT)  is  reduced  to  the  identity  matrix. 

The  elements  of  C  are  simply  w!*-  ||Q_1||  is  the  spectral 
radius  of  the  matrix  3 

(Q’Vq-1  -  AQQ'1  =  A. 

Hence, 

IIQ-’ll  ■ -xllwjlj.,.* . 

From  the  inequality 

SIa-1  ||  <-  nc-1!!  iiq-’h 

it  follows  that 

(2.6)  ||A"1||  s  max  |w.|"\iax(  max  Iw^*5,  1). 

n  l<j<n  J  J 

In  a  similar  way,  noting  that  A  =  A-1  (A-1)TD_1 ,  it  can  be  shown  that 

(2.7)  |i A  1 1  S  max  |w.|l'amax(  max  | wt | "*a,  1). 

l^j^n  3  l<j<n-l  3 

In  the  special  case,  a  =  e  =  -h,  which  corresponds  to  a  =  0,  b*l, 
we  have  Wj  =  1/n,  w^  =  n‘1sin2(Tr/n) .  Then  (2.6)  and  (2.7)  reduce  respec¬ 
tively  to 

(2.8)  HA'1 1|  <_  /n 

(2.9)  || A  ||  i  cosec(n/n) . 


It  has  been  shown  in  [5]  that  in  this  case, 
n  />-!  ii  _  rz 


||AJ|  =  cosecU/n). 

Hence,  in  the  general  case,  there  does  not  seem  to  be  much  room  for 
improvement  in  the  estimates  (2.6)  and  (2.7). 

The  asymptotic  properties  of  the  classical  polynomials  given  by 
Szegd  ([7],  p.  238)  may  be  used  to  derive  an  upper  bound  for  the  right- 
hand  sides  of  (2.6)  and  (2.7).  By  definition. 


r(n+l) 

in 

[")  V 

r(n-a+l ] 

in 

[n+a) 

Since  tj  =  cos(n_1[jir  +  0(l)]},  where  0(1)  represents  terms  uniformly 
bounded  for  all  values  of  j  =  l,2,...,n,  and  for  positive  zeros, 

(2.11)  |pf1“°’a“1),(tj)|  s  0(l)ja"3/2n'o+2, 

using  the  Stirling  formula  for  the  Gamma  functions  and  the  inequality 
sin2x  s  x2,  we  can  show  that 

(2.12)  Jw.r1  *  0(1 )n2"2a  if  2a  <  1 

J 

(?  lw  r1  <  if  1 


(2.13)  |w.r  ^  0(1  )n  if  2o  >  1. 

J 

Similarly,  for  negative  zeros,  since  these  are  the  positive  zeros  of 

p(o-l  ,-o)(x) ,  ,jt  can  be 

(2.14)  |w J"1  <  0(l)n2a_1  if  2a  >  1 

J 

(2.15)  IwJ'1  <  0(1)  if  2a  <  1. 

J 

Hence 

(2.16)  max  |w.|~2  <  0(l)np,  p  =  max(l-o,^), 

UJ<n  J 

and  consequently  (see  [7],  p.  355  for  a  bound  of  wp 

(2.17)  || A”1 1|  -  0(1  )np,  p  =  max(l-aA). 

||An||  can  be  similarly  estimated. 

3.  The  Interpolator  Polynomial 

The  equations  (1.5),  (1.6)  are  approximate  because  the  quadrature 
error  has  been  neglected.  Let 

y  =  Cy(t1 ) ,  y(t2),  ....  y(tn)]T 

y'  =  Cy~( t-, ) ,  y~(t2),  ....  y-(tn)]T. 
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if  2a  >  1 

if  2a  <  1. 


p  =  max(l-aA). 


Instead  of  solving 


V  °  fts 

we  solve 

V" =  f- 

Hence , 

II y-y- II  <-  IIA-’ll.lUIL- 

Since  IIA^Ij^  i  /n  ^ ^n1  H 2 *  1  c  ^oll®”5  that 

(3.1)  ||j-r||,  s  /n  ||A‘,||2||t||_  =  cn  (say). 

Now,  let  wn_i(t)  and  «/n_-|(t)  denote  the  polynomials  interpolating  y(tj) 
and  y'(tj),  respectively.  Then 

(3.2)  l|y(t)-^.1(t)|L<-  lly(t)-{/n.1(t)||ee  +  11^(0 -^(tJIL. 

For  a  given  f,  let  En_](f)  denote  the  error  of  "best  approximation"  by  a 
polynomial  of  degree  n-1  and  let 

(3.3)  a  =  max  \  |*  .(t)| , 

n  -l<t<l  j=l  3 

where  Hj(t),  j  =  l,2,...,n  are  the  Lagrange  polynomials  for  the  Jacobi 
nodes  (tjl.  The  first  term  on  the  right  hand  side  of  (3.2)  is  the  error 
of  interpolation  using  the  true  values  of  y(t),  and  cannot  exceed 
En_i (y)(l+xn) •  For  the  second  term,  we  note  that 

vi(t)-^-i(t)  =  X|>(tj)'r(V]tj(t) 

J  * 

and  hence  its  supremum  is  bounded  above  by  cnAn  [cf.  (3.1)].  The  error 
of  Gaussian  quadrature  is 


(3.4) 

IML  1  »* 

where 

(3.5) 

b 

p  -  — 

[  w(x)dx 

IT 

'-I 

and 

(3.6) 

EJ-1(F>  * 

max  [E  ,F(x 
l<k<n-l  n_l 

,skn 

where 

,  x 

t  s 

(3.7) 

F(x,s) 

=  • 

|  x  -  s 

i  .  .  . 

y’(x)  ,  x  =  s. 
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Summing  up  the  above  results,  we  get  the  inequality 

(3.8)  ||y(t)  *  O+Xn)CEn.1(y)  +  0(l)E*_1(F)nP+,s] 

From  Jackson's  theorem  on  "best  approximation,"  if  f  e  Clc+H-l*l]*  then 
E|j-l(f)  *  0(n'k"‘).  Moreover,  An  =  0(1),  0{log  n)  or  0(n5s'°),  respec¬ 
tively  for  a  >  a  *  h  and  o  <  h.  Hence,  it  is  sufficient  for  the 
convergence  of  the  sequence  y~_^  that  y  belongs  to  C3[-l,l]. 

Remark:  The  above  analysis  can  be  easily  extended  to  deal  with 
y  e  C2[-1,l]  and  y"  satisfying  an  appropriate  Lipschitz 
condition  using  Jackson's  theorem  in  that  form. 


4.  The  "Natural"  Interpolant 

For  cot  ait  =  (a/b),  w(t)  =  (l-t)'0(l+t)0'1  and  A  =  0,  the  equation 
(1.1)  may  be  written  in  the  form 


(4.1) 


■’  w(t)  xlihjrtsl  at  .  f(s), 
-1  t_s 


-1  <  s  <  1. 


Using  the  Gaussian  integration  formula,  we  obtain  the  equation 
/  n  w.y'(t.)  n  w.  ^ 

(4.2)  b  l  -  y*(s)  l  =  f(s),  -1  <  s  <  1. 

(j=l  Vs  j-1  j  Sj 

The  asterisk  indicates  that  it  is  an  approximation  to  y(s) 
Furthermore, 

and 

1.  x  b  n-1  w*f(5<> 

*  /  X?\  Af>  W 


(4.3)  *  J  cosec 


(4.4)  r(V  -  A-'(f)  =  I  -j-5-  . 

J  1  '  J 

(4.2),  (4.3)  and  (4.4)  together  yield  the  equation 

b/sin2  a*)  n;1  w?ftsk^  ' 

(4.5)  y*(s)  -  -  -■'vV  -1  J,  - 


Recall  that 

p}“°,°"i)(s)  =  !^s  +  yi-2o). 

Thus,  for  a  =  h,  it  reduces  to  the  expression  for  the  Gauss-Chebyshev 
nodes  ([3], [5]). 

Annalytically, 
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(4.6) 


y(s)  =  N  +  i4Syf(s)(l-s)a(l+s)1-a 


■  y  b  f1  (l-t^Q+t^ftodt 
tr(a2+b2)J_-|  t-s 

If  the  integral  in  (4.6)  is  replaced  by  Gauss-Jacobi  quadrature,  the 
resulting  expression  is  y*(s).  The  convergence  of  the  "natural"  inter- 
polant  is  tantamount  to  the  convergence  of  the  Gauss-Jacobi  quadrature. 

Once  again,  using  the  theorems  on  "best  approximation"  if  f  e  C1 [-1 , 1 ] 
and  f'  satisfies  the  Lipschitz  condition,  it  can  be  shown  that  y*  converges 
uniformly  to  y. 


The  interpolatory  polynomial  yn_i(t)  can  be  expressed  as  follows: 
b  n;I  w*f(s.)(P*‘0,0‘1)(t)  - 


<4-7>  c.-l) 

J  Kr 

After  some  simplification,  we  find  that 


(sj)(t_sj) 


(4.8)  yn.,(t)-y*  -  0(1) 

where 


p(-o,a-l)(t) 

— 1 — T \ - 0_  ( t) 

Pn-l’1~Cr)(t) 


«n(t) 


n-i  f(t)-f(S()  p‘°;'",)(t) 

=  y  w*  — - - J-  .  -7p.“L-  — 

j=i  j 


is  the  error  of  interpolation  to  f(t)  at  the  zeros  of  Pn-t  "a  (t).  It  is 
quite  likely  that  a  careful  analysis  of  (4.8)  may  give  weaker  conditions 
for  the  uniform  convergence  of  y  -|  to  y. 
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ABSTRACT .  In  solving  mixed  boundary  and  initial  value  problems  of  a 
second  order  partial  differential  equation  using  spline  functions,  the 
computation  may  be  simplified  considerably  if  the  variable  in  time  can  be 
truncated  into  arbitrary  sections.  Each  section  may  have  several  node  points 
for  the  spline  functions  in  the  time  domain.  This  is  true  because  we  found 
from  a  previous  paper  (1]  that  the  initial  value  problem  can  be  solved  in  one 
direction  using  variational  principle  and  cubic  Hermite  Polynomials,  without 
worrying  about  the  conditions  at  the  other  end. 

The  end  conditions  of  the  adjoint  system  can  be  adjusted  according  to  the 
end  conditions  of  the  original  system  so  that  the  bilinear  concomitant  is 
identically  zero.  This  satisfies  the  variational  principle.  A  bilinear  form 
of  the  original  and  adjoint  variables  is  employed  in  determining  the 
coefficients  of  the  variations  of  the  functions  and  their  first  derivatives. 
There  is  no  term  involving  the  variations  of  any  higher  derivatives.  A 
bicubic  Hermite  Polynomial  spline  function  will  be  used  which  gives  continuity 
in  the  function  and  first  partial  derivatives  in  space  or  time,  together  with 
the  mixed  first  partial  derivative  in  space  and  time.  Algorithm  and  procedure 
of  computation  are  given. 

I.  INTRODUCTION.  This  paper  is  concerned  with  the  use  of  variational 
principles  to  solve  a  mixed  boundary  and  initial  value  problem.  From  a 
previous  paper  [lj  we  understand  that  the  far  end  conditions  are  not  imposed 
for  solutions  in  an  initial  value  problem.  This  implies  that  the  boundary 
value  problem  can  be  solved  in  strips  of  arbitrarily  chosen  intervals  of  time. 
The  size  of  the  computation  can  be  reduced  substantially  if  the  time  interval 
taken  is  sufficiently  large  and  number  of  strips  small.  This  depends,  of 
course,  on  the  accuracy  of  the  method. 

A  procedure  can  be  obtained  for  a  recursive  relationship  in  the  time 
domain,  where  the  final  conditions  of  first  strip  can  be  regarded  as  initial 
conditions  of  the  second  strip.  These  recursive  solutions  can  be  obtained  by 
using  variational  principles  with  the  aid  of  the  bicubic  Hermite  polynomial 
spline  functions  as  finite  elements. 

II.  ESTIMATION.  A  dynamical  system  can  be  modeled  by  the  following 
partial  differential  equation. 


L(0  ya(C)  -  -QU)  (1) 

with  appropriate  boundary  and  initial  conditions.  In  the  above  equation  L  is 
a  linear  operator,  in  both  spatial  and  temporal  domain,  ya  is  the  dependent 
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variable,  Q  is  a  forcing  function  and  c  represents  all  Independent  variables, 
both  spatial  and  temporal. 

The  inner  product  <  >  of  an  adjoint  forcing  function  Q  and  the  solution 
(ya(0)  of  Eq.  (1)  can  be  used  for  the  purpose  of  estimation.  This  inner 
product  is 

Glyal  “  <Qya>  (2) 

The  estimate  y  which  differs  from  the  actual  solution  ya  of  Eq.  (1)  by  an 
Increment  5y  can  be  written  as 


-  y  -  ya 


(3) 


Then  the  estimate  y  becomes 


Glyl  *  G[ya  +  6y 1 

■  <Q»  (ya+6y)> 

“  G[ya)  +  <Q,6y>  (4) 

which  is  in  error  to  first  order  in  Sy  and  Q.  This  is  undesirable  because  the 
error  depends  on  the  variation  6y  which  is  supposed  to  be  arbitrary.  Thus  the 
estimate  will  not  be  accurate. 

HI.  THE  VARIATIONAL  PRINCIPLE.  A  more  accurate  estimate  can  be  made  by 
constructing  a  variational  principle  (2j  for  Eq.  (2).  By  using  the  adjoint 
variable  y  as  a  Lagrange  multiply  for  Eq.  (1)  added  to  G[y]  we  have 

Jly.yl  -  Gly]  +  <y,(Q+-Ly)> 

=*  <Q,y>  +  <y,Q>  +  <y,Ly>  (5) 

In  order  that  J  be  a  variational  principle  for  G  the  following  requirements 
must  be  satisfied. 

(a)  J  is  stationary  about  the  function  ys  which  satisfies  the  relation  in 
Eq.  (1). 

Lys  “  "Q  (6) 

(b)  The  stationary  value  of  J  deduced  from  Eqs.  (2)  through  (5)  is 

Jty.y]  -  G[ys]  ♦  G[ya]  (7) 

Consider  first  the  stationarity  of  J  by  taking  the  variation  of  Eq.  (5) 
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<SJ  »  <Q,6y>  +  < y , Q>  +  <5y,Ly>  +  <y,L6y> 

■  <6y,(Ly+Q)>  +  <6y,(Ly+Q)> 

-  <6y,Ly>  +  <y,L6y>  =  0,  (8) 

We  will  make  an  effort  later  to  Impose  certain  conditions  in  order  that 
the  following  equality  holds: 

<y,LSy>  =■  <6y,Ly>  (9) 

where  L  is  the  adjoint  operator. 

By  combining  Eqs.  (8)  and  (9)  one  obtains 

5J  ■  <Sy,(Ly+Q)>  +  <6y,(Ly+Q)>  *  0  (10) 

Since  the  variations  6y  and  6y  are  arbitrary  it  leads  to  the  requirement  that 
the  stationary  values  ys  and  ys  must  satisfy 

Lys  -  -Q  (11) 

Lys  -  -Q  (12) 

Since  Eq.  (11)  is  the  same  as  Eq.  (6)  therefore,  J  is  stationary  about  the 
function  ys. 

Equation  (12)  is  the  adjoint  equation  in  terms  of  the  adjoint  operator  L, 
the  adjoint  variable  y,  and  the  adjoint  forcing  function  Q. 

It  is  noted  that  6J  in  Eq.  (10)  vanishes  and  is  independent  of  the 
arbitrary  variations  <5y  and  6y,  in  contrast  with  Eq.  (4),  where  6G  is  in  error 
to  the  first  order  in  6y.  By  using  6j  instead  of  6G  one  can  claim  that  the 
estimate  is  more  accurate  and  free  from  the  arbitrary  variations. 

Using  the  relationship  in  Eq.  (11)  the  stationary  value  of  J  from  Eq.  (5) 
is 

Jlys.ysl  “  <Q»ys>  +  <ys,Q>  +  <ys»Lys>  *  G[ ys]  (13) 

Since  J  is  stationary  and  6j  *  0,  then 

Glys]  *  G[ya]  (14) 

which  is  the  requirement  given  in  Eq.  (7). 

It  is  noted  that  Eq.  (10)  contains  no  boundary  terms  to  be  satisfied. 

This  bears  an  important  point  in  the  future  discussion. 
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IV.  BILINEAR  CONCOMITANT.  We  will  find  out  the  conditions  for  the 
assumed  equality  in  Eq.  (9)  to  be  true.  Let  us  consider  the  following 
bilinear  concomitant  [2]: 

D  =  <y,Ly>  -  <y,Ly>  (15) 

The  above  expression  can  be  integrated  in  two  different  ways  and  can  also 
be  written  in  terms  of  boundary  conditions  and  initial  conditions.  It  is 
assumed  that  these  boundary  conditions  are  assigned  in  such  a  manner  that  the 
above  bilinear  concomitant  is  identically  zero  for  all  independent  variables, 
i .e. , 


D  i  0 

(16) 

Then  the  first  variations  of  D  also  vanish. 

6D  “  6D(6y)  +  6D( 5y)  «  0 

(17) 

Since  6y  and  <Sy  are  independent  of  each  other,  then 

6D(6y)  =  <6y,Ly>  -  <y,LSy>  »  0 

(18) 

<SD(  6y)  *  <y,L6y>  -  <6y,Ly>  “  0 

(19) 

Equation  (19)  is  identical  to  Eq.  (9),  which  is  the  assumed  equality 
previously.  The  implication  is  that  if  Eq .  (16)  is  true  then  Eq.  (9)  or  (19) 
is  automatically  true. 

Since  Eq.  (15)  can  be  expressed  in  terms  of  some  Integrals  involving 
boundary  conditions,  Eq .  (16)  can  be  true  if  these  boundary  conditions  are 
satisfied.  The  next  section  will  discuss  integral  of  bilinear  expression  and 
its  boundary  conditions. 

V.  INTEGRAL  OF  BILINEAR  EXPRESSION.  The  integral  of  a  bilinear 
expression  for  a  two  dimensional  second  order  problem  in  space-time  can  be 
written  as 

*b  tb 

I  =*  /  /  ij4y(x,t)  ,y(x,t)  ]dt  dx  (20) 

xo  t0 

where  [ y , y ]  is  a  given  bilinear  expression  in  the  form 

’My.y]  -  ayty t  +  syty  +  yyyt  +  *yxyx  +  wyxy  +  yyyx  +  eyy  (21) 

The  subscripts  t  and  x  indicate  the  partial  derivatives  of  the  function  y  ai.  1 

y  • 


Equation  (20)  can  be  integrated  by  parts.  Two  different  forms  of 
integration  and  end  conditions  can  be  obtained.  The  first  form  of  the 
integral  is 


xb  tb  _  xb  _  tb  tb  -  xb 

I  =  -/  /  yLydtdx  +  /  (ayt+yy)y|  d x  +  /  (iyx+vy)y|  dt  (22) 

xo  to  xQ  tQ  t0  Xo 

which  is  obtained  by  integrating  by  parts  on  the  adjoint  variable.  On  the 
other  hand,  we  can  perform  integration  on  the  original  variables  to  give 

xb  tb  __  xb  -  tb  tb  xb 

i  =  -/  J  yLydtdx  +  /  (ayt+3y)y|  dx  +  /  Uyx+uy)y|  dt  (23) 

X0  t0  Xq  t0  t0  x0 

where 

Ly  =  (ayt)t  -  3yt  +  (yy)t  +  Uyx)x  -  yyx  +  (vy)x  -  £y  (24) 

and 

Ly  -  (ayt) t  +  (3y)t  -  Yyt  +  Uyx)x  +  (uy)x  -  vyx  -  Ey  (25) 

For  a  two  dimensional  second  order  system  in  space-time  domain,  Eq.  (15) 
becomes 

xb  tb  _  xb  tb  — 

D  =  /  /  yLydtdx  -  /  /  yLydtdx  (26) 

x0  t0  xQ  t0 

By  equating  Eqs.  (22)  and  (23)  and  solving  for  D  in  Eq .  (26)  we  are  converting 
the  double  Integral  into  two  simple  integrals  in  terms  of  the  boundary 
conditions. 

We  can  express  the  quantity  D  as  the  sum  of  two  parts  and  D2  as 

D  «  D!  +  D2 

The  terms  in  D[  involve  the  initial  conditions  of  y  and  y  as 

xb  -  -  -  - 

Di  =  /  (ab(ytbyb-ytbyb>  -  ^(ytoyo-ytoYo) 

*0 

+•  (Yb-6b)ybyb  -  ( Y0-B0)y0yo )dx  (27) 

The  terms  in  D2  involve  the  boundary  conditions  of  y  and  y  as 

tb  -  -  -  - 

»2  a  I  (Myxbyb-yxbyb)  -  *o(yXoyo-yXoyo) 


+  (vb-^b)^^  -  ( vo-b0)y0yo}dt 


(28) 


In  order  that  D  =  0  in  Eq.  (16)  it  requires  that 

DX  =  0  (29a) 

and 

D2  i  0  (29b) 

VI.  END  CONDITIONS  FOR  THE  ADJOINT  SYSTEMS.  We  may  take  four  different 
cases  in  discussing  the  end  conditions  for  the  adjoint  systems  in  order  to 
satisfy  the  requirements  in  Eqs.  (29). 

(a).  The  Wave  Equation:  In  this  case  Eq.  (24)  becomes 


Ly  *  (ayt)t  +  (4yx)x  -  0  (30) 

and  the  coefficients  are 

Yb  '  8b.  Y0  -  60,  ^  =  Vb»  vo  *  v0 

<*b  *  0,  aQ  *  0,  4b  *  0,  and  lQ  *  0  (31) 

Let  us  assume  that  the  adjoint  variables  are 

Yb  “  kyQ,  y0  =  kyb  (32) 

ytb  *  -«b"laokyto,  yto  -  -ao_1%kytb  (33) 

yXb  =  -Vl4okyxo  and  yxo  -  -*o-ltbkyxb  (34) 

where  k  is  constant. 


The  above  boundary  values  satisfy  the  requirement  that  «  D2  •  0  in 
Eqs.  (27)  and  (28).  Thus  it  also  satisfies  Eq.  (16)  that 

D  s  0 

(b).  Heat  Equation:  In  this  case  Eq.  (24)  is 

Ly  »  -Byt  +  (Yy)t  +  (lyx)x  *  0  (35) 

and  the  coefficients  are 


Vb  » 

Mb. 

v0  ■  Vo. 

«b  - 

o. 

*0 

-  0 

Yb  * 

8b, 

Yo  *  80, 

lb  * 

o. 

*  0 

(36) 

Let  the  adjoint  variables  be 

yb  “  (Yo“Bo)ky0,  yo  “  ( Yb"^b)^yb  (37) 

yxb  “  “lb  l4o(  Yb-Bb)kyXo.  yxo  ”  “lo  * lb( Yo“8o)kyxb  (38) 

We  also  have  ■  D2  ■  0  and  D  =  0. 
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(c).  First  order  partials  of  x  in  Eq.  (24)  are  missing,  i.e., 


vb  “  l*b»  vo  ”  ^oi 

Yb  *  &b.  Yo  *  Bo 

(39) 

Let 

yb  =  (Yo-Bo)kyo. 

y0  =*  ( Yb~Bb)ky0 

(40) 

ytb  =  ~ab~ 1  °o(  Yb“  ^b)  ky  to  * 

yto  *  ~ao~  1(%(  Y0_  60)  kytb 

(41) 

yxb  =  _^b  ^o(Yb-Bb)kyxo, 

yxo  *  ~^o  1  *b(  Yo- Bo^kyxb 

(42) 

We  also 

have  Dj  =  D2  =  0  and  D  =  0. 

(d) 

.  First  order  partial  of  t  in  Eq.  (24)  are  missing. 

Tb  “  @b.  Y0  =  &o» 

\»b  *  Vb,  v0  *  no 

“b  *  0.  ao  *  0, 

lb  *  0,  and  lQ  *  0 

(43) 

Let 

yb  -  (v0-Uo)ky0, 

Yo  3  (Vb-Ub)kyb 

(44) 

ytb  *  -ab_lao(vb-Vb)kyto, 

yto  =  -ao-1ab(v0-yo)>tytb 

(45) 

yxb  53  -4b  1  *o(  wb"Vb)kyXo » 

yxo  3  ~^o  1  ^b(  uo~  lJo)  kyxb 

(46) 

We  also 

have  Dj  =»  D2  =  0,  and  D  =  0. 

From  the  expression  D  =  0  in  Eq.  (15)  we  can  conclude  that  SD  « 

0  in  Eq 

(19)  and  Eq.  (9)  hold,  which  leads  to  the  condition  in  Eq.  (10)  that 


6J  »  0 

for  all  arbitrary  variations  6y  and  6y. 

VII.  FIRST  VARIATION.  Since  the  variations  6y  and  Sy  are  independent  to 
each  other,  the  part  of  6j  in  Eq.  (10)  with  variation  6y  can  be  expressed  as 

xb  tb  -  xb  tb  - 

5j(6y)  «*  /  /  SyLydtdx  +  J  J  SyQdtdx  »  0  (47) 

xo  co  *o  to 

where  Ly  is  given  in  Eq.  (24)  and  contains  second  order  partial  differentials 
in  y.  It  is  intended  to  include  only  first  order  partial  differentials  and 
the  function  y  itself  in  6j(6y).  This  can  be  achieved  by  considering  the 
variation  of  the  bilinear  expression  I  in  Eqs.  (20)  and  (21)  which  gives 

51  -  Sl(5y)  +  5l(5y)  (48) 
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where 


,xb  tb  - 

6i(5y)  *  J  /  l(ayt+Yy)Syt  +  ( Byt+ey+uyx)fiy  +  (*yx+vy)fiyx)dtdx  (49) 

xo  t0 

A  different  version  of  the  above  variation  can  be  obtained  from  Eq.  (22)  as 


xb  -  *b  ,tb 

6l(6y)  “  “J  SyLydtdx  +  J  6y(ayt+Yy)|  dx 

xo  xo  t0 

tb  -  xb 

+  J  5y( fcyx+vy) I  <*t  (50) 

to  x0 

Equating  Eqs.  (49)  and  (50),  solving  for  the  term  containing  integral  for  6yLy 
and  substituting  into  Eq.  (47)  we  have 

xb  -  tb  tb  -  xb 

6j(6y)  -  /  (ayt+Yy)6y|  dx  +  J  (£yx+vy)6y|  dt 
X0  tQ  tQ  Xq 


+  /  /  SyQdtdx 

xo  tQ 


xb  tb  - 

-  J  J  [ayt+ry)6yt  +  ( gyt+ey+Myx) fiy  +  (  4yx+wy)  <5yx]dtdx  -  0  (51) 

xo  to 

This  is  the  key  equation  which  uses  variational  principle  in  solving  a 
mixed  initial  and  boundary  value  problem.  The  above  equation  contains  only 
6y,  6yt,  and  6yx  and  none  of  the  variations  of  higher  derivatives.  The 
dependent  variable  contains  only  y,  yt,  and  yx  and  no  higher  partials. 

VIII.  TRANSFORMATION  OF  COORDINATES.  The  integral  signs  in  Eq.  (51)  can 
be  converted  into  summation  signs  if  discrete  intervals  for  integration  are 
used.  We  may  take  3ome  scale  factors  to  nondlmensionalize  the  problem  by 
giving 


to  “ 

o, 

tb  3 

1 

0  <  t 

< 

1 

(52) 

xo  - 

o, 

xb  - 

1 

0  <  x 

< 

1 

(53) 

Moreover,  Eq.  (51) 

can  be  discretized 

by  letting 

e 

-  Ht  -  i+1 

0  < 

C  <  1 

i 

m 

1 ,2, . . .  ,H 

(54) 

n 

+ 

T-) 

1 

5 

R 

0  < 

n  <  1 

J 

m 

1,2 . K 

(55) 

where  H  and  K  are  number  of  intervals  for  t  and  x  respectively. 
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Thus  the  partial  derivatives  are 


3y 

3y  ^ 

(56) 

y  t  - 

—  at 

3t 

H 

H  “ 

Hy^ 

3y 

3y  ^ 

(57) 

yx  51 

3x  " 

K 

3n  * 

(57) 

then 

leads 

to 

-  K  i  .  tb  i 

6j(5y)  “  y  /  [aHyr^j)  +  yy(i*J)  1 6y(*»J)  I  -  dn 

j  m  1  0  t(j  K. 

+  y  /  [ »J )  +  vy(i»J)]  6yCi»j)  )  -  d£ 

i-1  0  xQ  H 


K  1  H  !  _  i  i 

+  1/(1/  5y(i»J)Q  -  d£}  -  dn 

0  0  H  K 


-  I  j  (  l  /  [(aHytd.j)  +  yy(lJ))H6yr(1»j) 

j-1  0  i-1  ~ 


0 


+  (BHy^d.j)  +  ey(^»j)  +  uKy^*- )  5yd 

+  (JtKynd,j)  +  vy(i.j>)K6ynd.J>]  -  d£}  -  dn  (58) 

H  H 

IX.  GRID  SYSTEMS.  The  (16x1)  vector  Yd,j)  has  a  grid  of  four  (4x1) 
vectors  Yid.J)  through  Y4d»j),  thus 

YU.j)  =>  UY1(1.J>]T  [Y2<i»J>]T  [Y3d,j)]T  [Y4d,j)]T  (59) 

Each  of  the  (4x1)  vector  has  four  components,  consisting  of  the  function,  its 
first  partials  in  both  directions,  and  its  mixed  partial. 
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y(Si.hj) 

y(ti,nj+i) 

y|(5i,nj) 

Y3<i*J>  - 

yc^i.nj+i) 

yn(Ci,nj) 

yn(5i,nj+i) 

yCn^i.nj) 

ytn< 5i,nj+i) 

y^i+i»ij> 

yUi+l.hj+i) 

y^(5i+i,hj) 

Y4^i*J)  - 

yc(Ci+i,nj+i) 

y  t^c  t  i+i » *\) ) 

yn^i+i.^j+i) 

yCn<5i-H,hj) 

ycn^i+i.nj+i) 

If  we  increase  the  row  index  from  i  to  i+1 ,  then  the  grid  point  shifts  down  by 
one  step  and  the  following  holds 

■  Y2^»^  Y3(1+1»J>  -  Y^( i » j )  (61) 

If  we  increase  the  column  index  from  j  to  )+l  then  the  grid  point  shifts  to 
the  right  by  one  step  and  one  obtains 

Yi<1»J+1>  =*  Y3(i»j)  Y2(1»j+1>  -  Y4( i tJ )  (62) 


The  following  diagram  shows  the  relationship  of  the  grid  system. 


Y^i.j) 

Y3(i.J)  -  yJU.J+D 

Y3(iJ+D 

tY(i.J)] 

IyUJ+D] 

Yo( ^ 

Y^(i.j)  -  Y2^l*J+1^ 

YaUJ+O 

i[(l+l.J) 

Y3U+l»j)  -  Y^i+1  »j+D 

^(i+l.J+l) 

(Y(i+l.J)] 

IyU+i.J+D) 

y2(1+i.J) 

Y4U+1,J>  -  Y2(i+1*J+1> 

Y4(i+l,J+l) 

I 


J 
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X.  SPLINE  FUNCTION.  We  may  express  the  variables  y(l»J)  and  6y(i»J)  in 
Eq.  (58)  in  terms  of  the  (1x16)  spline  function  aT(S,n)  and  the  (16x1)  node 
point  function  as  follows. 

y(l,J)(C,n)  -  aT(5,n)Y(i.j)  (63) 

where 

aTU,n)  -  {[a1(C,n)lT  [a2U,n)]T  [a3U,n)lT  [a“U,n)]T}  (6A) 

and 

6y(i,J)(^,n)  -  aT(C,n)6Y<iJ)  (65) 

A  typical  term  for  a  product  can  be  written  as 

6y(  1 » j )y(  1  * j  )  -  [  6Y(i»j)]Ta(  ^,n)a’r(C,n)Y(i*j)  (66) 


XI.  BICUBIC  HERMITE  POLYNOMIAL  SPLINES.  With  the  aid  of  Eq.  (59),  Eq. 
(63)  may  be  expressed  as 

y(i.J)(C,n)  -  (a1(C,n)]TY1(l-»j)  +  (a2U,n)]TY2(1>:)> 

+  la3(5,n)]TY3<1.j)  +  [a4U,n)lTY4U.j>  (67) 

The  bicubic  Hermite  polynomial  spline  is  continuous  in  the  functional  value, 
its  first  partials  in  two  directions,  and  its  mixed  first  partial  in  both 
directions.  The  bicubic  Hermite  polynomial  spline  gives 


d>( C )  <}>( n) 

T 

4>(0  P(n) 

♦  U)  <Kn) 

<KO  p(n) 

<KO  <Kn) 

a3(£,n)  - 

<KO  “(n) 

>K5)  ip( n) 

»KO  m(n) 

_  _ 

_  _ 

T 

p(5)  <|>(n) 
w(C)  $(n) 

a2(C,n)  - 

pa)  <Kn) 
«(5)  i)'(n) 


a4U,n) 


p(0  p(n) 
i»(0  P(n) 
p(C)  u(n) 
w(£)  <o(n) 

(68) 
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where 


6(£)  -  1  -  352  +  2£3  4>£(5)  “  "65  +  6C2 

i|i(C)  -  £  -  2£2  +  £3  6£(5)  -  1  -  4£  +  352 

p(£)  -  3C2  -  253  P£(5)  -  65  -  6£2 

<u(£)  -  -52  +  53  «>£(5)  -  -2 £  +  3£2  (69) 


At  grid  points  (nodes)  the  value  of  £  or  n  takes  the  value  of  0  or  1 
have  —i 


<6(0)  -  1 

O 

R 

O 

6(1)  -  0 

6(1)  1 

<t>£(0)  -  0 

<|>£(0)  -  1 

O 

R 

/■N 

w* 

-e- 

6£(1) 

O 

1 

/— s 

o 

a 

ui(0)  -  0 

p(D  -  1 

o>(l) 

p£(0)  -  0 

015(0)  -  0 

P£(l)  ■  0 

<U£(1) 

Thus  we 


(70) 


It  is  noted  that  the  diagonal  elements  of  the  matrix  are  unity  and  the  off 
diagonal  terms  are  zeroes.  Similar  expression  are  held  for  6(n),  etc.  in 
terms  of  n.  For  example 


6(n)  -  l  -  3n2  +  2n3  ,  etc. 


(71) 


XII,  CONSISTENCY  AT  NODES.  To  show  that  Eqs.  (67)  through  (69)  are 
consistent  at  the  node  points,  we  will  check  only  the  following  cases. 

(1)  For  the  case  5-0  and  n-0,  from  Eqs.  (68)  and  (70)  we  have 

a2(0,0)  -  a3(0,0>  -  a4(0,0)  -  [0  0  0  0] 

a^O.O)  -  [1  0  0  0]  (72) 


(a) 


y(i.J)(£,n)  5_o  *  [akC.rOl^-O  Y^1*^ 
n-0  n-0 

-  [1  0  0  0)Yj(^»'l )  -  y(i»j)(0,0)  (73) 


258 


(b)  y£<*.j)(£,n)  “  (ai^(C,n)IT^«o 

n-0  n-0 


T 

<fr£(5)  4>(n) 

yU*J)(0,0) 

^(?)  4>(n) 

)(0,0) 

<t>£(5)  4»(n) 

yn(i«j)(0,0) 

4>C(5)  4»(n) 

ycn(lj)<°.0) 

e-0 

n-0 

-  [0  1  0  OjY^M) 

-  y€<*»J>(0,0)  (74) 

(c)  y^n<1.j)(C,n)  5»o  *  ta15n(C,n) IT^«o  Y^1*^ 

n=*0  n-0 


T 

415(5)  4>n(r') 

y(i»j>(0,0) 

5;)  4>n<n) 

y^(i»j)(0,0) 

4>?(5)  4<n(n) 

yr)(1»j)(0,0) 

^5(5)  4»n(n) 

y5n(i,j)(0,0) 

5-0 

n-0 

-  [0  0  0  UY^M) 

-  y^n(1»J)(0,0)  (75) 

The  above  expressions  show  that  the  function,  its  first  partial  in  one 
direction,  and  its  mixed  partial  are  consistent  and  continuous  at  the  node 
point  5  -  0  and  n-0. 

(2)  For  the  case  5  -  1  and  n  -  1,  from  Eqs.  (68)  and  (70)  we  have 
a1  ( 1 , 1)  -  a2(l,l)  -  a3(l,l)  -  [0  0  0  0] 

a4(l ,1)  -  [1  0  0  0]  (76) 
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(a)  Thus 


y(1.j)(5,n)  -  ta4(C,n)]T5-i  Y^1*^ 

I  n-l  n-l 

-  [1  0  0  0]Y4(i.j)  -  yClJ)<|,l) 


(77) 


(b) 


y^d-»j)(5,ri) 


5-1 

n-l 


[a4C(5,n)]TC.l  *4(1’j) 

n-l 


p$(5)  p(n) 

T 

y^.JHl.l) 

“>£(5)  p(n) 

y^(l «J )(1 , 1) 

p^(5)  w(n) 

yn(i»^(l,l) 

«?(5)  o>(5) 

5-1 

n-l 

yen(i.J)Od) 

-[010  OlY^i.j)  -  y^d.JJd,!) 


(78) 


(c) 


y£nd»J)(£,n) 


5-1 

n-l 


lAnU,n)]T5.l  *4(1’j) 
n-l 


p?(5)  Pn(n) 

T 

y(1.J)(l,l) 

w5(5)  pn(n) 

y^d.j  )(1 ,1) 

P$(5)  i%,(n) 

yn(1.J)(i,I) 

w?(5)  <*>n(n) 

5-1 

n-l 

ycn^1’^1.1) 

-(000  1]Y4C1,J)  .  yCn(l.j)(l,l) 


(79) 


It  can  be  proved  that  all  the  16  elements  at  four  corners  of  the  grid  are 
consistent.  It  can  also  be  proved  that  the  function.  Its  two  directional 
first  derivatives  and  Its  mixed  partial  are  continuous  at  all  grid  points. 
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XIII.  WAVE  EQUATION.  Let  us  take  a  special  case  for  further  study  of 
the  mixed  initial  and  boundary  value  problems.  We  choose  the  wave  equation 
where  the  parameters  in  Eq.  (24)  are 

f5=*Y  =  U!*v=e“0  (80) 

and  a  ■  const  *  0  (81) 

i  ■  const  *  0  (82) 

Then  Eq.  (24)  becomes 

Ly  -  aytt  +  *yxx  -  -Q  (83) 


Eq.  (58)  is  simplified  to 


6J(6y) 


K  rtU  1  —  tK 

T  —  j  6y(  1  »J  )yc(l  *J  )dn  | 
j-1  K  0  tQ 


H  jk  I  .  xk 

+  1  —  I  5y(i»J)yr^1',^d£| 

i»l  H  0  xQ 


K  H  j  11- 

+  )’  l  —  /  /  6y(i>J)Qd£dn 

j.l  i*i  HK  0  0 


+ 


tt 

l 


J-1 


H 

l 


i-1 


f1  fl  6yc(i*J)yr(l»J) 
0  U  K  * 


J?  V  — 

+  —  6yn(l-»j  )yn(l  »J )  ]  d^dn  *  0 
H 


(84) 


Differentiating  Eqs.  (63)  and  (65),  and  substituting  into  Eq.  (84)  we 


have 


—  K  Qjjj  —  T  i  t|j 

5J(fiy)  -  I  — [SY<i.J>]  J  a( £,n)ar(£,n)dn|  Y^1*^ 

j  m  1  K  0  tQ 

H  _  T  j  xh 

+  l  >)  /  a(C,n)an(C,n)d5|  y(*.J> 

i-1  H  0  Xq 

+  l  l  J1  a(C,n)Q(e,n)dWn 

j«l  i»i  HK  00 

K  H  aH  -  7  1  1 

+  I  I  -CfiYd.J)]/  J  ac(C,n)aCT(C,n)dWr,  Y(i,J) 

j-1  i-1  H  0  0  * 

K  H  ov  —  T  i  i 

+  l  l  — CdYCi.j)]/  /  anU,n)anTU,n)dedn  Y(i*J)  -  0  (85) 

j-1  i-1  H  00 

Eq.  (85)  may  be  written  into  a  different  form  as 

K  T 

Wy)  “  l  («Y(tb.j^P05(tb)Y(tb,J) 

-  I  C«Y(tQ,j)f0c(to)Y<to,j) 
j-1 

H  T 

+  £  [5Y(l»xb^PoI1(xb)Y^i*xb) 

i-1 


H  _  T 

-  £  C6Y(itxo^Pon(x0)Y^i»xo) 

i-1 

K  H  T 

+  l  l  [6yC±,J)1  q(i,j) 
j-1  i-i 

K  H 

-ll  l 6yC i » j ) ] TpC i , J ) yC 1  * j >  -  0  (86) 

j-1  i-1 


It  is  noted  that  the  first  two  terms  involve  initial  values,  the  next  two 
terms  involve  boundary  values,  and  the  last  two  terms  involve  interior 
quantities  within  the  region. 
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Equation  (86)  uses  the  following  notations 


aH  ,1 

p05(cb)  “  —  L  *(  5,n)a{-T(5,n)dn 

s  K  0  s  t-tb 

(87) 

aH  1 

PoC^o)  “  ”  /q  a(£,o)a£T(5,n)dn|^t 

(88) 

IK  1  T 

p0n<xb)  “  “  L  a(£,n)an  (£,n)dC| 

K  0  x**xb 

(89) 

AK  1 

p0n^xo)  ■  —  /  a(C,n)aT1T(5,n)dC| 

K  0  x**x0 

(90) 

aH  IK 

p  •  r  p« +  r  p"'> 

(91) 

P55  -  a5(C,n)a^T(^,n)d5dn 

(92) 

pnn  *  fQ  /g  an^*n^anT^>n^d^dn 

(93) 

q(i,j)  »  L  J1  Jl  aU,n)QU,n)d£dn 

HK  0  0 

(94) 

For  a  given  spline  function,  such  as  bicubic  Hermite  polynomials,  a(£,n) 
is  given  in  Eqs.  (64),  (68),  and  (69).  For  a  given  grid  the  number  of  node 
points  are  known,  so  are  H  and  K.  Thus  Eqs.  (87)  through  (93)  can  be 
determined  and  stored  in  advance.  For  any  given  forcing  function  Q(C,n),  Eq. 
(94)  can  also  be  evaluated. 

The  (16x1)  vector  in  Eq.  (86)  wa9  defined  in  Eq.  (59).  Its 

components  can  be  overlapped  as  given  in  Eqs.  (61)  and  (62),  we  have  found 
previously  that  the  first  term  in  Eq.  (86)  can  be  dropped  because  it  can 
automatically  satisfy  the  final  conditions  for  an  initial  value  problem.  In 
the  second  term  the  function  Y^co»J)  are  known  because  they  are  the  initial 
values.  Although  some  of  the  boundary  values  Y^»xb)  amd  Y^*xo)  are  given, 
most  of  these  terms  are  to  be  determined.  The  entire  problem  is  to  solve  for 
Y^*J)  by  setting  to  zero  the  assembly  coefficients  of  the  individual  elements 
of  5y(*-»J). 

It  is  a  tedious  task  to  assemble  these  coefficients.  These  will  be 
performed  in  the  future  as  a  separate  paper. 
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XIV.  CONCLUSION.  A  bilinear  form  of  the  original  and  adjoint  variable 
is  employed  in  determining  the  coefficients  of  the  variations  of  the  functions 
and  their  first  derivatives.  There  is  no  term  involving  the  variations  of  any 
higher  derivatives.  A  bicubic  Hermite  polynomial  is  used  which  gives  continu¬ 
ity  in  the  functions  and  first  partial  derivatives  in  space  ^r  time,  together 
with  the  mixed  first  derivating  in  space  and  time.  In  solving  mixed  boundary 
and  initial  value  problems  of  a  second  order  partial  differential  equation 
using  spline  functions,  the  computation  may  be  simplified  considerably  if  the 
variable  in  time  can  be  truncated  into  arbitrary  sections.  The  entire  problem 
is  divided  into  several  strips  of  distinct  time  intervals,  each  strip  contain¬ 
ing  mostly  the  boundary  value  problem. 

The  variational  principle  for  spatial  and  temporal  problems  with  boundary 
and  initial  conditions  have  been  investigated.  This  variational  principle  is 
very  general  in  scope  and  can  be  applied  to  many  linear  partial  differential 
equations.  The  principle  is  applicable  if  the  bilinear  concomitant  is 
identically  zero.  This  leads  to  the  requirement  that  a  set  of  end  conditions 
for  the  adjoint  systems  must  be  found  to  satisfy  this  condition.  Otherwise 
the  variational  principle  as  stated  may  not  be  applicable. 

Both  the  wave  equation  and  the  heat  equation  (with  one  dimensional 
spatial  direction)  satisfy  these  variational  principles.  For  future  work  the 
analytic  solution  of  these  equations  using  finite  element  method  will  be 
studied.  The  assembly  of  the  elements  of  the  matrices  involved  in  the 
formulation  will  be  demonstrated.  The  stability  problem  in  numerical 
solutions  on  these  equations  will  also  be  investigated.  This  lays  the 
foundation  for  the  gun  dynamics  problem  to  be  studied  in  the  future. 
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SMOOTHEST  LOCAL  INTERPOLATION  FORMULAS 
FOR  EQUALLY  SPACED  DATA* 


T.  N.  E.  Greville  and  Hubert  Vaughan1 
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ABSTRACT .  Let  a  moving-average  interpolation  formula  for  equally  spaced 

data,  exact  for  the  degree  r,  have  a  basic  function  L  e  C01  1  of  finite 
support  with  L^ra  piecewise  continuous.  Such  a  formula  is  called 
"smoothest"  when  the  integral  of  the  square  of  L^m  over  the  support  of  L 
is  smallest.  If  m,  r,  and  the  support  of  L  are  given,  either  there  is  no 
such  formula  or  there  is  a  unique  smoothest  formula,  for  which  L  is  a 
piecewise  polynomial  of  degree  at  least  r  and  at  most  max(r,  2m  -  1), 
uniquely  characterized  by  certain  conditions  on  the  location  of  its  knots  and 
the  jumps  occurring  there.  A  similar  result  is  obtained  if  consideration  is 
limited  to  formulas  that  preserve  (i.e.,  do  not  smooth)  the  given  data. 


1  .  INTRODUCTION .  Schoenberg  pointed  out  in  1946  [7]  that  a  large  class 
of  local  interpolation  formulas  for  equally  spaced  data  can  be  expressed  in 
the  form 


OO 

vx  =  l  L( x  -  V)yv  ,  (1  .1) 

OO 

where  yv  denotes  a  given  ordinate,  vx  is  an  interpolated  value,  and  L(x) 
is  a  given  function  called  by  Schoenberg  the  basic  function  of  the  interpola¬ 
tion  formula.  This  class  includes  the  numerous  formulas  of  so-called  "oscula- 
tory  interpolation"  published  by  actuarial  writers  (for  additional  references 
see  [3] )  .  For  the  latter  formulas  L  is  typically  a  piecewise  polynomial 

1  2 

function  of  finite  support  belonging  to  continuity  class  C  or  C  . 

Also  included  is  what  may  be  called  moving  Newton-Lagrange  interpolation, 
often  used,  before  computers  became  available,  in  the  preparation  of  tables  of 
mathematical  functions  .  An  example  would  be  the  case  in  which  the  function 
f  is  interpolated  in  C^h,  (v  +  1)h),  v  being  any  integer,  by  means  of  the 
cubic  p  uniquely  determined  by  the  four  conditions 


*A  6-page  synopsis  of  results,  without  proofs,  appeared  in  Approximation 
Theory  III  (E.  W.  Cheney,  ed.).  Academic  Press,  New  York,  1980. 

Vhe  late  Hubert  Vaughan  was  General  Secretary  and  Actuary  of  the  Mutual  Life 
and  Citizens'  Assurance  Company,  Ltd.,  Sydney,  Australia. 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041  . 


265 


p(x)  =  f  ( x )  (x  =  (v  +  j )h;  j  =  -1,0, 1,2)  . 

In  this  example  L  is  a  continuous  piecewise  cubic  with  support  in  (-2,2), 
whose  first  derivative  is  discontinuous  at  x  =  -2, -1,0, 1,2  (see  Fig.  1). 
These  discontinuities  did  not  give  rise  to  any  problems  in  interpolating 
smooth  mathematical  functions,  but  are  undesirable  if  one  is  interpolating 
empirical  data. 

Formula  (1.1)  is  called  reproducing  when  L  is  such  that  v^  =  y  for 
every  integer  v,  whatever  may  be  the  values  of  the  quantities  yy.  It  is 
clear  that  (1.1)  is  reproducing  if  and  only  if 

L(v)  =  «ov  (V  -  ...,-1,0,1,...)  .  (1.2) 

where  is  a  Kronecker  symbol.  In  practice  an  interpolation  formula  that 

is  not  reproducing  smoothes  as  well  as  interpolates,  since  each  given  ordinate 
yy  is,  in  general,  replaced  by  an  adjusted  value  v  •  (Whether  the  adjust¬ 
ment  does,  in  fact,  actually  increase  the  smoothness  of  the  data  depends  on  a 
judicious  choice  of  L;  see  (7] .) 

Figure  1  shows  the  graphs  of  three  typical  basic  functions .  Note  that 
Karup's  formula  and  the  Newton-Lagrange  central  third-difference  formula  are 
reproducing,  while  Jenkins'  "modified*’  third-difference  formula  is  not.  On 
the  other  hand,  note  that  the  Newtonian  graph  has  corners,  while  the  others  do 
not . 


Figure  1 
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Formula  (1.1)  is  called  exact  for  the  degree  r  when  L  is  such  that 
the  formula  gives  exact  values  whenever  it  is  used  to  interpolate  a  polynomial 
of  degree  r  or  less.  In  other  words,  using  if  to  denote  the  class  of 
polynomials  of  degree  r  or  less,  L  is  such  tfat,  for  every  p  e  n  , 
y  =  p(v)  for  all  integers  v  implies  v  =  p(x)  for  all  real  x. 

In  the  case  of  moving  Newton-La grange  Interpolation,  r  is  merely  the 
degree  of  the  polynomial  arcs  employed.  For  the  actuarial  formulas,  r  is 
less  than  the  degree  of  the  piecewise  polynomial  function  L,  the  "degrees  of 
freedom"  thus  gained  being  utilized  to  increase  the  order  of  continuity  of 
L.  The  latter  is,  of  course,  also  the  order  of  continuity  of  the  composite 

interpolating  function,  for  if  L  e  Cm  * ,  then  it  is  clear  from  (1.1)  that 

v  e  d"1-1  . 

When  L  is  discontinuous  (as  occurs,  for  example,  in  the  case  of 
symmetrical  moving  Newton-La grange  interpolation  of  even  degree),  the 
definition  of  exactness  for  the  degree  r  requires  interpretation.  In  such  a 
case,  it  must  be  assumed  that  L,  though  discontinuous,  is  nevertheless  such 
that,  for  every  p  e  , 

CO 

«({x)  =  J  L(x  -  v)p(v) 

has  only  removable  discontinuities,  and  they  are  removed  by  taking 

(rf(x)  =  d(x  +  0)  =  g((x  -  0)  . 

2.  MINIMI ZED- DERIVATIVE  FORMULAS.  Let  I  =  (u,P)  be  a  finite  open 
interval  on  the  real  line,  and  let  FInn  denote  the  set  of  interpolation 
formulas  of  the  form  (1.1)  that  are  exact  for  the  degree  r,  and  have  a  basic 

function  L  e  c”1  '  with  its  support  contained  in  I  and  with  L^m^ 
piecewise  continuous .  Also  let  denote  the  subset  of  Fjrm  consisting 

of  reproducing  formulas.  It  follows  from  (1.2)  that  is  empty  unless 

0  e  I.  By  a  piecewise  continuous  function  we  mean  one  having  only  jump 
discontinuities  and  at  most  a  finite  set  of  these. 

In  each  of  the  classes  FIrm  or  ^irm  we  wou^<^  like  to  find  that 
formula  which  is  in  some  sense  smoothest.  We  shall  judge  smoothness  by  the 
closeness  to  zero  of  the  mth  derivative  of  the  interpolating  function  vx . 

Now,  m-fold  differentiation  of  (1.1)  gives 


VU>)  =  £  L(m)(x  -  v)yu  (2.1) 

almost  everywhere.  As  we  have  some  la  itude  in  the  choice  of  the  basic 
function  L,  but  none  as  regards  the  liven  ordinates  yy,  (2.1)  suggests 
that  the  values  of  v*”1 '  will  be  closer  to  zero  than  would  otherwise  be  the 
case,  if  L  is  chosen  so  that  the  values  of  L*m  are,  in  some  sense,  as 
close  to  zero  as  possible.  Accordingly,  we  shall  call  a  given  formula  of  one 
of  the  classes  FIrm  or  Firm  *  mini nlzed-derivative  formula  (mdf)  of  its 


class  if  the  quantity 


J  =  /  [L(m) (x)]2dx 


(2.2) 


assumes  for  the  given  formula  its  minimum  value  for  the  class  in  question. 

The  thought  leading  to  the  definition  of  mdf  can  be  made  more  precise  in 
the  following  manner.  Let  a  be  a  given  real  number.  Then,  if  M  denotes 
the  maximum  value  of  |yy|  for  v  in  (a  -8,  a-a+1),  (2.1)  gives 

00 

|v<m) |  <  M  l  |L{m) (x  -  v) I 
\)=_  00 

for  every  x  in  (a, a  +1).  Consequently, 

1  8 

/  |v  |dt  <  M  /  |L(m)(x)|dx  .  (2.3) 

o  a+t  _ 


If 


U  =  8  -  n 

denotes  the  width  of  the  interval  I,  we  have,  by  Schwarz'  inequality, 

/  |  L(m)  (x)  |  dx  <  (PJ)  1/2  , 

a 

where  J  is  given  by  (2,2).  Thus,  (2.3)  gives 

/  |v(l^|dt  <  M(MJ)  1/2  . 

o  at 

In  other  words,  we  have  shown  that,  for  a  given  M,  by  minimizing  J  we 
minimize  a  certain  upper  bound  to  the  Integral  over  a  unit  interval  of  the 
absolute  value  of  v^m)  . 

Minimized-der tvative  interpolation  formulas  were  previously  defined  ly  us 
in  [3],  and  a  few  examples  were  given,  but  no  general  theory  was  developed. 

In  this  paper  we  shall  show  that  the  class  is  empty  for 

U  <  r  ♦  1 ,  is  empty  or  contains  a  single  formula  (of  moving  Newton-La grange 

interpolation)  when  U  -  r  +  1,  and  is  infinite  when  M  >  r  +  1.  In  the 
latter  case,  we  shall  show  that  there  is  a  unique  mdf,  and  shall  characterise 

this  formula  in  a  way  that  leads  to  an  ali^orithm  for  its  determination  in  any 

particular  case. 

It  was  previously  noted  that  the  class  fjrm  is  unless  the  open 

interval  I  contains  the  origin.  When  this  condition  is  satisfied,  we  ahell 
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find  that  Fj®^  *8  id®ntical  to  Fjrm  when  the  number  of  integers  contained 
in  I  does  not  exceed  r  +  1.  This  implies,  of  course,  that 
r  +  1  <  M  <  r  +  2,  but  the  converse  is  not  true. 

When  the  number  of  integers  contained  in  I  exceeds  r  +  1  (and  0  is 
among  them),  Fj^P  is  a  proper  subset  of  Fjrm»  and  the  former  contains  a 
unique  mdf  different  from  that  associated  with  the  latter.  In  this 
(reproducing)  case  too,  we  shall  obtain  a  characterization  of  the  mdf  leading 
to  an  algorithm  for  its  determination . 

In  order  to  arrive  at  the  results  just  described,  it  is  first  necessary 
to  express  the  requirement  that  (1.1)  be  exact  for  the  degree  r  in 
manageable  form  as  a  set  of  constraints  on  the  basic  function  L.  A 
digression  for  this  purpose  is  the  subject  of  the  next  section. 

3  ♦  MAINTENANCE  OF  DEGREE .  Schoenberg  noted  in  [7]  that  the  implications 
of  exactness  of  formula  (1.1)  for  the  degree  r  become  clearer  if  considered 
in  relation  to  a  certain  weaker  condition.  This  weaker  condition,  in  a 
modified  form,  was  utilized  by  us  in  [3]  and  is  used  again  here.  Let  H  be  a 
given  function  with  its  support  contained  in  I,  and  let  a  function  p  and  a 
function  f f  be  related  by  the  formula 

00 

«((x)  =  l  H( x  -  V)p(v)  .  (3.1) 

This  relation  may  be  regarded  as  a  transformation  TH  that  transforms  p 
into  «( ,  or 

4  m  V  • 

It  is  evident  that  TH  is  a  linear  operator.  We  shall  say  that  TH 
maintains  the  degree  r  if  it  maps  the  space  if  into  ttself,  or,  in  other 
words,  if  p  e  implies  *5  e  • 

An  important  special  case  of  maintenance  of  degree  is  that  in  which  TH 

annihilates  *  :  in  other  words,  d  is  identically  zero  whenever  pen. 

r  r 

Schoenberg  in  [7]  defined  a  transformation  TH  that  preserves  the 
degree  r  as  one  having  the  property  that,  for  every  p  e  *  ,  4  is  a 

polynomial  strictly  of  the  same  degree  as  p  with  the  same  leading 
coefficient.  He  showed  that  TH  has  this  property  if  its  characteristic 
function  (Fourier  transform  of  the  basic  function  H)  has  the  value  1  for  the 
argument  0  and  zeros  of  order  r  *  1  for  all  nonvanishing  integral  multiples 
of  2 if . 

We  showed  in  (3)  that  if  H  has  an  (r  +  1)th  derivative  in  the  sense 
of  distributions,  then  T^  maintains  the  degree  r  if  and  only  if  the 
convolution  of  that  (r  ♦  Uth  derivative  with  every  element  of  » 

vanishes.  A  more  limited  result,  that  can  be  stated  and  proved  without 
introducing  distributions,  will  suffice  here,  and  is  containad  in  the  next 
theorem . 


denote  the 


If 

jump  of  H 


H  has  a  piecewise  continuous  jth  derivative,  let 
^  at  x  »  K . 


j? 


Theorem  3.1.  If  TH  maintains  the  degree  r  and  if  H  is  piecewise 
continuous  and  has  piecewise  continuous  derivatives  of  all  orders,  then,  for 
all  real  t, 


l  vV  =  0  (i  -  0,1, ...,r;  j  =  0,1,...)  .  (3.2) 

v=_®  ^ 


If  H  is  a  piecewise  polynomial  function  with  finite  support  and  satisfies 
(3.2),  then  TH  maintains  the  degree  r. 


Proof  ,  If  we  take 
jump  of  (x)  at 


irf'J,<x) 

one  of  the  integers 
Thus  (3.2)  is  established. 


p<v)  =  ^ 
X  =  t.  But, 
0,1 ,  ...,r,  & 


in  (3.1),  the  left  member  of  (3.2)  is  the 
if  Th  maintains  the  degree  r  and  i  is 
is  a  polynomial  and  this  jump  vanishes. 


On  the  other  hand,  let  H  be  a  piecewise  polynomial  function  of  finite 
support  satisfying  (3.2),  and  let  p  <?  in  (3.1).  Then  &  and  all  its 

derivatives  are  continuous  everywhere.  But,  if  d  is  the  maximum  degree  of 

the  polynomial  arcs  composing  H,  then  vanishes  almost  everywhere  by 

(3.1).  Since  is  continuous  everywhere,  it  is  therefore  identically 

zero.  It  follows  that  ^  e 

d 

If  6  denotes  the  "central-difference"  operator  defined  by 
<5f(x)  =  f ( x  +  V2  )  “  f(x  -  V2  )  , 


we  have  a Iso  from  (3.1) 

0® 

6r  +  1d(x)  *  \  p(v)6r  +  1H(x  -  v)  . 

v*-® 


Expanding  6r  *H(x  -  v)  in  terms  of  H(x)  values  by  the  well  known  binomial 
formula  and  rearranging  terms  gives 

<5r  +  V(x)  »  £(,H(x  -  v)<5r  +  1p(v)  , 

where  the  summation  £•  is  over  all  the  integers  when  r  is  odd,  and  over 
all  the  real  numbers  or  the  form  integer  ♦  V2  when  r  is  even.  Note  that 
the  required  rearrangement  of  terms  is  permissible  because  the  support  of  H 
is  finite. 

Now,  since  p  @  *  ,  <5r  'p(v)  •  0  for  all  v.  Therefore  <r+V*l  "  0 

for  all  real  x.  But,  a  polynomial  whose  (r  ♦  1 ) th  derivative  vanishes 

identically  belongs  to  *  .  Therefore  Tu  maintains  the  degree  r.  □ 

r  n 

If  Th  maintains  the  degree  r,  then  there  is  a  differential  operator 
of  order  not  exceeding  r,  which  we  shall  call  the  signature  of  Tjj  and 
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of  the  form 


shall  denote  by  SH, 


r 

SH  -  l  a y  ,  (3.3) 

1=0 

that  is  equivalent  to  TH  over  .  in  other  words,  SHp  =  T^p  whenever 
p  e  In  (3.3)  D  denotes  differentiation.  The  following  theorem  is  an 

immediate  consequence  of  the  preceding  definitions. 

Theorem  3.2.  TH  is  exact  for  the  degree  r  if  and  only  if  it  maintains 
the  degree  r  and  its  signature  is  the  identity  operator . 

We  can  express  SH  in  terms  of  H  in  various  ways.  Thus,  the 
coefficients  a^  of  (3.3)  are  given  by 

a1  =  -(~||  £  vXH(v)  (i  =  0,1,  ...,r)  .  (3.4) 

y=_oo 

If  H  is  integrable,  we  have  also 

i  * 

rj—  /  x*H(x)dx  (i  =  0,1, ...,r)  . 


If  a  basic  function  L  satisfies  (1.2),  then,  by  (3.4),  the 
coefficients  a^  in  the  expression  (3.3)  for  SL  are  given  by 


a 


6 


Oi 


(i  =  0,1 . r)  . 


Thus  we  have  established  the  following  corollary,  previously  noted  in  (3,7). 


Corollary  3.3.  The  Interpolation  formula  (1.1)  is  exact  for  the  degree 
r  if  it  maintains  the  degree  r  and  is  also  reproducing. 

The  existence  and  properties  of  the  signature  SH  were  established  in 
(3)  (though  the  term  "signature"  does  not  appear  there)  using  the  concept  of 
distributions.  However,  what  has  been  stated  here  is  easily  verified  by 
elementary  means.  A  similar  remark  applies  to  the  following  lemma,  in  which 
we  take 

P  -  ~(r  ♦  1)  . 

The  lemma  can  be  verified  by  notinq  (after  some  algebraic  manipulation)  that 
the  function 


r.(x)  "  l  (r!j  )  K(x  -  P  -  )) 
j-0  J 


has  the  required  properties . 


(3.5) 
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Lemma  3 .4 .  If  K  is  piecewise  continuous  with  its  support  contained 
in  I  and  TK  annihilates  it  ,  then  there  exists  a  piecewise  continuous 
function  G  with  support  contained  in  (a  +  p,  8  -  p),  such  that 

5r+1G(x)  »  K ( x)  (3.6) 

for  all  real  x  such  that  the  left  member  is  defined. 

4.  CHARACTERIZATION  OF  GENERAL  mdf's.  We  note  that  a  formula  (1.1)  that 
is  exact  for  the  degree  r  must  satisfy 


l  vAl(x  -  v)  =  x1  (i  =  0,1, ...,r)  .  (4.1) 

V=— 00 


If  the  support  of  L  is  contained  in  I,  all  Ixtt  a  finite  number  of  the 
coefficients  L(x  -  v)  vanish  automatically.  If  P  <  r  +  1,  it  follows  that 
there  is  some  interval  for  x  within  which  each  of  the  r  +  1  linearly 
independent  functions  1 ,x,x^,  .  ,.,xr  is  expressible  as  a  linear  combination 
of  r  or  less  given  functions.  This  is  impossible.  Therefore  FIm  is 
empty  for  P  <  r  +  1 . 


If  p  »  r  +  1,  then  for  every  x  such  that  x  -  a  and  x  -  B  are 
nonintegers,  (4.1)  can  be  regarded  as  a  system  of  r  +  1  linear  equations  in 
the  r  +  1  unknown  values  of  L(x  -  v> .  Moreover,  the  determinant  of  the 
matrix  of  coefficients  of  the  linear  system  is  a  Vandermonde,  and  therefore 
nonvanishing.  Thus,  the  system  has  a  unique  solution.  Now,  it  is  evident 
that  the  equations  are  satisfied  by  the  r  +  1  fundamental  functions  of 
Lagrange  interpolation  (or  extrapolation)  for  the  function  value  corresponding 
to  the  argument  x,  given  those  corresponding  to  the  r  ♦  1  arguments  v 
for  which  L( x  -  \>)  is  undetermined.  Moreover,  each  of  these  fundamental 
functions  in,  indeed,  a  function  of  x  -  v,  as  (4.1)  requires. 


In  this  case  of  W  »  r  +  1,  L  is  discontinuous  at  those  arguments  x  e  I 

that  differ  by  an  integer  from  a  or  6,  except  in  the  special  case  in  which 

a  and  6  are  themselves  integers  and  also  0  @  I .  Only  in  this  special 
case  is  the  formula  reproducing  and  L  continuous  everywhere. 

Me  conclude  from  the  preceding  discussion  that  the  class  Firm  1*  empty 
for  p  <  r  ♦  1 ,  and  also  for  p  «  r  ♦  1  and  m  >  1,  while  for  U  ■  r  *  1 

and  m  ■  0  or  1,  it  is  either  empty  or  contains  a  single  formula. 

For  P  >  r  ♦  1,  FIra  contains  an  infinite  number  of  formulas  for  every 
nonnegative  number  m,  and  among  then,  as  we  shall  see,  a  unique  mdf .  The 
following  theorem  is  the  key  to  the  characterisation  of  this  unique  mdf. 

Theorem  4.1  .  For  any  nonnegative  Integers  r  and  m,  and  for 
p  >  r  ♦  1 ,  the  class  F j ^  contains  a  single  formula  whose  basic  function 
L  satisfies  the  following  three  conditions: 

(i)  L  is  a  piecewise  polynomial  function  of  degree  at  least  r  and  at 
most  d  -  max(r,2m  -  1). 
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(ii)  Each  knot  of  L  is  an  argument  that  differs  by  an  integer  from  a 
or  0  (or  both)  . 

(iii)  The  piecewise  polynomial  function  6r+^L  is  given  in 
(a  +  p,  $  -  p)  by  a  simple  polynomial  of  degree  at  most  2m  -  1  . 

This  theorem  requires  interpretation  for  m  =  0.  In  that  case,  we 
interpret  a  polynomial  of  degree  -1  (in  condition  (iii))  to  mean  one  that  is 
identically  zero. 

We  shall  postpone  the  proof  of  this  theorem,  as  it  will  become  easier 
after  we  have  developed  some  further  paraphernalia.  However,  without  waiting 
to  prove  it,  we  shall  proceed  to  demonstrate  its  connection  with  the  existence 
of  a  unique  mdf .  For  this  purpose  we  shall  need  the  following  lemma. 

Lemma  4 .2 .  Let  K  e  c”*-1,  with  piecewise  continuous,  have  its 

support  in  I,  and  let  TR  annihilate  *  .  Let  H  be  piecewise  continuous, 
with  piecewise  continuous  derivatives  of  orders  1  to  m,  let  TH  maintain 

IT  1 

the  degree  r,  and  let  <5  H  be  given  in  (a  +  p,  6  -  p)  by  a  simple 

polynomial  of  degree  at  most  2m  -  1 .  Then, 

a» 

/  H(m) (x)K(m) (x)dx  -  0  .  (4.2) 


Proof .  By  Lemma  3.4,  there  exists  a  function  G  e  C01-1,  with  support  in 
(a  +  p,  0  -  p),  such  that  G 1  is  piecewise  continuous  and  (3.6)  holds. 
Denoting  by  0  the  left  member  of  (4.2),  we  have 

m 

t  ,  ,r+1  „(m) ,  .  . 

0  =  J  H  (x)5  G  (x)dx. 

— *• 

If  6r+1G*m*(x)  is  expanded  in  terms  of  G*m*(x)  values,  the  finite  support 
of  G*m^  then  permits  rearrangesient  of  terms,  so  that 

0  -  <-nr+1  /‘G(*,(x)5r  +  1H(m>(x)dx  . 

Since  G*m^  vanishes  outside  of  (a  ♦  p,  0  -  p),  and  6r  is  given  in 

that  interval  by  a  polynomial  of  *  ,  say  q,  we  have 

1 

8-P 

o  -  (-1)rf1  /  G(s) (x)q(x)dx  .  (4.3) 

dtp 

As  G  e  c"*\  m-fold  integration  by  parts  now  gives  0  -  0,  as  required.  □ 

Theorem  4.3.  The  unique  interpolation  formula  determined  by  Theorem  4.t 
is  the  unique  mdf  of  the  class  F lrm . 
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Proof .  Let  L  be  the  basic  function  of  the  unique  formula  determined  by 
Theorem  4.1,  and  L^  the  basic  function  of  any  formula  of  Fj^.  Also  let 
J  and  J1  denote  the  corresponding  values  of  the  quantity  given  by  (2.2), 
and  let  be  defined  by 


L, (x)  =  L( x )  +  K, (x)  .  (4  .4) 

Then,  it  is  easily  verified  that  fulfills  the  conditions  required  of  K 

in  Lemma  4.2.  Similarly,  L  fulfills  the  requirements  for  H  in  that 
lemma.  Therefore,  by  Lemma  4.2, 


/  L(m) (x)K*m) (x)dx  =  0  .  (4.5) 


From  (4.4)  and  (4.5)  we  have 


J1  =  J  +  /  [K1(m)  (x)]2dx  . 


It  follows  that  J 
almost  everywhere. 


<  J1 


Moreover,  equality  holds  only  if  Kj™^  vanishes 


But,  since 


i-1 


Therefore,  in  this  case, 

4  / _  »  \  9  9 


k1 


•  (m-1 ) 


k1 


e  c"* 

identically  zero.  It  follows  that 
support  is  identically  zero,  and  so 


K  (m-1 ) 
K1 


is  a  step  function . 


is  continuous,  and  therefore 


,Tm) 


is 


K,  e  n  , 

1  m-1 

L  ^  —  L . 


But  a  polynomial  with  finite 

□ 


5.  CHARACTERIZATION  OF  REPRODUCING  mdf’s.  We  shall  first  dispose  of  the 

case  in  which  FT_  and  fEJE  are  identical.  Let  t  denote  the  number  of 
irm  Irm 

integers  contained  in  I . 


Theorem  5.1.  If  FIrm  is  nonempty,  it  is  identical  to  FIrS  if  and 
only  if  0  e  I  and  t  <_  r  +  1  . 

Proof .  We  have  seen  that  Fjrm  is  empty  for  M  <  r  +  1 .  Therefore  we 
must  have  W  _>  r  +  1  •  This  implies  that  t  >  r.  In  fact,  t  «*  r  occurs  only 
when  U  «  r  +  4  and  n  and  P  are  integers.  By  (3.4)  and  Theorem  3.2, 
the  r  +  1  relations 


l  vXL(v)  -  6  (i  »  0,1, ...,r)  (5.1) 

v«-»  U1 


must  be  satisfied.  These  may  be  regarded  as  a  system  of  linear  equations  in 
the  quantities  L(v)  for  the  t  integers  v  contained  in  I.  If 
t  »  r  +  1,  the  matrix  of  coefficients  is  square.  (In  the  special  case  of 
t  «  r,  one  of  the  end  values,  a  or  B,  may  be  included.)  The  matrix  is 
also  nonsingular,  because  its  determinant  is  a  Vandermonde  and  therefore 
nonvanishing.  Thus,  the  linear  system  has  a  unique  solution.  However,  if 
0  8  I,  it  is  evident  that  the  values  given  by  (1.2)  are  a  solution,  and 
therefore  the  unique  solution.  Hence  the  formula  is  reproducing  and  FIr_ 
and  Ft?£  are  identical. 


t 
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As  previously  pointed  out,  there  is  no  reproducing  formula  if  001. 

Now,  let  I  be  such  that  t  >  r  +  1,  and  let  f1  be  a  formula  of  FIrm.  It 
follows  from  Theorem  4.1  that  such  a  formula  exists.  If  fj  is 
nonreproducing,  the  theorem  is  established.  Otherwise,  let  be  the  basic 

function  of  f^  and  T  the  largest  integer  in  I.  Then,  for  some  e  in 
(0,1/2),  [T-r-1-e,T+e]CI.  Now,  consider  the  interpolation 
formula  f2  under  which,  for  x  in  (X  -  e,  X  +  e)  for  every  integer  X, 

00 

vx  =  l  L1 (x  -  v)yv  +  k(x  -  X  +  e)m(x  -  X  -  e)®Ar+1yx_T  ,  (5.2) 


k  being  arbitrary,  while,  for  all  other  values  of  x,  vx  is  given  by  the 
summation  term  only.  Here  A  is  the  usual  finite-difference  operator. 
Evidently  f2  belongs  to  However,  (5.2)  gives 

.  ,  ,  , . m  2m,r+1 
VX  =  yX  k(_1)  e  A  yX-r  ' 

and  the  formula  is  clearly  nonreproducing  for  k  *  0  .  □ 

The  analogue  of  Theorem  4.1  for  the  reproducing  case  is  the  following 
theorem . 

Theorem  5.2.  For  any  nonnegative  integer  r  and  positive  integer  m, 
and  any  finite  interval  I  =  (a, 8)  containing  0  and  such  that  P  >  r  +  1, 
the  class  contains  a  single  formula  satisfying  the  following  three 

conditions : 

(i)  L  is  a  piecewise  polynomial  function  of  degree  at  least  r  and  at 
most  d  =  max (r, 2m  -  1). 

(ii)  Each  knot  of  l  is  either  an  integer  or  an  argument  that  differs 
by  an  integer  from  a  or  8  (or  both)  . 

r  +  1 

(iii)  The  piecewise  polynomial  function  6  L  is  given  in 

(a  +  p,  6  -  p)r+)j>y  a  spline  function  of  degree  2m  -  1  with  simple  knots. 
The  knots  of  6  L  in  (a  +  p,  S  -  p)  are  at  the  integers  when  r  is  odd, 
and  at  the  arguments  of  the  form  integer  +  1/2  when  r  is  even. 

As  in  the  case  of  Theorem  4.1,  we  shall  postpone  the  proof  of  this 
theorem,  but  we  shall  now  show  its  relationship  to  reproducing  mdf's,  for 
which  the  following  lemma  will  he  needed. 

Lemma  5.3.  Let  functions  K  and  H  satisfy  the  same  hypotheses  as  in 

Lemma  4.2  except  that  (i)  K  vanishes  at  the  integers,  and  (ii)  5  H  is 
given  in  (a  +  p,  8  -  P)  by  a  spline  function  of  degree  2m  -  1  with  knots 
as  specified  in  condition  (iii)  of  Theorem  5.2.  Then  (4.2)  holds. 

Proof  .  The  proof  is  the  same  as  that  of  Lemma  4.2  down  to  equation  (4.3) 
except  that  q  is  a  spline  of  degree  m  -  1  with  knots  as  specified  in 
condition  (ii),  and  it  follows  from  the  expression  (3.5)  for  G  that  it 
vanishes  at  the  knots  of  q.  Thus  m-fold  integration  of  (4.3)  gives 
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O  =  (-1)m+r+1i:  G(x)[q(m_1)(x  +  0)  -  q(B-1,(x  -  0)]  , 

X 

where  the  summation  is  over  the  knots  of  q  in  (a+p,  B-p).  Since  G 
vanishes  at  these  knots,  P=0,  as  required.  □ 

Theorem  5.4.  The  unique  interpolation  formula  determined  by  Theorem  5.2 
is  the  unique  mdf  of  the  class  Fj^P . 

Proof .  The  proof  is  identical  to  that  of  Theorem  4.3,  except  that  the 
role  of  Lemma  4.2  there  is  now  assumed  by  Lemma  5.3.  □ 

6.  COMPACT  EXPRESSION  FOR  mdf  BASIC  FUNCTIONS.  If  there  is  a  formula 
of  FIrm  with  a  basic  function  that  satisfies  conditions  (i)  and  (ii)  of 
Theorem  4.1,  this  basic  function  can  be  regarded  as  a  spline  function  of 
degree  d  with  multiple  knots  of  multiplicity  d  -  m  +  1  .  In  general, 
therefore,  it  has  a  unique  expression  (see  [2])  of  the  form 


d  n 

L(x)  “II  [c  (x  “  a  "  3)^  +  g.aU  ~  &  +  »  (6*1) 

i=m  j=0  3  3 

where  n  denotes  the  largest  integer  contained  in  u  and  y^  =  max(y^,0). 
The  coefficients  c^ .  and  .  are  subject  to  the  constraints  arising  from 

Theorem  3.1 ,  which  clln  be  written  as 


(a)  I  jkCii  =  0 
j=0 


(b)  I  jkqi,  =  0 

j=0 


(k  =  0,1,  ...,r»  i  =  m,m  +  1,...,d) 


(6.2) 


If  U  is  an  integer,  the  second  term  of  the  summand  in  (6.1)  is  absent  (as 
are,  of  course,  the  constraints  (6.2) (b)). 


For  a  formula  of  Fj^P  that  satisfies  conditions  (i)  and  (ii)  of  Theorem 
5.2,  in  general  there  must  be  added  to  the  right  member  of  (6.1)  the 
expression 


I  h,(x  -  j)*"'1  ,  (6.3) 

jeE  3 

where  E  denotes  the  set  of  integers  contained  in  I,  and  the  constraints 


I  jkh .  =0  (k  =  0,1,...,r)  (6.4) 

jeE  3 

must  be  satisfied.  However,  when  a  or  6  is  an  integer,  the  addition  of 
(6.3)  is  not  required. 
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We  shall  now  show  that  by  taking  Into  account  condition  (iii)  of  Theorems 
4.1  and  5.2  and  by  introducing  certain  special  spline  functions,  we  can 
rewrite  (6.1)  in  a  form  involving  a  much  smaller  number  of  undetermined 
coefficients  and  can  also  avoid  the  necessity  of  considering  separately  the 
cases  in  which  U,  a,  or  6  is  an  integer.  For  this  purpose  we  shall  need 
the  following  lemma. 


Lemma 
n  >  r  +  1 , 


6.1  .  For  every  nonnegative  integer  r 
there  is  a  unique  polynomial  prn  e  if 


and  every  positive  integer 
such  that 


I 


3=1 


jkp 


rn 


(j)  = 


5 

Ok 


(k  ~  0,1, ...,r)  . 


(6.5) 


Proof .  This  follows  easily  from  well  known  properties  of  orthogonal 
polynomials,  but  it  is  also  readily  seen  as  follows.  Equations  (6.5)  may  be 
regarded  as  a  system  of  r  +■  1  linear  equations  in  the  r  +  1  coefficients 
of  Prn*  The  latter  system  has  a  unique  solution  if  and  only  if  the 
corresponding  homogeneous  system  has  only  the  trivial  solution.  But  any 
solution  of  the  homogeneous  system  gives  rise  to  a  polynomial  P  e  *  such 
that  r 

n 

1  P(j)q(j>  =  0  (6.6) 

3=1 

for  all  q  e  n  .  In  particular,  one  may  take  q  =  P,  so  that  (6.6)  becomes  a 
sum  of  squares,  and  therefore  P  vanishes  for  j  =  1,2,...,n.  Since  n  >  r, 

P  is  identically  zero .  □ 

We  now  define  the  splines  of  degree  r. 


n 

Srn(x)  =  x*  -  l  prn(3)(x  -  j)  +  , 

3=1 

n 

S?n(x)  =  x+  ~  l  Prn(j)(x  +  3>  +  * 

3=1 

Parenthetically,  we  remark  that  by  means  of  (6.5)  and  the  identity 


y+  =  yr  -  (~i )r(-y)+ 

IT  1 

it  is  easily  shown  that  S£n(x)  =  (~D  Srr](*x)  •  We  observe  also  that  Srn 
has  its  support  in  (0,n)  and  S*  in  (-n,0)  . 


Note  that  condition  (iii)  of  Theorem  4.1  or  5.2  implies,  in  general,  that 

r  +  1 

certain  knots  that  the  function  6  L  would  otherwise  be  expected  to  have 
are  absent  (or  reduced  in  multiplicity  in  special  cases  of  a  reproducing 
formula).  Using  the  notation  of  (6.1),  this  means  that 


Ar+1 


'i3 


o 


(j  *  1,2,  ...,N  -  r  -  1j  i  =  m,m  +  1,...,d)  , 
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where  the  finite  differences  are  taken  with  respect  to  j,  and  N  is  the 
largest  integer  less  than  P.  (Note  that  N  differs  from  n  when  P  is  an 
integer.)  This  implies  the  existence,  for  i  =  m,m  +  1,...,d,  of  a 
polynomial  q^  such  that  c^  =  q^(j)  for  j  =  but  not,  in 

general,  for  j  =  0.  Similar  remarks  apply  to  g^ ^ .  We  conclude  from  these 
facts  and  the  constraints  (6.2)  that 


N 

I 


j-o 


01  “  +  gij(x  ~  B  + 

ciSrN~1>(x  “  a)  +  <?iSrNr_i)(x  "  6) 


(6.7) 


( l  ~  m,  m  1,...,  d)  , 


where  c^  and  g^  are  obtained  by  multiplying  c^Q  and  g^g  by  appropriate 
constants  depending  only  on  i  and  r,  and,  in  case  i  >  r,  a  derivative  of 
negative  order  denotes  that  particular  integral  of  corresponding  order  that 
vanishes  identically  for  x  <  a.  A  little  reflection  will  convince  the 
reader  that  the  right  member  of  (6.7)  is  a  valid  substitution  even  when  p  is 
an  integer  (and  N  =  P  -  1).  However,  in  the  case  of  a  reproducing  formula, 
the  expression  (6.3)  now  must  always  be  added,  even  though  a  or  3  (or 
both)  is  an  integer. 


Accordingly,  (6.1)  can  be  expressed  uniquely  in  the  form 

L(x)  =  I  [cXJ-^x  -  a)  +  g;.S*^r~i>  (x  -  3)]  .  (6.8) 

i=m 


A  function  L  satisfying  conditions  (i)-(iii)  of  Theorem  4.1  that  is  the 
basic  function  of  a  formula  of  Fjrm  has,  therefore,  a  unique  expression  of 
the  form  (6.8).  Similarly,  a  function  L  satisfying  conditions  (i)-(iii)  of 
Theorem  5.2  that  is  the  basic  function  of  a  formula  of  has  a  unique 

expression  of  the  form  (6.8)  with  (6.3)  added. 

The  coefficients  and  g^  (and  h^  in  the  reproducing  case)  must 

satisfy  certain  constraints.  These  will  now  be  described. 

(a)  In  the  reproducing  case  the  r  +  1  conditions  (6.4)  must  be 
satisfied.  When  this  is  the  case,  the  expression  (6.3)  vanishes  for  x  ^  B. 

(b)  The  function  given  by  (6.8)  has  its  support  in  I  when  d  =  r. 

This  is  also  true  in  the  reproducing  case  if  the  preceding  condition  (a)  is 
fulfilled.  However,  when  d  =  2m  -  1  >  r ,  (6.8)  gives,  for  x  _>  3,  a 

polynomial  of  degree  d  -  r  -  1 .  The  vanishing  of  the  d  -  r  coefficients  of 
this  polynomial  involves  d  -  r  constraints  . 

(c)  In  the  general  case,  exactness  for  the  degree  r  requires  that 
the  r  +  1  conditions  (5.1)  be  satisfied. 

(d)  In  the  reproducing  case,  (c)  is  replaced  by  conditions  (1.2).  This 
involves  t  effective  constraints . 
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(e)  The  form  of  (6.8)  ensures  that  6r  +  l  shall  be  given  in 
(a  +  p,  8  -  P)  by  a  polynomial  in  the  general  case,  and  by  a  polynomial 
except  for  discontinuities  in  the  (2m  -  1)th  derivative  in  the  reproducing 
case.  However,  in  the  case  when  d  =  r  >  2m  -  1 ,  condition  (iii)  of  Theorem 
4.1  or  5.2  involves  also  a  reduction  in  degree  from  d  to  2m  -  1 .  This 
constitutes  d  -  2m  +  1  constraints . 

7.  PROOFS  OF  THE  CHARACTERIZATION  THEOREMS.  We  now  have  the  machinery 
needed  to  prove  Theorems  4.1  and  5.2. 

Proof  of  Theorem  4.1.  If  there  is  a  formula  of  Fjrm  whose  basic 
function  satisfies  conditions  (i)-(iii)  of  Theorem  4.1,  that  function  has  a 
unique  expression  of  the  form  (6.8)  with  parameters  c^  and  g^  satisfying 
conditions  (b),  (c),  and  (e)  of  the  preceding  section,  to  the  extent  these 
conditions  are  applicable.  On  the  other  hand,  if  there  is  an  expression  of 
this  form  with  parameters  satisfying  these  conditions,  then  it  is,  in  fact, 
the  basic  function  of  such  a  formula  . 

Now,  (6.8)  contains  2(d  -  m  +  1)  undetermined  parameters.  The  numbers 
of  constraints  involved  in  conditions  (b),  (c)  and  (e)  are,  respectively, 
d  -  r,  r  +  1  and  d  -  2m  +1.  (Note  that  the  integers  d  -  r  and 
d  -  2m  +  1  are  not  both  different  from  zero.)  The  total  number  of 

constraints  is  2(d  -  m  +  1),  the  same  as  the  number  of  parameters .  Without 

spelling  out  the  constraints  in  detail,  it  is  easily  verified  that  they  are 
linear  equations  in  the  parameters  .  The  parameters  must  therefore  satisfy 
2(d  -  m  +  1)  equations  in  as  many  unknowns.  To  prove  Theorem  4.1  it  is 
sufficient  to  show  that  this  linear  system  is  nonsingular. 

This  is  the  case  if  the  corresponding  homogeneous  system  has  only  the 
trivial  solution.  In  fact,  the  only  one  of  the  constraint  equations  that  has 
a  number  other  than  0  on  its  right-hand  side  is  the  one  obtained  by  taking 
i  =  0  in  (5.1).  Thus,  a  function  K  of  the  form  (6.8)  whose  parameters 

satisfy  the  homogeneous  system  has  the  property  that  TK  annihilates  . 

This  function  K  therefore  fulfills  the  requirements  for  both  K  and  H  in 
Lemma  4.2.  Consequently,  bv  Lemma  4.2, 

00 

/  [K(n,)(x)]2dx  =  0  . 


By  the  same  reasoning  used  in  the  proof  of  Theorem  4.3,  it  follows  that  K  is 
identically  zero.  Thus,  the  homogeneous  system  has  only  the  trivial  solution.  □ 

Proof  of  Theorem  5^2.  The  perceptive  reader  may  have  noticed  that  the 
possibility  of  m  =  0,  though  allowed  in  Theorem  4.1,  is  excluded  in  Theorem 
5.2.  In  fact,  a  reproducing  mdf  with  m  =  0  is  somewhat  meaningless,  for  the 
following  reason.  Application  to  this  case  of  the  criteria  that  we  have 
developed  would  lead  to  a  solution  in  which  the  basic  function  of  the 
corresponding  mdf  without  the  reproducing  requirement  is  modified  by 
arbitrarily  assigning  at  the  integers  the  values  given  by  (1.2),  even  though 
these  are  inconsistent  with  the  values  at  neighboring  arguments.  Thus,  the 
resulting  basic  function  would  have  removable  discontinuities  at  the  integers 
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in  I.  Strictly  speaking,  such  a  function  is  not  piecewise  continuous,  and 
therefore  is  not  the  basic  function  of  a  formula  of  the  class  FjrO * 

If  there  is  a  formula  of  whose  basic  function  satisfies  conditions 

(i)-(iii)  of  Theorem  5.2,  that  function  has  a  unique  expression  of  the  form 
(6.8)  with  (6.3)  added,  and  the  parameters  c^,  g^ ,  and  hj  satisfy 
conditions  (a),  (b),  (d),  and  (e)  of  the  preceding  section,  to  the  extent 
these  conditions  are  applicable.  On  the  other  hand,  if  there  is  an  expression 
of  this  form,  with  parameters  satisfying  these  conditions,  then  it  is,  in 
fact,  the  basic  function  of  such  a  formula  . 

Now  (6.8)  and  (6.3)  together  contain  2(d  -  m  +  1)  +t  undetermined 
parameters.  The  number  of  constraints  involved  in  conditions  (a),  (b),  (d), 
and  (e)  are  respectively,  r  +  1,  d  -  r,  t ,  and  d  -  2m  +  1  .  The  total 
number  of  constraints  is  2(d-m+1)+t,  the  same  as  the  number  of 
parameters.  As  in  the  general  case,  all  the  constraints  are  linear  equations 
in  the  parameters,  and  they  constitute  a  linear  system  having  a  square 
coefficient  matrix. 

The  remainder  of  the  proof  is  the  same  as  for  Theorem  4.1,  except  that 
Lemma  5.3  now  assumes  the  role  played  by  Lemma  4.2  in  the  earlier  proof. 

8.  SOME  mdf's  ARE  PREVIOUSLY  PUBLISHED  FORMULAS.  In  some  instances  the 
minimized-derivative  formula  of  a  class  turns  out  to  be  a  previously  published 

formula .  Table  I  lists ,  for  the  cases  known  to  us ,  the  class  FT _ or 

rpn  irm 

FIrm  involved,  the  name  of  the  originator,  the  publication  citation,  and  the 

year  of  publication.  Two  of  the  papers  cited  contain  a  large  number  of 
formulas,  and  in  these  cases  the  particular  formula  is  identified.  In  two 
instances  in  which  the  published  formula  contains  an  unspecified  parameter, 
the  numerical  value  of  the  parameter  that  yields  the  mdf  is  given  in  a 
footnote.  The  entry  "Both"  in  the  fourth  column  means  that  FIrm  and  Fj®P 
are  identical  for  the  case  involved. 
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TABLE  I.  Previously  Published  Formulas  that  are  mdf's 


Rep  or 

Originator 

Publication 

Nonrep 

and  Citation 

Year 

(-2. 

2) 

1 

2 

Nonrep 

Jenkins 

[5] 

(-2, 

2) 

2 

2 

Both 

Karup  [6) 

(-2, 

2) 

2 

3 

Both 

Greville 

[1] 

(105) 

(-5/2 

,  5/2) 

2 

2 

Nonrep 

Greville 

Ml 

(67)2 

(-5/2 

5/2) 

3 

2 

Nonrep 

Greville 

[1] 

(69) 

(-3, 

3) 

3 

2 

Nonrep 

Greville 

[1] 

(73)3 

(-3, 

3) 

3 

3 

Nonrep 

Vaughan 

MO] 

(-3, 

3) 

3 

2 

Rep 

Henderson  [4] 

(-3, 

3) 

4 

2 

Both 

Shove lton  [8) 

(-3, 

3) 

4 

3 

Both 

Sprague 

[9] 

With  a 


With  a. 
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ABSTRACT .  Interval  arithmetic  has  been  found  to  be  useful  in  numerical 
analysis  as  an  automatic  means  to  bound  data,  truncation,  and  roundoff  errors 
in  computations.  Now  that  the  speed  of  microprogrammed  interval  arithmetic 
approaches  that  of  standard  floating-point  operations,  a  wider  range  of 
application  to  engineering  and  other  problems  has  beoome  feasible.  Since,  in 
many  practical  situations,  data  are  only  known  to  lie  within  intervals  and 
only  ranges  of  values  are  sought  as  satisfactory  answers,  straightforward 
interval  computation  can  yield  the  desired  results.  Examples  of  this  type  of 
application  are  worst-case  analysis  of  the  stability  of  structures  and  the 
performance  of  electrical  circuits  .  The  recently  developed  theory  of 
integration  of  interval  functions  also  bears  directly  on  the  problems  of 
solution  of  integral  equations  and  the  minimization  of  functionals  defined  in 
terms  of  integrals.  Since  certain  chaotic  phenomena,  such  as  catastrophes  and 
turbulence,  are  difficult  to  describe  by  single-valued  functions,  the 
introduction  of  interval  functions  and  the  corresponding  analysis  may  lead  to 
simpler  models  which  will  yield  results  of  accuracy  satisfactory  for  practical 
purposes . 

1 .  WHAT  IS  interval  ANALYSIS  ?  This  paper  is  addressed  to  the 
questions:  What  is  interval  analysis,  and  what  can  it  do  for  applied 
mathematics?  Naturally,  these  are  big  questions,  so  only  a  sketch  of  the 
answers  can  be  given  here.  It  is  hoped  ,  however,  that  enough  can  be  conveyed 
to  suggest  possible  useful  applications  of  the  subject,  as  well  as  to  satisfy 
curiosity . 

First  of  all,  although  interval  analysis  as  a  discipline  is  fairly  recent 
(a  likely  beginning  point  is  the  Stanford  Ph.D.  thesis  of  R.  E.  Moore,  written 
in  1962  [16] ),  it  has  grown  beyond  the  scope  of  any  single  paper.  Another 
survey  has  been  given  by  Nickel  [21],  and  there  are  at  least  three  books  on 
the  subject  [1],  [17],  [18],  and  the  proceedings  of  three  international 
conferences  [91,  [201,  [22]  are  in  print.  A  bibliography  published  in  1978 
[2]  lists  757  titles  (this  bibliography  is  reproduced  in  [18],  pp .  125-179). 
Research  in  interval  analysis  and  its  applications  is  carried  on  most 
vigorously  at  the  present  time  in  the  Federal  Republic  of  Germany,  where  an 
Interval  Library  is  maintained  at  the  Institute  for  Applied  Mathematics, 
University  of  Freiburg,  under  the  supervision  of  Prof.  Dr.  Karl  Nickel. 

In  spite  of  the  extent  of  the  subject,  it  is  possible  to  characterize 
interval  analysis  by  analogy  with  real  analysis.  In  real  analysis,  the  basic 
units  are  real  numbers,  and  one  studies  transformations  f  or  real  numbers 
x  into  real  numbers  y,  symbolized  b, 
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(1.1) 


y  =  f(x) 


Properties  of  these  transformations  (real  functions)  are  of  interest,  as  well 
as  operations  (differentiation,  integration,  etc.)  applied  to  these 
transformations . 

Similarly,  in  interval  analysis,  the  basic  units  are  the  nonempty  closed 
intervals  X  =  [a,b]  on  the  real  line  R,  where 

(1.2)  X  =  [a,b]  =  (x  |  a  <  x  <  b,  x  e  R> . 

Interval  analysis  is  thus  concerned  with  transformations  F  of  intervals  X 
into  intervals  Y,  that  is 

(1.3)  Y  =  F(X) 

(see  Figure  1). 


Real  Transformations 


Interval  Transformations 

Figure  1 .  Relationship  between  Real  and  Interval  Analysis 

There  is  an  obvious  connection  between  interval  analysis  on  the  real 
line  R  and  real  analysis:  One  can  identify  each  real  number  x  with  the 
corresponding  degenerate  interval  (x,x]  having  both  endpoints  equal  to  x, 
and  write 

( 1 .4)  x  =  [x,x] . 

Real  and  interval  transformations  are  also  related  through  the  concept  of 
Interval  extension,  which  will  be  treated  in  more  detail  in  the  next  section. 

The  relationship  between  real  and  interval  analysis  is  thus  analogous  to 
the  relationship  between  real  and  complex  analysis.  The  real  numbers  can  also 
be  identified  with  a  subset  of  the  complex  numbers,  and  real  transformations 
can  be  considered  to  be  a  restricted  class  of  complex  transformations. 
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However,  as  everyone  knows,  complex  analysis  does  not  supersede  real  analysis, 
but  is  rather  a  complementary  field  of  mathematics,  with  its  own  theory, 
techniques,  and  applications.  Interval  analysis  also  complements  real 
analysis  in  a  similar  way. 

Secondly,  the  question  of  the  usefulness  of  interval  analysis  cannot  be 
answered  completely  here,  since  one  never  knows  entirely  the  capabilities  of 
any  mathematical  theory  or  other  tool,  no  matter  how  long  its  history.  Here, 
a  few  examples  of  interval  methods  which  have  proved  effective  in  practice 
will  be  given,  and  some  speculation  as  to  other  applications  will  be  made  in 
hopes  of  stimulating  further  investigations  into  the  uses  of  interval  analysis 
in  the  solution  of  practical  problems. 

Before  going  on,  it  should  be  noted  that  just  as  real  analysis  extends 
from  numbers  R  to  real  vectors  in  Rn,  interval  analysis  also  applies  to 
interval  vectors  with  n  components.  This  simple  generalization  will  be 
taken  for  granted  below  where  appropriate.  It  should  also  be  mentioned  that 
there  is  a  complex  version  of  interval  analysis,  based  on  the  use  of  disks  or 
rectangles  in  the  complex  plane;  attention  here,  however,  will  be  restricted 
to  real  interval  analysis. 

From  a  philosophical  point  of  view,  it  can  be  observed  that  measurements 
of  physical  phenomena  do  not  yield  real  numbers  and  functions  in  general,  but 
only  approximations  to  these  ideal  concepts .  However,  it  is  usually  possible 
to  determine  intervals  in  which  the  observed  data  lie,  making  interval 
analysis  a  natural  language  for  the  description  of  processes  involving 
inaccurately  know  data,  or  as  a  way  to  handle  the  results  of  variations  in 
quantities  of  interest.  Some  illustrations  of  these  ideas  will  be  given 
below. 


Before  going  on  to  a  more  detailed  treatment  of  the  subject,  mention  will 
be  made  of  two  problems  which  are  solvable  by  the  methods  of  interval  analysis 
for  which  no  techniques  from  real  analysis  are  know: 

(i)  Global  optimization:  For  f :Rn  ♦  R,  minimize  f  on  Rn 
(unconstrained  optimization),  or  subject  to  the  constraints 

(1.5)  p^x)  *  0,  i  =  1,2,  ...,m, 

where  f  and  p^,...,pm  are  at  least  once  differentiable.  Algorithms  for 
the  solution  of  these  problems  have  been  given  respectively  by  Hansen  [10]  and 
Hansen  and  Sengupta  [11]. 

(ii)  Integration :  In  real  analysis,  theories  of  integration  of  real 
functions,  such  as  those  due  to  Riemann  and  Lebesgue  [15]  define  the  integral 

(1.6)  I  =  £*  f  ( x )  dx 

for  only  a  subset  of  the  real  functions.  In  the  theory  of  interval 
integration  [6] ,  all  real  functions  (and  all  interval  functions)  are 
integrable .  More  details  will  be  given  in  §§6-7  below. 

2.  INTERVAL  EXTENSIONS .  Figure  1  indicates  another  relationship 
between  real  and  interval  analysis,  namely,  interval  extension  of  a  real 
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transformation.  This  concept  is  made  precise  in  the  following  definition. 

Definition  2.1.  An  interval  transformation  F  is  said  to  be  an 
interval  extension  of  a  real  transformation  f  if  it  has  the  following 
properties : 

( i)  inclusion , 


(2.1) 


f(X)  =  { f ( x )  |  x  e  x)  C  f(x); 


and  (ii)  restriction , 

(2.2)  F(x)  =  f(x). 


where  the  convention  (1.4)  has  been  used  to  write  F(x)  =  F([x,x]). 


Of  course,  there  are  interval  transformations  F  which  are  not 
extensions  of  real  transformations  f. 


If  f  is  a  continuous  function  of  a  single  variable,  then  f(X)  is  an 
interval  by  the  theorem  of  Weierstrass,  and  thus  F  defined  by  F(X)  =  f(X) 
is  an  interval  extension  of  f.  However,  in  two  or  more  dimensions,  f(X)  is 
not  in  general  an  interval  of  the  form  Y  =  ( [c  ,d  ),...,!  c^d^]  )  for 

X  =  ( [a. ,b. ] , . . ., [a  ,b  ] )  .  For  example, 

11  n  n 


(2.3) 


f(x,y)  =  (x 


maps  X0  =  (  [0 , 1 ]  ,  [0 , 1 ]  )  onto  the  region  in  the  first  quadrant  bounded  by  the 
coordinate  axes  and  a  quarter  of  the  unit  circle,  which  is  obviously  not  a 
rectangle.  An  interval  extension  of  f  given  by  (2.3)  would  have  the 
property  that  XQ  C  F(Xg),  since  X0  is  the  smallest  rectangle  X  such 
that  f(XQ)  C  X. 

A  fundamental  interval  extension  of  real  transformations  is  interval 
arithmetic  [17],  [18],  which  extends  the  real  arithmetic  operations 
(considered  as  functions  of  two  variables,  that  is,  f(x  +  y)  =x+y  for 
addition,  etc.).  The  rules  of  interval  arithmetic  are  as  follows: 

(i)  Addition 

(2.4)  [a ,b]  +  [c,d]  =  [a  +  c  ,  b  +  d]  . 


( ii)  Subtraction 

(2.5)  [a,b] 

(iii)  Multiplication 

(2.6)  [a,b] 
where  H  =»  (ac,ad,bc,bd) . 

(iv)  Division 


[c,d]  =  (a  -  d,  b  -  c]  . 


[c,d]  =  [min  IT,  max  It], 
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(2.7) 


[a,b]/[c,d]  =  [a,b]  •  [d_1,e-1]  if  cd  >  0, 
undefined  otherwise. 

These  interval  extensions  of  the  ordinary  arithmetic  operations  have  the 
important  property  of  inclusion  monotonicity  in  the  sense  of  the  following 
definition . 

Definition  2.2.  An  interval  transformation  F  is  said  to  be  inclusion 
monotone  if 

(2 .8)  X  C  Z  =>  F(X)  C  F(Z) . 

Note  that  since  interval  analysis  deals  with  set-valued  quantities,  then  set 
relationships  and  operations,  in  certain  instances,  appear  in  a  natural  way. 

The  importance  of  interval  arithmetic  as  defined  by  (2.4)-{2.7)  is  that 
it  allows  the  construction  of  inclusion  monotone  interval  extensions  of 
rational  functions  automatically,  simply  by  replacing  the  real  variables  by 
intervals  and  the  arithmetic  operations  by  their  interval  counterparts.  For 
example , 

3  ‘X  +  1 

(2.9)  F(X)  =  2-~ 

is  an  inclusion  monotone  interval  extension  of  the  real  function 

, _  . „ .  , .  .  3x  +  1 

(2  .10)  f  (x)  = 

on  its  domain  of  definition,  which  is  the  real  line  with  the  point  x  =  1/2 
de leted. 

Two  cautions  are  in  order  concern inq  the  straightforward  use  of  interval 
arithmetic  to  obtain  interval  extensions.  First  of  all,  intervals  do  not  form 
a  linear  space,  as  illustrated  by  the  simple  result, 

(2.11)  [0,1]  -  [0,1]  =  [-1,1] , 

obtained  from  (2.5).  Without  a  linear  substructure,  one  cannot  expect 
techniques  from  real  analysis  which  depend  on  linearity  to  work  in  general  in 
interval  analysis.  For  this  reason,  interval  arithmetic  cannot  be  applied 
indiscriminately  to  extend  certain  methods  of  linear  algebra  which  are 
effective  in  the  real  case.  In  fact,  the  lack  of  a  concept  of  linearity  means 
that  there  is  no  way  to  distinguish  between  linear  and  nonlinear  problems  in 
interval  analysis  without  going  back  to  their  real  restrictions. 

Secondly,  the  rules  (2.4)-(2.7)  of  interval  arithmetic  are  not  adequate 
to  produce  small  interval  extensions  of  even  some  simple  rational  functions, 
for  example,  the  extension 

(2.12)  F(X)  =  X*X 
of 

(2.13)  f(x)  =  x2 
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gives 


(2.14) 
while 

(2.15) 


F([-1,1])  =  [-1,1]  *[-1,1]  =  [-1,1], 


f([-1,1])  =  [-1,11  =  [0,1] 


for  the  extension  f (X) . 
(v)  Squaring 


(2.16) 


[a,b]2  =  J 


Thus , 

[min(a2,b2}f  max{a2,b2}]  if 
2  2 

[0,  max{a  ,b  }]  if  ab  <  0 , 


ab  >  0 , 


can  be  added  to  the  rules  for  interval  arithmetic  to  obtain  improved  interval 
extensions  in  the  appropriate  cases,  and  so  on. 


One  way  to  improve  the  accuracy  of  interval  extensions  (in  the  sense  of 
making  F(X)  as  small  as  possible)  is  thus  to  add  additional  operations  to 
interval  arithmetic.  Another  method  is  to  use  alternative  expressions  for  the 
interval  extension,  and  not  just  simple  substitution  of  interval  values  and 
operations.  For  example,  suppose  that  f  is  differentiable  and  f'  has  an 
interval  extension  F*  .  Furthermore,  let  y  =  m(X)  denote  the  midpoint  of 
x;  m( [a ,b] )  =  (a  +  b)/2,  with  a  similar  expression  for  vector  intervals  X. 

In  this  case,  the  mean  value  form  [4] 


(2.17) 


F(X>  =  fly)  +  F*  (X)  *(X  -  y)  , 


defines  an  inclusion  monotone  interval  extension  F  of  f  which  is  accurate 
for  small  intervals  X. 


Further  problems  connected  with  the  computation  of  interval  extensions 
will  be  considered  in  the  next  section. 


3.  INTERVAL  COMPUTATION .  In  actual  practice,  it  is  impossible  in 
general  to  represent  real  numbers  or  evaluate  real  transformations  exactly. 
This  is  because  one  must  work  with  a  finite  set  G  of  real  numbers,  called  a 
grid  [26]  or  screen  [13]  .  A  typical  example  of  G  is  the  set  of  fixed  and 
floating-point  numbers  available  on  a  given  computer.  The  error  introduced  by 
having  to  work  with  G  rather  than  R  presents  some  thorny  problems  of 
numerical  analysis  in  connection  with  the  oomputation  of  real  transformations. 
In  interval  analysis,  on  the  other  hand,  the  transition  from  R  to  G  does 
not  present  any  great  theoretical  difficulty,  although  one  must  forego  the 
restriction  property  (2.2)  of  interval  extensions  in  general.  The 
construction  of  what  will  be  called  computable  interval  extensions  having 
properties  (2.1)  and  (2.8)  of  inclusion  and  inclusion  monotonicity, 
respectively,  will  now  be  described. 

It  is  helpful,  but  not  necessary,  to  adjoin  the  extended  real  numbers 
±  “  to  G;  otherwise,  as  in  actual  practice,  the  calculation  of  numbers 
x  <  g  *  min  G  or  x  >  g  =  max  G  is  said  to  overflow  the  grid  G,  and  will 
generate  an  error  indication  rather  than  a  numerical  result.  With  this  in 
mind,  attention  will  be  restricted  to  the  set  RG  of  real  numbers  x  such 
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that  y  <  x  <  g. 

The  set  of  intervals  with  endpoints  in  G  will  be  denoted  by  IG,  that 
is, 

(3.1)  1G  *  { [a ,b]  |  a,b  e  G,  a  <  b)  . 

These  are  the  intervals  which  are  exactly  representable  using  the  available 
set  of  numbers.  Now,  the  directed  rounding  operators  A,  7  from  RG  to  G, 
and  ®  from  IRG  (the  set  of  intervals  with  endpoints  in  RG)  to  XG  will 
be  defined. 

For  x  e  RG,  the  upward  rounding  operator  A  is  defined  by 

(3.2)  Ax  =  minty  I  y  >  x,  y  e  G), 
and  the  downward  rounding  operator  7  by 

(3.3)  Vx  »  maxtz  |  z  <  x,  z  e  G)  . 

The  directed  rounding  operator  ®  applied  to  [a,b] ,  where  a  <  b,  a,b  e  RG 
gives 

(3.4)  ®[a,b]  -  [7a, Ab), 

an  element  of  IG  .  In  particular,  if  x  e  RG  is  a  real  number,  then 

(3.5)  ®x  «  ®[x,x]  «  [7x,Ax], 

using  the  identification  (1.4)  of  real  numbers  with  degenerate  intervals. 

For  example,  if  G  is  the  set  of  four  digit  decimal  numbers,  then  ® 
applied  to  the  real  number  x  =  1/3  gives 

(3.6)  ®(1/3)  =  (.3333,  .3334), 

which  is  the  unique  representation  of  1/3  in  IG  of  minimal  width  (and  also 
of  each  real  number  z  satisfying  .3333  <  z  <  .3334  ) . 

It  follows  that  ®  is  an  inclusion  monotone  interval  operator  which 
maps  IRG  (and  hence  IG)  into  IG .  If  F  is  an  interval  extension  of  F, 
then 

(3.7)  4  »  ®F 


will  have  properties  (2.1)  (inclusion)  and  (2.8)  (inclusion  monotoncity) ,  and 
will  map  IG  into  IG .  Interval  operators  $  of  this  type  will  be  called 


computable  Interval  extensions  of 


The  advantages  of  working  with  computable  interval  extensions  ♦  of  real 
transformations  are  obvious:  If  one  starts  with  an  exactly  representable 
interval  X  (that  is,  X  e  IG),  then  the  transformed  interval 


(3.8) 


Y  -  *(X) 
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will  also  be  exactly  representable;  furthermore,  one  can  be  sure  that  if 
x  e  X,  then  y  =  f(x)  e  Y.  Much  of  the  usefulness  of  interval  computation 
stems  from  this  latter  fact . 


On  present  computers,  directed  rounding  and  hence  interval  computation 
can  be  implemented  by  software  [28]  or  microprogramming  [19]  with  a  certain 
amount  of  effort.  Upward  and  downward  rounding  should,  of  oourse,  be  required 
to  be  available  as  a  standard  feature  of  future  machines  so  that  ordinary  and 
interval  arithmetic  can  be  performed  rapidly  and  accurately. 

4.  APPLICATIONS  OF  INTERVAL  COMPUTATION .  Interval  computation,  which 
here  will  mean  calculation  using  computable  interval  extensions  of  real 
functions,  has  at  least  two  closely  related  applications.  The  first,  already 
widely  used  in  numerical  analysis,  is  to  error  estimation .  It  is  assumed  that 
there  are  exact  data  x  and  that  one  wishes  the  result  y  =  f(x)  of 
performing  an  exact  transformation  f.  However,  all  that  one  knows  is  that 
x  lies  in  an  interval  X  and  that,  due  to  inexact  knowledge  of  coefficients, 
round-off  and  truncation  error,  the  best  one  can  compute  is  an  interval 
transformation  P  of  f.  In  this  case,  the  interval  transformation 


(4.1) 


Y  =  F(X) 


is  a  precisely  defined  model  of  inaccurate  computation  on  inexact  data.  Here, 
"the  interval  contains  the  answer,"  since  y  e  Y.  Knowing  this,  it  is  easy  to 
find  an  approximate  value  h  of  y  and  a  corresponding  bound  c  for 
absolute,  relative,  percentage,  or  other  error  of  n  as  an  approximation  to 
y  [23]  .  Most  of  the  literature  on  interval  analysis  is  devoted  to  applications 
of  this  type  [2] . 

A  second  application  of  interval  computation,  possibly  equally  important, 
is  to  give  a  convenient,  automatic  way  to  estimate  the  effect  of  variation  in 
input  data  on  output  results.  For  example,  most  structures,  such  as 
buildings,  bridges,  airframes,  offshore  drilling  platforms,  etc.,  are  subject 
to  a  range  of  loadings,  not  just  a  single  load,  and  the  same  is  true  for 
electrical  power  networks,  pipelines,  communications  links,  and  so  on.  In 
these  cases,  the  data  X  are  really  intervals,  and  one  wants  to  examine  an 
interval  result  Y  bo  determine  possible  outcomes.  In  other  words,  "the 
interval  is  the  answer"  here.  In  prediction  problems,  also,  the  results  of 
financial  deals  or  the  outcomes  of  battles  may  require  estimation  of  interest 
rates,  costs,  military  strengths  and  effectiveness,  and  so  on.  Interval 
analysis  thus  also  provides  a  natural  language  for  problems  of  this  type, 
since  one  may  view  the  results  of  assuming  that  the  quantities  of  interest  lie 
in  various  intervals,  and  make  decisions  accordingly. 

To  be  more  precise,  consider  the  problem  of  the  stability  and  safety  of 
an  offshore  drilling  platform  attacked  by  waves  having  a  range  of  amplitudes 
A  and  wavelengths  A,  that  is,  by  an  interval  wave.  In  real  analysis, 
suppose  that  the  deflection  of  the  i-th  joint  (node)  of  the  structure  is  given 
by  a  formula  of  the  form 

(4.2)  yt  =  fi(*,*,V--.,*m), 

i  “  1,2,...,n,  where  the  x.  represent  loads,  strengths  of  members  (not 
usually  known  except  withinJ intervals) ,  etc.  Now,  one  calculates  the  interval 
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values 


(4.3)  Y.  =  F. (A,A,xi#...,X  ), 

li  i  in 

using  suitable  computable  interval  extensions.  The  result  is  essentially  a 
"worst-case"  analysis,  leading  to  the  following  conclusions: 

(i)  If  all  the  Y^  lie  within  intervals  of  deflection  considered  to  be 
acceptable,  then  the  structure  can  be  deemed  to  be  safe  under  the  given  range 
of  conditions . 

(ii)  On  the  other  hand,  if  some  of  the  computed  intervals  Y^  go  beyond 
acceptable  limits,  this  does  not  necessarily  mean  that  the  structure  is 
unsafe.  However,  the  nodes  in  question  should  be  singled  out  for  more  exact 
investigation  and  possible  reinforcement  to  insure  that  the  structure  will  be 
stable . 

It  can  be  argued  that  the  use  of  interval  analysis  is  justified  if  this 
would  prevent  the  failure  of  a  single  structure  or  power  or  communication 
network . 

An  interval  analysis  of  linear  electric  circuits  has  been  carried  out  by 
Skelboe  [27]  along  the  above  lines.  An  application  in  finance,  giving 
projected  returns  for  rates  lying  in  estimated  intervals,  has  been  worked  out 
by  A.  S.  Moore,  and  is  given  in  [18],  Chap.  9. 

Many  significant  applications  of  the  above  idea  are  undoubtedly  possible; 
the  crucial  point  is  to  produce  interval  extensions  which  are  realistic  and 
accurate  in  the  sense  that  the  intervals  obtained  do  not  extend  far  beyond  the 
limits  which  would  actually  be  observed. 

Another  property  of  interval  computation  which  is  useful  in  applications 
is  the  intersection  property.  Suppose  that  one  is  trying  to  compute  a  point 
y,  or,  more  generally,  an  interval  Y,  and  one  knows  that 

(4.4)  YCY, 

on  the  basis  of  an  interval  computation.  Another  computation  gives,  say, 

(4.5)  Y  C  y2 
It  follows,  since  intervals  are  sets,  that 

(4.6)  Y  c  Yi  n  y2  =  y3, 

and  Y3  may  be  considerably  smaller  than  Y ^  or  Yj,  but  never  larger. 

Thus',  additional  interval  computations  can  only  improve  accuracy.  This 
principle  has  been  used  in  numerical  integration  to  reduce  error  bounds,  see 
[8]  for  an  example. 

Now  that  Interval  arithmetic  can  be  microprogrammed  to  operate  at 
essentially  floating  point  speeds  [19],  and  is  available  in  the  powerful 
scientific  computing  language  PASCAL-SC  [14] ,  the  use  of  interval  computation 
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in  applications  is  in  a  position  to  grow  at  an  explosive  rate. 


5.  INTERVAL  ITERATION .  This  section  will  deal  with  an  application  of 
interval  computation  to  the  problem  of  finding  fixed  points  of  real 
transformations,  that  is,  real  numbers,  vectors,  or  functions  y  which 
satisfy  the  equation 

(5.1)  y  =  f  (y )  . 

Since  the  formulation  here  is  general  enough  to  include  systems  of  equations 
in  several  variables  and  integral  equations  [24] ,  many  problems  in  applied 
mathematics  can  be  reduced  to  finding  solutions  of  (5.1). 


In  real  analysis,  a  standard  way  to  obtain  approximate  solutions  of 
equation  (5.1)  is  by  iteration .  One  starts  with  a  point  yQ  deemed  to  be  a 
good  approximation  to  y,  and  then  generates  the  sequence  iy^}  by  computing 

(5 m2)  yn+i  “  f ( ) ,  n  =  0,1,2,...  . 


If  this  sequence  aonverges  (and  f  is  continuous,  which  will  be  assumed 
throughout ) ,  then 


(5.3) 


lim 

n+"  yn 


satisfies  (5.1).  In  other  words,  convergence  of  {y  }  implies  the  existence 

of  a  fixed  point  y  for  continuous  f.  This  is  all  very  well,  but  (y^)  can 

diverge,  even  for  yQ  close  to  y,  and  thus  not  yield  any  useful  information 

(If  there  is  no  fixed  point  y  of  f,  then  {y  }  must  diverge,  hence, 

n 

nonexistence  of  y  implies  divergence  of  (y  }.)  Furthermore,  since  real 
transformations  cannot  be  performed  exactly  in  general,  one  does  not  compute 
(y  },but  rather  some  approximate  sequence  (z  } .  The  usefulness  of  {z  } 
thus  depends  on  a  comparison  with  (y  }  whicfi  can  be  a  difficult  problem  in 
its  own  right  (although  this  does  provide  employment  for  numerical  analysts) . 


As  shown  in  [26] ,  the  situation  is  quite  different  in  interval 

analysis.  Here,  one  starts  with  an  interval  Yq  (in  IG  in  actual  practice) 

thought  to  contain  a  fixed  point  y  of  f,  and  computes  the  sequence  of 

intervals  (y  }  defined  by 
n 

(5.4)  Y  =YOF(y),  n-  0,1,2,..., 

n+1  n  n 

where  F  is  a  computable  interval  extension  of  f.  In  [26],  it  is  shown  that 
if  y  e  Yq,  then 

00 

(5.5)  y  e  Y  =  n  Y  *  0, 

n=0  n 

(0  denotes  the  empty  set) ,  so  existence  of  the  fixed  point  y  in  Yq  implies 

convergence  of  the  interval  iteration  to  a  nonempty  limit  interval  Y  which 
also  contains  y.  Furthermore,  the  endpoints  of  each  Y^,  as  well  as  Y, 
furnish  lower  and  upper  bounds  for  y.  On  the  other  hand,  if 


(5.6) 


9 
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for  some  positive  integer  N,  then  Yq  contains  no  fixed  points  of  y  of 
f .  In  this  case,  the  interval  iteration  (5.4)  is  said  to  diverge ,  which 
implies  nonexistence  of  a  fixed  point  in  Yg . 

For  computations  on  a  finite  grid  G,  which  is  the  case  in  actual 
practice,  it  has  been  shown  [26]  that 


(5.7) 


=  *N+1  =  Y  or  yN  =  9 


for  some  positive  integer  N.  Thus,  interval  iteration  is  a  finite  process  in 
actual  computation.  In  case  Y  *  0,  the  usefulness  of  this  limit  can  then  be 
determined  by  direct  inspection . 

It  should  be  noted  that  Y  *  9  does  not  imply  that  y  e  Yq;  it  is  the 

converse  which  holds.  Thus,  it  may  be  necessary  to  apply  some  existence  test 
to  Y.  However,  in  finite  dimensions,  it  is  sufficient  that 


(5.B) 


F(V  C  YN 


for  some  positive  integer  N  to  guarantee  the  existence  of  a  fixed  point 
y  e  Yq ,  and  hence  the  convergence  of  the  interval  iteration  as  a  consequence 
of  the  Schauder  fixed  point  theorem.  Interval  iteration  can  thus  be  used  to 
find  improved  bounds  for  fixed  points  known  to  be  in  Yq,  to  obtain  regions 
Yn  possibly  smaller  than  Yq  to  test  for  existence  of  fixed  points,  or  to 
establish  nonexistence  of  fixed  points  in  Yq  in  case  (5.6)  holds. 

6.  INTERVAL  FUNCTIONS .  Interval  runctionti  are  straightforward 
generalizations  of  real  functions.  Given  real  functions  y  <  y  (in  the  sense 
that  y(x)  <  y(x)  for  each  x) ,  the  function  Y  defined  for  each  x  e  X  = 

[a  ,b]  by 


(6.1) 


Y ( x )  =  {y  I  ^(x)  <  y  <  y ( x) } 


wi  1 1  be  called  an  interval  function  on  X  with  endpoint  functions  y< 

Figure  2  illustrates  the  graph 


(6.2) 


Y (X )  =  (y  |  y(x)  <  y  <  y(x),  a  <  x  «*  b) 


of  a  simple  interval  function. 


As  a  set  of  functions,  the  interval  function  Y  can  be  considered  to  be 
the  set  of  all  real  functions  y  satisfying  y  <  y  <  y  in  the  sense  cited 
above.  Thus,  in  order  to  extend  the  concept  of  integration  from  real  to 
interval  functions,  one  must  be  prepared  to  integrate  all  real  functions.  The 
way  to  do  this  will  be  explained  in  the  next  section. 

An  important  interval  function  Is  the  vertical  extent  ?Y  of  an  interval 
function  Y.  This  is  defined  by 


(6.3) 


^(x)  -  S>Cy(x)>K 


and  is  interval-valued.  In  Figure  2,  'Ty(X)  “  [c,d]  is  indicated  on  the  y- 
axis .  If  ?y(X)  is  a  finite  interval,  as  in  this  case,  then  Y  is  said  to 
be  a  bounded  interval  function. 


'  X 

Figure  2.  The  Graph  of  an  Interval  Function. 


Given  interval  functions  Y,  Z  on  X,  one  writes  Y  C  z  if  Y(X)  C  Z(X) 
as  point-sets  in  the  plane. _  Thus,  if  Y  =  [^,y]  and  Z  =  [z,z],  then  this  is 
equivalent  to  z.  ^  X  and  Y  4  2  fcbu  endpoint  functions  of  Y  and  Z.  Given 

an  interval  function  Y,  it  is  possible  on  this  basis  to  introduce  the  idea  of 
directed  rounding  of  Y  to  a  larger  interval  function  Z  with  endpoints 
belonging  to  a  specified  class  (step-functions,  splines,  continuous  or  Riemann 
integrable  functions,  etc.).  This  idea  is  useful  in  the  construction  of 
computable  extensions  of  integral  operators,  etc. 


Interval  versions  of  discontinuous  real  functions  can  also  be  constructed 
to  model  finite  or  infinite  jumps.  For  example,  consider  the  real  step- 
function 


(6.4) 


:s(x) 


x  <  1 , 

X  >  1  . 


The  corresponding  interval  step-function  is 


(6.5) 


S(x) 


s(x) ,  x  *  1, 
(-1,1]  ,  X  -  1, 


as  illustrated  in  Figure  3.  Thus,  interval  step-functions  include  the 
"risers"  as  well  as  the  "treads"  of  real  step-functions,  considered  as 
mathematical  models  of  staircases. 


Note  that  the  graphs  of  interval  versions  of  discontinuous  real  functions 
will  be  connected  sets  in  the  plane.  Interval  functions  of  this  type  may  be 
useful  in  the  description  of  physical  phenomena  known  as  shocks  or 
catastrophes,  where  rapid  changes  take  place  in  certain  quantities. 
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X 


Figure  3.  An  Interval  Step-Function. 


7.  INTERVAL  INTEGRATION .  A  construction  of  the  interval  integral  and 
some  of  its  important  properties  are  given  in  [6] .  Briefly,  the  idea  is 
thiss  Let  y  be  real  function,  and  suppose  S_  and  S  are  the  sets  of 
step-functions  s_,  s  such  that 

s  <  y  for  s  e  Si  *”<3  y  <  a  for  s  e  5  •  Since  step- functions  are 
integrable  in  the  extended  real  number  system,  one  can  always  form  the  lower 
and  upper  Oarboux  integrals  of  y  [IS],  denoted  respectively  by 

(7.1)  (LD)  /b  y(x)dx  *  S“p{/bs(x)dx} , 

a  8c  o  *  " 

and 

(7-2)  h  w  _ 

(UD)  /  y(x)dx  =  {/  s(x)dx). 

a  se  S  a 

Definition  7.1.  The  interval 

(7.3)  fb  y (x) dx  =  [(LD)  /b  y(x)dx,  (UD)  /b  y(x)dx] 

a  a  a 

is  called  the  interval  integral  of  the  real  function  y  over  the  interval 
X  =  [a  ,b]  . 

The  interval  integral,  thus,  always  exists  in  the  set  of  intervals  on  the 
extended  real  line  [6],  [15].  The  interval  integral  (7.3)  of  a  real  function 
y  is  degenerate  (a  real  number)  if  and  only  if  y  is  Riemann  (R) 
integrable,  since 

(7.4)  (R)  /b  y (x) dx  =  (LD)  fh  y (x) dx  «  (UD)  /b  y(x)dx 

a  a  a 

by  definition  of  Riemann  integration  [15]  . 

For  Lebesgue  (L)  integrable  functions  y. 
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(7.5) 


(Xj)  /b  y(x)dx  e  /b  y ( x ) dx 

*  ft 

in  general  [6]  . 

Definition  7.2.  The  interval 

(7.6)  /b  Y(x)dx  =  [  (LP;  /bj;(x)  dx,  (UD)  /by(x)dx] 

is  called  the  interval  integral  of  the  interval  function  Y  over  the 
interval  X  =  [a,b] . 

Of  course,  (7.6)  reduces  to  (7.3)  if  Y  =  [y,y]  is  degenerate  (a  real 
function)  .  Interval  integrals  have  many  properties  similar  to  those  of  real 
integrals,  for  example,  the  mean  Interval  value  theorem 

(7.7)  /b  Y (x) dx  =  w(X)  •  Y 

holds,  where  w(X)  =  W([a,b])  =  b  -  a,  and  Y  is  some  interval  contained  in 

VY(X)  [6]. 

Another  important  property  of  interval  integrals  is  inclusion 
monotonicity,  that  is, 

(7.8)  Y  C  z  =>  /b  Y ( x) dx  C  fb  Z(x)dx, 

ft  ft 

as  shown  in  [6]  .  Thus,  interval  integration  is  an  inclusion  monotone  interval 
extension  of  real  integration,  with  the  restriction  property  (2.2)  holding  on 
the  set  of  Riemann  integrable  functions  by  (7.4). 

One  useful  application  of  interval  integration  is  to  construct  computable 
interval  extensions  of  integral  transformations,  which  will  be  considered  in 
the  next  section . 

For  bounded  interval  functions  Y  and  finite  intervals  X,  it  has  been 
shown  that  for  the  interval  sums 

n  . 

(7.9)  Z  Y (X)  *  h  •  I  7y ( [a  +  (i  -  1)h,  a  +  ih) ) ,  h  «  n  «  1,2,..., 

n  ,  n 

i=  1 

one  has 

00 

(7.10)  fb  Y(x) dx  =  n  Z  Y (X ) , 

a  .  n 

n=  1 

which  gives  a  very  simple  construction  of  the  interval  integral  in  this  case 
[25]  . 

At  the  present  time,  differentiation  does  not  seem  to  be  an  appropriate 
concept  for  interval  functions  in  general,  except  by  means  of  interval 
extensions.  Thus,  if  y  is  a  smooth  real  function,  then  one  may  work  with 
interval  extensions  Y  of  y,  Y'  of  y’,  Y"  of  y" .  and  so  on,  to  obtain 
interval  versions  of  results  from  real  analysis.  Indefinite  interval 
integrals,  however,  have  a  "derivative"  equal  to  their  integrands  at  points  of 
continuity  of  the  latter  (that  is,  points  of  continuity  of  both  ^  and  y), 
just  as  in  the  case  of  real  integrals  [6]  . 
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8.  APPLICATIONS  OF  INTERVAL  INTEGRATION.  As  mentioned  in  §7,  the 
theory  of  interval  integration  can  he  used  to  construct  computable  interval 
extensions  of  integral  transformations  of  real  functions,  such  as 

(8.1)  Gy (x)  =  /b  g(x,t,y(x) ,y(t) )dt  . 

a 

In  real  analysis,  one  assumes  Riemarn  or  Lebesgue  integrability  of  the 
integrand,  which  is  not  required  in  interval  analysis.  In  any  case,  suppose 
that  it  is  known  that  y  e  Y,  an  interval  function,  and  that  Y  is  a 
computable  interval  extension  of  g  obtained  by  interval  arithmetic  or 
otherwise,  in  the  sense  that  the  endpoint  functions  Y,  Y  of  Y  have 
computable  Riemann  integrals.  (It  may  be  necessary  to  use  directed  rounding 
to  obtain  Y,  Y.)  Then,  T  defined  by 

(8.2)  ry(x)  =  /b  Y(x,t,Y(x) ,Y(t) )dt 

will  be  a  computable  interval  extension  of  the  integral  operator  G. 

Two  applications  of  this  idea  will  be  mentioned:  The  solution  of 
integral  equations  and  the  minimization  of  functionals.  First,  consider  the 
fixed  point  problem  for  r,  defined  by  (8.1)  with  X  =  [0,1],  that  is,  the 
integral  equation 

(8.3)  y(x)  =  ^  g(x,t,y(x) ,y(t) ) dt . 

Equation  (8.3)  is  very  general.  It  is  of  Volterra  type  if 
g(x,t,u,v)  =  0  for  t  >  x  (or  more  generally,  for  t  >  h(x)/1),  in  which  case 
the  upper  limit  of  integration  in  (8.3)  can  be  replaced  by  x  (or  h(x)); 
otherwise,  (8.3)  is  of  Fredholm  type.  Linear  integral  equations  of  first, 
second,  and  third  kinds  correspond  to  the  following  integrands: 

1st  kind:  g(x,t,y(x) ,y(t) )  =  y(x)  +  f(x)  +  XK(x,t)y(t), 

(8.4)  2nd  kind:  g(x,t,y(x) ,y(t) )  =  f(x)  +  XK(x,t)y(t), 

3rd  kind:  g(x,t ,y( x) ,y( t) )  -  (1  -  $(x))y(x)  +  f(x)  +  XK(x,t)y(t). 

Among  nonlinear  integral  equations  of  the  form  (8.3)  which  are  of  special 
interest  are  the  equations  of  Hammer stein  type, 

(8.5)  g(x,t,y(x) ,y(t) )  =  K(x,t)f(t,y(t) )  , 

Urysohn  type . 

(8.6)  g(x,t,y(x) ,y(t))  =  f(x,t,y(t)), 
the  Chandrasekhar  H-equation  [7] , 

tY  (t) 

(8.7)  g(x,t,y(x) ,y(t) )  =  1  +  Xy(x) ^  ~  ^y(t) , 
and  many  others . 

An  obvious  approach  to  the  approximate  solution  of  equation  (8.3)  is  the 
use  of  interval  iteration. 
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(8.8) 


Vi  ‘  V  *  ■  . 

starting  with  an  interval  function  YQ  which  is  presumed  to  contain  a 

solution  y  of  the  integral  equation .  The  theory  of  interval  iteration  [24] , 
[26]  applies  in  this  case  also:  If  y  e  YQ,  then  (8.8)  will  converge  to  an 
interval  function  Y  =  [y,y]  such  that 

(8.9)  jr(x)  <  y(x)  <  y(x),  0  <  x  <  1, 


thus  giving  pointwise  bounds  for  the  solution  y  of  the  integral  equation 

(8.3).  On  the  other  hand,  if  Y^  =  0  for  some  positive  integer  N,  in  the 

sense  that  Y  _(x)  ^  Ty  (x)  =  9  for  some  x,  so  that  Y  is  not  defined 
N- 1  N-1  N 

as  an  interval  function,  then  there  is  no  solution  of  (8.3)  such  that 

(8.10)  XQ(x)  <  y(x)  *  y0(x)'  0  *  x  *  ■** 

that  is,  the  interval  function  Y  =  [v  ,  y  ]  does  not  contain  a  fixed  point 
y  of  G  [24]  . 


In  the  case  in  which  the  limit  of  the  interval  iteration  (8.8)  is 
degenerate,  the  following  regularity  theorem  holds:  If  the  interval  iteration 
(8.8)  aonverges  and 


(8.11) 


‘^nr 

n+*  n 


Y» 


a  real  function,  then  y  satisfies  (8.3)  in  the  sense  of  Riemann  (R) 
integration  [24],  that  is, 

(8.12)  y(x)  =  (R)  ^  g(x,t,y(x)  ,y(t)  )dt. 

This  kind  of  convergence  will  oca  r  if  the  interval  operator  r  is  what 
is  called  an  interval  contraction  [3],  [5] .  Even  if  G  and  hence  r  are  not 
contractive  operators,  interval  iteration  can  be  used  to  obtain  improved  lower 
and  upper  bounds  for  y  [24] . 


Another  application  of  interval  integration  is  to  the  minimization  of 
functionals,  to  which  many  problems  in  applied  mathematics  reduce.  For 
example,  instead  of  the  functional. 

(8.13)  f (y )  =  /b  $(x,y(x),y’(x))dx, 
one  can  examine  the  interval  functional 

(8.14)  F(Y )  -  /b  *(x,Y(x) ,Y* (x) )dx, 

where  ♦  ,  Y,  Y'  denote  computable  interval  extensions  of  y>  y* , 
respectively,  it  follows  that  (8.14)  provides  immediate  lower  and  upper 

bounds  for  the  values  of  the  functional  (8.13)  for  y  8  Y,  y*  e  Y',  that  is, 

if  F(Y )  “  [c,d],  then  c  <  f(y)  <  d  for  y  e  Y,  Y’  e  Y' .  An  algorithm 

similar  to  the  one  of  Hansen  and  Sengupta  [11]  aould  then  be  applied  to  locate 

and  obtain  lower  and  upper  bounds  for 


(8.15) 


min  f (y) ,  y  e  Y,  y*  e  Y'  . 
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Since  many  physical  principles,  ordinarily  formulated  as  differential 
equations,  have  alternative  formulations  as  minima,  maxima,  or  stationary 
values  of  functions  expressed  in  integral  form,  or  as  integral  equations,  this 
is  an  area  in  which  interval  analysis  can  be  extremely  useful,  particularly  if 
the  data  are  inexactly  or  imcompletely  known.  This  is  a  topic  for  future 
research;  others  will  be  indicated  in  the  next  section. 

9.  directions  FOR  FUTURE  RESEARCH .  Research  in  applied  mathematics 
follows  two  closely  related  lines;  Application  of  known  mathematical 
techniques  to  problems  of  importance  in  practice,  and  the  development  of  new 
methods  when  known  ones  are  inadequate  or  inefficient.  The  applied 
mathematician  thus  functions  both  as  problem-solver  and  as  "toolmaker  to  the 
trade".  To  a  certain  extent,  the  emphasis  on  tool  making  occurs  in 
academic  environments,  and  on  using  tools  in  laboratories.  The  U.  S.  Army 
Mathematics  Steering  Committee  and  the  U.  S.  Army  Research  Office  have 
provided  a  valuable  service  for  many  years  by  organizing  meetings  such  as  the 
Conferences  of  Army  Mathematicians,  which  bring  together  applied  mathematicians 
with  both  theoretical  and  practical  orientations.  To  these  groups,  interval 
analysis  is  hereby  offered  as  a  new  tool.  It  will  work  well  on  some  problems, 
not  on  others,  and  will  need  improvement  to  be  effective  in  other  cases. 

The  usefulness  of  interval  computation  as  described  in  §4  is  well- 
established  by  now.  Given  the  increased  availability  of  fast  interval 
arithmetic,  interval  analysis  can  and  will  be  applied  bo  more  computational 
problems  of  the  type  described.  This  also  applies  to  the  solution  of  systems 
of  equations  (§5),  integral  equations  (|8),  and  finding  lower  and  upper  bounds 
for  values  of  functionals,  as  described  also  in  §8. 

In  a  more  speculative  vein,  it  appears  that  Interval  functions  might 
provide  a  more  realistic  description  of  chaotic  phenomena,  such  as  turbulent 
flow,  than  single-valued  real  or  complex  functions.  Also,  since  many  physical 
principles  have  integral  as  well  as  differential  formulations,  interval 
integration  might  be  applicable  to  a  whole  range  of  problems  now  solved 
approximately  by  the  numerical  integration  of  ordinary  or  partial  differential 
equations.  While  interval  analysis  may  or  may  not  work  in  some  of  these 
areas,  it  has  enough  potential  to  at  least  be  investigated,  which  is  what 
research  in  applied  mathematics  is  all  about. 
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ABSTRACT .  Large  deflection  elastic-plastic  response  of  a  9  m  radius 
hemispherical  shell  enclosure  structure  .0254  m  thick  clamped  to  a  hori¬ 
zontal  rigid  foundation  and  subjected  to  explosive  blast  loading  due  to  a 
29.03  kg  TNT  charge  at  the  center  was  analysed  using  a  finite-difference 
structural  response  code  i.e.  PETROS  3.5. 

The  peak  reflected  overpressure  was  estimated  from  a  scaled  distance 
of  the  wall  from  the  point  of  detonation  based  on  a  conservative  cube-root 
scaling  law.  The  reflected  overpressure  decay  with  time  was  assumed  to 
obey  the  modified  Friedlander  equation.  The  residual  quasi-static  over¬ 
pressure  was  obtained  from  an  equation  developed  by  Kinney  and  Sewell  based 
on  the  ratio  of  the  available  vent  area  and  the  internal  volume. 

Only  a  quarter  segment  of  the  structure  was  modelled  using  18  equal 
width  meshes  in  one  layer  and  four  Gaussian  integration  points  through 
the  thickness  in  each  mesh.  The  1020  steel  was  represented  by  a  trilinear 
curve  followed  by  a  perfectly-plastic  behavior  and  elastic-plastic  un¬ 
loading  resulting  in  a  polygonal  approximation. 

The  results  indicated  the  initiation  of  flexural  waves  at  the  clamped 
edge  propagating  towards  the  pole  and  thereby  altering  the  spherically 
symmetric  breathing  mode  of  response  of  the  structure.  The  peak  deflec¬ 
tion  was  predicted  by  the  code  to  occur  at  the  pole  and  permanent  dis¬ 
placement  after  releasing  the  load  was  found  to  be  quite  small .  Transient 
strain  components  at  the  inner  and  outer  surfaces  near  the  clamped  edge 
due  to  mainly  elastic  oscillations  showed  significant  bending  deformation. 
In  conclusion,  the  protective  structure  was  found  to  be  efficient  config¬ 
uration  capable  of  safe  containment  of  internal  explosive  blast  loading. 

1,  INTRODUCTION.  The  Ballistic  Research  Laboratory  is  currently 
in  the  process  of  acquiring  a  target  enclosure  to  facilitate  destructive 
terminal  ballistic  testing  of  chemical  explosives  (CE) ,  armor  and  kinetic 
energy  (KE)  penetrators  by  safe  containment  of  blast,  fragments  and 
resultant  harmful  combustion  products.  The  present  investigation  is 
based  on  a  preliminary  concept  of  the  firing  range  as  shown  in  Figure  1. 

The  target  is  located  inside  the  hemispherical  enclosure  at  the  end 
of  a  long  concrete  pipe-guide.  The  gun-launched  projectile  travels 
through  the  pipe-guide  and  enters  the  enclosure  through  a  .914  m 
diameter  hole.  The  target  interaction  with  the  projectile  is  monitored 
photographically  with  flash  X-ray  equipment  and  penetration  velocity  is 
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Figure  1.  Preliminary  concept  layout  of  the  AHKELS  (Advanced  High 
Kinetic  Energy  Launch  System)  range. 


obtained  using  velocity  screens  and  electronic  counters.  An  air  exhaust 
system  mounted  at  the  rear  of  the  structure  operates  during  the  test  and 
draws  back  aerosolized  material  out  of  the  enclosure  after  a  test  and  traps 
it  in  filters  in  the  exhaust  ducting.  A  large  sliding  door  with  a  config¬ 
uration  to  match  the  curvature  of  the  hemispherical  wall  allows  equipment 
access  inside  the  enclosure.  The  door  is  sealed  to  the  wall  with  a 
pressurized  hose  seal  along  its  perimeter.  The  entire  structure  is  built 
to  contain  blast  and  fragments,  to  trap  aerosolized  materials  and  to  per¬ 
mit  photographic  observation  of  the  test. 

A  significant  problem  associated  with  the  enclosed  range  tests  is  the 
overpressure  resulting  from  shock  loading  as  well  as  rapid  heating  of  the 
air  within  the  enclosure  as  the  penetrator  and  the  target  are  tom  apart 
during  their  encounter  as  shown  by  R.  Abrahams  et.al  [1].  The  structure 
must  survive  both  the  reflected  and  the  residual  overpressures  induced  by 
the  interaction  until  ambient  conditions  are  reached  due  to  venting  out 
to  the  atmosphere  through  the  exhaust  system. 

Since  the  key  element  of  the  AHKELS  (Advanced  High  Kinetic  Energy 
Launch  System)  range  is  the  enclosure  structure.  The  Target  Loading  and 
Response  Branch  was  assigned  to  estimate  the  overpressure  loading  on  the 
wall  and  analyze  dynamic  response  of  the  preliminary  configuration  at 
critical  locations  and  assure  structural  integrity  from  a  conservative 
viewpoint.  The  choice  of  a  hemispherical  configuration  was  influenced  by 
an  earlier  investigation  by  N.  J.  Huffington  et.al  [2]  who  demonstrated 
the  effectiveness  of  such  a  protective  structure. 

In  the  absence  of  any  available  experimental  data  it  was  decided  to 
obtain  a  theoretical  estimate  of  the  transient  and  residual  overpressure 
loading  due  to  a  centrally  located  equivalent  charge  weight  at  the  base. 

The  subsequent  objective  was  to  perform  an  approximate  conservative  static 
analysis  for  an  initial  estimate  of  wall  thickness.  Finally  the  dynamic, 
elasto-plastic ,  large  deflection  response  of  the  shell  configuration 
clamped  to  a  horizontal  rigid  foundation  was  studied  to  indicate  critical 
locations  where  peak  strains  or  deflections  could  occur. 

II.  ESTIMATION  OF  TRANSIENT  LOADS.  The  transient  loads  were  esti¬ 
mated  under  the  assumption  that  the  test  firing  of  penetrator  rounds 
would  generate  overpressures  inside  the  containment  chamber  similar  to 
those  caused  by  an  internal  blast  due  to  an  equivalent  central  charge 
weight  of  29.03  Kg  at  the  base  as  shown  in  Figure  2.  Assuming  the  walls 
to  be  rigid,  the  symmetry  of  the  charge  and  the  structure  about  a  vertical 
axis  through  the  center  indicates  uniform  distribution  of  internal  reflec¬ 
ted  loading  upon  the  structure.  For  the  estimation  of  peak  reflected 
overpressure,  a  conservative  cube-root  scaling  law  [3]  is  employed  to 
compute  the  scaled  distance,  Z,  of  the  wall  from  the  charge  location  in 
the  form 
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Figure  2.  Section  through  hemispherical  containment  structure 

where  V,  is  the  equivalent  charge  weight  and  R  is  the  distance  of  the  wall 
£ 

from  the  charge  location. 

Once  the  scaled  distance  is  known  the  reflected  parameters  such  as 
peak  overpressure,  impulse,  time  of  arrival  and  duration  time  of  the  shock 
loading  could  be  estimated  from  compiled  airblast  tables  [4,5].  The  decay 
of  the  reflected  overpressure  is  assumed  to  obey  the  modified  Friedlander 
exponential  decay  equation  which  can  be  written  as 

-ctt/t 

P  =  P  [1  -  t/t  ]e  °  (2) 

r  ml  oJ 


where  tQ  is  the  positive  phase  duration  of  the  impulse,  P^  is  the  peak 

reflected  overpressure  and  t  is  the  elapsed  time  from  impact  or  detonation. 
The  exponential  decay  parameter,  a,  is  given  as 


a 


.57 


P  +  P 
m  o 


P 

o 


0.65 


(3) 


where  Pq  is  the  peak  quasi-static  overpressure  obtained  from  quasi-steady 

residual  overpressure  calculations,  the  equations  for  which  are  given  in 
the  following  section. 
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III.  ESTIMATION  OF  QUASI-STATIC  LOADS.  Quasi-static  pressures 
immediately  following  the  reflected  pressure  were  predicted  assuming  that 
the  heat  of  combustion  of  TNT  is  used  totally  to  heat  the  air  within  the 
enclosure  [6] .  A  relationship  for  the  resultant  increase  in  pressure  is 

0.4  hWp 

AP  =  - y— -  ,  kPa,  (4) 

where  V  =  1513. 9  m3,  the  internal  volume  of  the  enclosure, 

Wp  =  29.03  kg,  weight  of  the  explosive  charge,  and 

h  =  13.5  KJ/g,  the  heat  of  combustion  of  TNT. 

An  internally  pressurized  structure  vents  the  pressure  to  the  surroundings 
through  openings  in  its  walls  causing  a  slow  decay  to  ambient  conditions 
as  shown  by  Kinney  and  Sewell  [7]  and  is  computed  from 

Ln  P  =  Ln  P  -  .315  (A  /V)  t  ,  (5) 

O  v  s 

where  t  =  elapsed  time  in  ms 

P  =  absolute  pressure  at  t$ 

A  =  2.33  a2,  the  available  vent  area. 

The  long  term  duration  of  the  decay  is  essentially  due  to  the  relatively 
small  vent  area  available  causing  a  slow  pressure  decay  to  the  atmosphere. 

The  blow-down  time,  t  ,  required  to  reduce  the  residual  overpressure 

to  ambient  conditions  developed  by  Keenan  et.al  [8],  based  on  the  firing 
of  high  explosives  in  chambers  with  known  vent  areas  and  volumes,  is 
given  as 

t  =  6.28  (A  /V)"’86  (6) 

g  v' 

’/3 

The  above  equation  is  valid  for  A  /V~' '  <  0.2i.  In  the  current  design 
2/3  V 

the  ratio,  Ay/V  ,  equals  .018  and  the  duration  time  for  the  quasi-steady 
pressure  is  approximately  1600  ms. 

The  computation  involves  determination  of  peak  residual  overpressure 
from  Eq.  (4)  which  when  combined  with  Eqs.  (5)  and  (6)  yields  the  quasi¬ 
steady  part  of  the  loading  history.  The  junction  between  the  reflected 
overpressure  history  and  the  quasi-steady  loading  was  smoothed  by  a  curve 
interpolation  scheme  in  order  to  avoid  a  sharp  transition.  The  resulting 
load  profile  is  shown  in  Figure  3.  This  loading  is  applied  uniformly  at 
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Figure  3.  Computed  pressure-t ime  history  due  to  internal  explosive 
blast  loading  of  the  hemispherical  enclosure. 

each  meshpoint  on  the  inside  wall  in  the  radial  direction  in  the  finite- 
difference  structural  response  model  in  the  PETROS  3.5  computer  program 
[9]  developed  for  the  BRL.  In  Figure  3  the  load-time  history  inside  the 
hemispherical  enclosure  was  zeroed  out  after  180  ms  to  facilitate  damping 
of  small  elastic  oscillations  and  to  observe  any  residual  deformation  of 
the  hemispheric  wall.  The  peak  reflected  overpressure  was  found  to  be 
257.3  kPa  while  the  peak  residual  overpressure  was  approximately  100  kPa. 

IV.  STATIC  STRESS  ANALYSIS.  Prior  to  a  detailed  dynamic  response 
study,  a  static  stress  analysis  in  the  linear-elastic-small  deflection 
regime  was  conducted  to  obtain  an  initial  estimate  of  the  enclosure  wall 
thickness.  Since  the  duration  of  the  reflected  pressure  is  less  than 
1.5  ms  compared  to  1600  ms  for  the  duration  of  the  quasi-steady  over¬ 
pressure,  an  approximate  static  analysis  based  on  a  minimum  factor  of 
safety  of  2.0,  is  considered  to  be  satisfactory.  For  the  preliminary 
investigation,  stress-concentration  near  holes,  cutouts  and  wall  openings 
was  neglected.  However  the  effect  of  ground-plane  reflection  of  the  shock 
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wave  was  included  through  a  load  multiplication  factor  of  k  =  2.0,  which 
in  effect  doubled  the  applied  load. 


To  contain  the  initial  pressure  pulse  in  an  elastic  manner  only  the 
peak  reflected  overpressure,  P  ,  was  included  in  the  calculation  of 

stresses  and  deflections.  An  equivalent  static  meridional  stress,  o,  can 
be  calculated  from  Figure  2  by  equating  the  resultant  upward  force  due  to 
internal  pressurization  to  the  net  downward  restraining  force  due  to  the 
stress  developed  at  the  clamped  edge  resulting  in 

RkP 

r 


where  R  =  8.987  m,  the  median  radius 
k  =  load  multiplication  factor 

However  for  an  assumed  factor  of  safety  of  2.0  a  =  %  o  ,  where  a  is  the 

y  y 

static  yield  stress.  Substituting  this  value  of  a  in  Eq.  (7)  and 
rearranging  terms  results  in  an  expression  for  the  estimated  thickness, 
h,  in  the  form 


RkP 

r 


The  yield  stress,  o  for  the  wall  material  which  is  1020  steel  is 

241.3  MPa.  Hence  the  wall  thickness,  h,  from  Eq.  (8)  is  found  to  be  .019  m. 

Up  to  this  point  no  consideration  has  been  given  to  the  possibility 
that  fragment  induced  damage  to  a  shell  might  result  in  catastrophic  rup¬ 
ture  when  the  blast  loading  is  applied.  One  should  estimate  the  material 
removal  produced  by  the  impact  of  the  worst  threat  fragment  and  perform  a 
local  three  dimensional  analysis  of  the  stress  field  to  determine  whether 
a  crack  would  be  propagated  under  such  loading.  This  problem  in  fracture 
mechanics  is  difficult  to  analyze  and  can  be  at  least  partially  circum¬ 
vented  by  a  conservative  selection  of  wall  thickness  under  the  assumption 
that  the  residual  thickness  is  capable  of  withstanding  the  peak  quasi¬ 
steady  pressure  even  when  a  50%  depth  of  penetration  has  been  achieved  by 
a  part -through  fragment.  The  final  thickness  chosen  was  .0254  m  (1  in), 
a  material  thickness  which  is  readily  available.  The  .0254  m  thickness 
corresponds  to  a  stress  level  of  45.5  MPa  which  when  compared  to  the  yield 
stress  results  in  a  final  margin  of  safety  of  4.3  which  is  satisfactory. 

The  peak  radial  deflection  AR  at  the  pole  is  estimated  from  reference 
[10]  as 
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(9) 


R  kP  (1-v) 
AR  =  -  r 


2Eh 

where  E,  v  are  elastic  material  properties. 


To  detect  resonance  due  to  coupling  of  the  duration  time  of  the 
pressure  pulse  with  the  natural  vibration  period,  the  time  period,  T, 
was  calculated  from  reference  [10]  as 


T  =  ttR  ,  (10) 

where  p  is  the  mass  density.  Further  check  of  interaction  of  the  reflected 
pressure  pulse  due  to  ground  plane  reflection  with  the  elastic  oscillation 
of  the  pole  did  not  reveal  a  significant  problem. 

The  peak  radial  elastic  deflection  at  the  pole  from  Eq.  (9)  was 
.0011  m  which  is  quite  small  and  is  consistent  with  the  design  objective. 
The  gross  weight  of  the  hemispherical  enclosure  was  approximately  96400  kg 
based  on  a  .0254  m  wall  thickness.  In  this  study  allowance  was  made  for 
the  weight  of  flanged  material  at  the  base  but  not  for  extra  weight 
associated  with  access  provisions,  welds  or  foundations. 

An  optimization  study  based  on  equivalent  strength  showed  substantial 
weight  saving  for  a  hemispherical  configuration  at  or  below  6  m  radius 
but  marginal  savings  at  higher  radius  up  to  9  m  due  to  compensating 
thickness  increase.  An  equation  proposed  by  R.  Karpp  et.al  [11]  for  the 
minimum  amount  of  vessel  material,  V^,  to  contain  a  specified  charge  is 

given  as 


V 

m 


4irW_  /  — 


.  1.0406  . 0406  _  A  .0406 

(^)  (V)  CO 


(ID 


where  is  the  yield  point  strain  of  the  vessel  material  in  biaxial 

tension,  W£  is  the  charge  weight,  pQ  is  the  density  of  the  vessel 

material  and  K  is  an  empirical  curve-fit  constant  found  to  be  4.08  * 

10~6  m3/kg.  Unfortunately  the  optimum  configuration  could  not  be  achieved 
due  to  constraints  of  minimum  workspace  and  equipment  access  requirements. 


V.  DYNAMIC  RESPONSE  ANALYSIS.  Response  of  the  structure  subjected 
to  transient  loads  from  an  internal  blast  shown  in  Figure  2  was  conducted 
using  the  BRL  version  of  the  PETROS  3.5  computer  program  [9],  which 
employs  the  finite-difference  method  to  solve  the  nonlinear  equations 
governing  finite-amplitude  elastoplastic  response  of  thin  Kirchhoff 
Shells.  The  model  is  valid  for  large  deflections  and  can  be  employed  to 
treat  the  entire  structure  rather  than  a  small  section. 
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A.  Material  Model.  The  uniaxial  tensile  quasi-static  stress-strain 
property  for  1020  steel  which  is  used  ns  the  primary  vessel  material  is 
shown  by  the  continuous  line  in  Figure  4.  The  material  is  modeled  in  the 
code  as  a  combination  of  three  linear  segments  indicated  as  the  dashed 
curve  in  Figure  4  followed  by  a  perfectly  plastic  behavior  and  linear 
elastic-plastic  unloading  resulting  in  a  polygonal  approximation  of  the 
experimental  data.  The  strain-hardening  part  of  the  stress-strain  curve 
is  generated  by  a  sublayer  hardening  model  from  a  weighted  combination  of 
elastic  perfectly-plastic  curves  yielding  a  piecewise  multilinear  hardening 
representation.  Strain-rate  effects  were  neglected,  which  is  conservative 
since  these  effects  increase  the  structural  resistance  and  thus  reduce  the 
total  deformation. 
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Figure  4.  Stress-strain  property  modeling. 

B.  Finite-Difference  Model.  Since  both  the  responding  structure 
and  the  applied  loads  are  symmetric  with  respect  to  the  vertical  axis  as 
shown  earlier  in  Figure  3,  it  is  sufficient  to  model  the  response  of  a 
single  pie-shaped  segment  of  the  hemispherical  enclosure  and  generate  the 
entire  structure  by  360°  rotation  of  the  structure  about  the  axis  of 
symmetry  resulting  in  quite  economical  computer  runs. 

A  total  of  18  meshes  along  the  surface  and  a  single  layer  through 
the  thickness  were  used  to  represent  the  pie  shaped  segment.  Four 
Gaussian  integration  points  through  the  thickness  were  used  at  each  mesh 
for  computational  purpose.  Total  number  of  mesh-points  did  not  exceed  37. 
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Initial  configuration  of  the  finite-difference  model  employed  for  all 
subsequent  calculations  is  shown  in  Figure  5. 


POLE 


Figure  5.  Initial  configuration  of  the  finite-difference  model. 

VI.  RESULTS  AND  DISCUSSION.  The  deformed  cross-section  of  the 
hemispherical  segment  relative  to  the  initial  undeformed  conf iguration  at 
36  ms  is  shown  in  Figure  6.  At  this  time  the  maximum  deflection  occurs 
at  the  pole.  The  deflections  are  exaggerated  due  to  a  high  magnification 
factor  of  1000  and  are,  in  fact,  small  enough  to  be  in  the  linear  elastic 
range,  in  accordance  with  the  design  objective. 
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Figure  6.  Deformed  configuration  at  36  ms  corresponding  to 
cycle  no.  1500. 

Figure  7  describes  the  transient  rectangular  components  of  displace¬ 
ment  in  a  meridional  plane  at  point  A  at  45°  from  the  vertical  axis  of  the 
hemisphere.  The  maximum  displacement  at  this  point  is  only  .82  mm, 
essentially  radially  outward.  Displacements  at  other  locations  are 
correspondingly  small  except  in  the  neighborhood  of  the  pole  of  the 
hemisphere  where  a  peak  deflection  of  1.17  mm  is  observed  at  approxi¬ 
mately  36  ms  as  illustrated  in  Figure  8.  However  this  displacement  is 
less  than  4%  of  the  shell  thickness  so  that  geometric  nonlinearities  are 
insignificant.  The  peak  deflection  is  of  the  order  of  elastic  deflection 
at  the  pole  and  any  residual  deflection,  after  elastic  oscillations  are 
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Figure  8.  Transient  displacement  at  pole  of 
hemisphere. 

Energy  balance  studies  using  the  code  confirmed  absence  of  plastic 
work  and  numerical  instability.  Both  total  and  kinetic  energies  were 
bounded.  The  fluctuations  of  kinetic  energy  appeared  to  have  twice  the 
frequency  of  the  work  performed  by  the  internal  blast  pressure. 

Transient  strain  components  on  the  outer  and  inner  surfaces  of  the 
hemisphere  at  a  point  near  the  edge  are  shown  in  Figures  9a  and  9b 
respectively.  The  meridional  strain  components  on  the  inner  and  outer 
surfaces  arc  almost  in  phase  initially  but  become  out  of  phase  and  un¬ 
equal  in  magnitude  with  increasing  time  signaling  the  build-up  of  some 
flexural  deformation.  The  hemisphere  moves  outward  and  inward,  except 
at  the  fixed  boundary  ,  in  a  spherically  symmetric  breathing  mode  result¬ 
ing  in  membrane  strains  upon  which  the  bending  strains  are  subsequently 
superposed  due  to  propagation  of  flexural  waves  from  the  fixed  boundary 
towards  the  pole.  Significant  difference  in  strains  between  the  outer 
and  the  inner  walls  at  the  clamped  edge  could  be  primarily  attributed  to 
domination  of  the  response  by  the  bending  strains.  The  circumferential 
strains  indicated  by  continuous  lines  in  Figures  9a  and  9b  are  zero  as 
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expected.  Calculations  for  maximum  meridional  stress  based  on  peak  strain 
results  in  a  stress  level  of  48.26  MPa  which  is  equivalent  to  a  safety 
margin  of  4.0.  As  expected  from  elastic  theory,  peak  strains  occurred  at 
the  fixed  edge,  while  maximum  deflection  occurred  at  the  pole. 

The  variation  of  strain  at  the  inner  wall  with  time  at  a  point  near 
the  pole  is  shown  in  Figure  10.  The  continuous  line  depicts  the  circum¬ 
ferential  strain  which  is  in  phase  and  very  similar  to  the  meridional 
strain  shown  by  the  intermittent  line.  The  strains  at  the  outer  wall  near 
the  pole  exhibits  elastic  oscillations  of  approximately  the  same  magnitude 
and  duration  as  in  Figure  10.  This  behavior  indicates  substantial 
weakening  of  the  flexural  wave  near  the  pole  and  domination  of  meridional 
and  circumferential  strains  by  the  membrane  component  of  strain  due  to 
elastic  vibration  of  the  wall  in  the  breathing  mode.  The  peak  meridional 
stress  at  the  pole  was  calculated  based  on  elastic  equations  and  was  found 
to  be  approximately  25  MPa,  which  is  considerably  lower  than  the  maximum 
stress  at  the  clamped  edge.  The  stress  level  is  equivalent  to  a  safety 
margin  of  8.6  based  on  the  yield  stress. 


Figure  10.  Surface  strains  at  the  inner  wall  near  pole. 
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Both  strain  components  are  relieved  completely  upon  damping  at 
approximately  198  ms.  An  isometric  view  of  the  fully  damped  configuration 
generated  by  360°  rotation  of  the  pie- shaped  segment  about  the  axis  of 
symmetry  is  shown  in  Figure  11.  The  view  through  Section  A-A  in  this 
figure  depicts  the  final  configuration  upon  damping  superposed  on  the 
initial  configuration.  The  coincidence  of  the  two  configurations  at  a 
high  magnification  ratio  of  1000  indicates  the  absence  of  any  plastic 
deformation  and  confirms  small  strains  and  deformations  throughout  the 
structure  in  accordance  with  earlier  results. 


SECTION  A-A 


Figure  11.  Isometric  and  sectional  view  of  the  fully 
damped  configuration. 

VII.  CONCLUDING  REMARKS.  It  has  been  demonstrated,  through  use  of 
a  rigorous  nonlinear  shell  response  methodology ,  that  it  is  possible  to 
design  a  containment  structure  with  a  hemispherical  configuration  in  an 
efficient  and  cost  effective  manner.  The  methodology  could  be  easily 
extended  to  structural  optimization  studies,  resulting  in  considerable 
cost  savings  provided  internal  volume  and  access  considerations  could  be 
met . 
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In  spite  of  simplifying  assumptions  and  limitations  of  the  PETROS  3.5 
version  of  the  shell  response  analysis  code  which  neglects  transverse 
shear  deformation  and  rotatory  inertia,  the  analysis  gives  a  clear  insight 
into  the  initial  loading  mechanism  due  to  structural  resistance  and 
interaction  of  various  components  ol‘  the  response.  However  an  examination 
of  the  characteristics  of  the  hemispherical  structure  reveals  the 
following: 

1.  The  9  m  radius,  .0254  m  thick  hemispherical  enclosure  is  an 
efficient  protective  structure  capable  of  withstanding  internal  blast  from 
a  29.03  kg  TNT  charge  with  assured  structural  integrity. 

2.  The  structure  is  capable  of  successful  containment  of  combustion 
products  and  fragments  with  sufficient  mass  and  velocity  to  achieve  a  50% 
depth  of  penetration  with  a  satisfactory  margin  of  safety. 

3.  Peak  deflection  occurs  at  the  pole  due  to  elastic  oscillations 
of  the  structure  in  the  breathing  mode  resulting  in  focusing  of  vibratory 
energy  at  the  pole. 

4.  Peak  strain  occurs  at  the  clamped  edge  and  exhibits  considerable 
difference  in  strain  magnitude  between  the  inner  and  outer  surfaces  due 
to  bending  waves  originating  in  this  region. 

5.  The  ratio  of  the  vent  area  to  the  internal  volume  is  small  enough 
to  result  in  a  slow  rate  of  venting  and  an  extended  venting  time  of 

1600  ms  for  the  quasi-steady  residual  overpressure  to  blow  down  to  the 
external  ambient  conditions. 

6.  Cumulative  damage  effect  due  to  repeated  test  firings  could 

conceivably  cause  low  cycle  fatigue  of  the  structure  and  a  periodic 

inspection  of  the  internal  surface  and  joints  for  cracks  in  critical 

regions  is  recommended. 

7.  Future  work  should  be  directed  to  modelling  of  the  enclosure 

structure  with  wall  openings  for  the  equipment  and  personnel  access  doors, 
protective  walls  for  X-ray  equipments,  detailed  analysis  of  critical 

joints  and  stress  concentration  due  to  holes  and  cutouts  in  comer 

regions . 
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ABSTRACT.  Explicit  finite  difference  and  finite  element  schemes  are 
constructed  to  solve  wave  propagation,  shock,  and  Impact  problems.  The 
schemes  rely  on  exponential  functions  and  the  solution  of  linearized  Riemann 
problems  in  order  to  reduce  the  effects  of  numerical  dispersion  and  diffusion. 
The  relationship  of  the  new  schemes  to  existing  explicit  schemes  Is  analyzed 
and  numerical  results  and  comparisons  are  presented  for  several  examples. 

I.  INTRODUCTION.  Exponentially  fitted  and/or  weighted  finite  difference 
[9,11),  finite  element  (3,9,10),  and  collocation  [5)  schemes  have  become 
popular  and  effective  methods  of  solving  steady  convection-diffusion  problems. 
They  avoid  the  spurious  mesh  oscillations  that  are  found  near  boundary  and 
shock  layers  when  centered  schemes  are  used  at  high  cell  Reynolds  or  Pedet 
numbers  and  they  reduce  the  effects  of  numerical  diffusion  that  are  associated 
with  classical  upwind  difference  schemes. 

We  seek  to  extend  exponential  methods  to  transient  problems  and  as  a 
first  step  we  consider  one-dimensional  scalar  initial  value  problems  of  the 
form 


ut  +  f(u)x  -  eujot  ,  t  >  0  ,  |x|  <  • 

u(x,0)  -  u°(x)  ,  |x|  <  •  (1) 

where  0  <  c  «  1  la  either  a  real  or  an  artificial  viscosity  parameter  and  the 
x  and  t  subscripts  denote  partial  differentiation. 

Our  primary  motivation  for  studying  exponential  schemes  is  a  desire  to 
develop  improved  numerical  methods  for  elastic-plastic  Impact  problems  In 
eollds  and  blast  problems  in  gases. 


*Thls  research  was  partially  sponsored  by  the  U.S.  Air  Force  Office  of 
Scientific  Research,  Air  Force  Systems  Command,  USAF,  under  Grant  Number 
AFOSR  80-0192.  The  United  States  Government  is  authorized  to  reproduce  and 
distribute  reprints  for  government  purposes  notwlthstsndlng  any  copyright 
notation  thereon. 
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In  this  paper,  we  confine  our  attention  to  explicit  difference 
approxlaatlona  of  (1)  having  the  fora 

un+lj  -  0nj  -  j  X[(l  +  “  f°j-l)  +  <1  -  *nj+l/2>(f°j+l  “  f®j)l 

+  ^  -  20°j  +  Onj+i)  ,  n  >  0  ,  |j|<- 

0°j  -  u°(J Ax)  ,  |J|  <  -  (2) 

where  Ax  and  At  denote  the  uniform  apatial  and  temporal  grid  spacing a, 
respectively,  O^j  is  the  numerical  approximation  of  u(jAx,nAt), 

fnj  f(Ottj)  ,  X  -  At/Ax  (3,4) 

and  rnj+i are  upwind  weighting  factors. 

Many  popular  difference  schemes  have  the  form  of  (2)  and  some  of  these 
are  discussed  and  compared  in  Section  II.  We  also  Introduce  an  exponential 
scheme  that  is  based  on  determining  anjtl/2  80  that  Unj  is  the  exact  solution 
of  the  linearized  steady  equation 


cux  -  tuxx  (5) 

when  c  -  f'(u)  is  a  constant.  We  call  this  method  the  linearized  steady 
exponential  (LSE)  method  and  it  is  the  simplest  extension  of  the  exponentially 
fitted  and  weighted  schemes  [3,9,10,11]  to  transient  problems.  The  scheme 
gives  Improved  accuracy  for  steady  shock  problems,  but  offers  little  improve¬ 
ment  over  classical  upwind  differencing  for  moving  shock  problems. 

In  Section  III  we  develop  an  exponential  Bcheme  that  is  based  on  the 
exact  solution  of  a  linearized  transient  equation  (1)  that  is  subject  to 
piecewise  constant  initial  data,  l.e,,  a  linearized  Riemann  problem  for  (1). 

We  call  this  method  the  linearized  transient  exponential  (LTE)  method  and, 
like  other  methods  based  on  the  solutions  of  Riemann  problems  [1,2,4,6,8,13, 
15,16],  it  sharply  resolves  boundary  and  shock  layers  without  added  diffusion 
or  spurious  oscillations.  As  e  ♦  0  the  LTE  method  becomes  formally  equivalent 
to  Roe's  method  [15,16]  for  hyperbolic  systems  of  conservation  laws,  van  Leer 
[17]  has  noted  that  Roe's  method  treats  an  expansion  fan  as  a  so  called 
"expansion  shock”  (cf.  Figure  6)  and,  unfortunately,  our  LTE  method  also  has 
this  disturbing  property  even  when  t  is  nonzero,  but  small. 

In  Section  IV  we  present  some  preliminary  results  for  vector  systems  of 
equations  and  in  Section  V  we  discuss  our  results  and  indicate  some  directions 
for  future  work. 

II.  THE  LINEARIZED  STEADY  EXPONENTIAL  (LSE)  METHOD.  The  LSE  method  is 
obtained  from  (2)  by  selecting  z1^,  k  -  j±l/2,  as 

•  coth  f>\/2  -  2/p\  (6) 
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where  p0^  is  the  cell  Reynolds  number 


Ax  cnk+l/2  ♦  c°k-l/2 

P°k  *  —  C - ; - )  (7) 

c  2 

and 

cnj  £' (0°j)  (8) 

As  previously  noted,  the  LSE  method  will  give  a  polntwise  exact  steady  state 
solution  of  (1)  when  cnj  Is  a  constant'.  This  or  similar  schemes  have  been 
used  by  several  Investigators  (3,9,10,11]  for  steady  singularly-perturbed 
problems  and  herein  we  try  to  apply  it  to  transient  problems. 

We  first  consider  a  linear  stability  analysis  of  the  difference  scheme 
(2)  by  letting  f(u)  “  cu  where  c  is  a  constant.  He  also  let  p  and  a  denote 

the  constant  values  of  p0^  and  z0^,  respectively,  a  denote  the  Courant  number 

a  ■  c At/ Ax  (9) 

and  6  denote  the  dissipation  parameter 

8  -  o(z  +  2/p)  (10) 

In  this  case,  equation  (2)  can  be  written  as 

-  Unj  -  -  a(Unj+1  -  unj-j)  +  -  8(1^+!  -  20nj  +  Onj.j)  (11) 

Several  popular  difference  schemes  have  the  form  of  (11)  for  different 
values  of  8  (or  z)  and  some  of  these  are  listed  in  Table  1.  All  of  these 
schemes  are  first  order  accurate  in  time,  except  the  Lax-Wendroff  scheme  which 
is  second  order. 

A  von  Neumann  analysis  (cf.  Rlchtmver  and  Morton  [14])  shows  that 
equation  (11)  is  stable  in  the  region  a*  <  0,  0  <  0  <  1.  This  region  is  shown 

shaded  for  a  >  0  in  Figure  1 .  Curves  corresponding  to  the  methods  in  Table  1 

are  also  shown.  He  see  that  the  LSE  method  slightly  improves  upon  the 
stability  and  accuracy  properties  of  upwind  differencing  and  that  centered 
differencing  and  the  Lax-7rledrichs  scheme  are  outside  of  the  stability  region 
for  most  values  of  a  and  8. 

Example  1 :  He  compare  the  methods  in  Table  1  on  the  constant  coefficient 
initial-boundary  value  problem 

ut  ♦  «x  "  E«xx  *  t  >  0  ,  0  <  x  <  1 

u(x,0)  -  0  ,  0  <  x  <  1 

u(0,t)  -  1  ,  u( 1 , t)  -  0  (12) 

The  exact  solution  of  this  problem  features  a  shock  layer  that  moves  from  x  “ 

0  to  x  ■  1  with  unit  speed  and  then  approaches  the  stesdy  stste  solution 
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as  t  ♦ 


u(*,t) 


1 . 

1  -  *-Ut 


The  maximum  error  at  steady  atata 

max|u(j  Ax.nAt)  -  U° j  |  ,  n  ♦  • 


(13) 


(14) 


computed  by  the  Lax-Wendroff ,  upwind,  LSE,  and  Lax-Frledrlcha  acheaes  are 
shown  in  Table  2  for  Ax  ■  1/20,  P  ■  6,  o  ■  0*375,  0.75  and  Ax  “  1/20,  p  “  500, 
o  -  0.475,  0.95*. 

The  centered  difference  acheae  produced  overflows  for  both  p  ■  6  and 
500,  ao  no  resulta  could  be  Hated  for  It.  The  Lax-Frledrlcha  scheme  only 
overflowed  for  p  -  6.  The  LSE  scheme  gives  the  exact  steady  state  solution 
for  this  example  and  the  small  errors  reported  in  Table  2  are  due  to  the 
combined  effects  of  roundoff  and  our  failure  to  reach  the  exact  steady  state. 

These  results  are  very  encouraging;  however,  when  we  examine  the  LSE 
solution  during  the  transient  phase  of  the  solution  the  situation  Is  quite 
different  (cf.  Figure  2).  The  LSE  solution  is  overly  diffusive  and  the 
computed  solution  is  not  much  better  than  that  obtained  by  upwind 
differencing.  This  observation  was  also  noted  by  Cresho  and  Lee  [7]  about 
methods  that  are  similar  to  the  LSE  method. 


111.  THE  LINEARIZED  TRANSIENT  EXPONENTIAL  (LTE)  METHOD.  We  would  like 
to  Improve  upon  the  results  of  the  LSE  method  for  transient  problems  and, 
thus,  we  consider  developing  a  method  having  the  form  of  (2)  that  gives  a 
polntwlse  exact  solution  of  (1)  when  f(u)  “  cu  and  c  is  a  constant.  Since  we 
are  primarily  Interested  In  obtaining  good  resolution  near  shock  and  boundary 
layers  we  choose  to  solve  (1)  subject  to  Rlemann  Initial  data.  To  be 
specific,  for  each  j  and  n  we  compute  as  the  exact  solution  of  the 

Initial  value  problem. 


ut  +  cux  -  EUxX 
u(x,nAt)  ■ 


,  t  >  nAt  ,  | x |  <  • 

j  UL  »  *  <  (j"l+4)Ax 

^  «R  .  x  >  (j-l+«)Ax 


9 


(15) 


where  u^  and  ur  are  constants,  6  is  a  constant  on  (0,1)  to  be  determined,  and 
we  assume  that  c  >  0.  We  shall  present  results  for  c  <  0  later. 


The  exact  solution  of  (15)  at  x  ■  jAx  and  t  “  (o+l)At  is 


u(jAx,nAt) 


ur  -  -(uR-ui,)erfc  -  el  -  (1-6- a) 
2  2  (  a 


(16) 


•All  numerical  results  were  obtained  In  double  precision  on  an  IBM  4341 
computer  at  the  Benet  Weapons  Laboratory. 
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(17) 


whereas  the  solution  of  equation  (2)  st  this  point  is 

*  ur  -  -  a(l  +  *nj_i/2  +  2/pXur-ul) 

The  two  solutions  will  be  the  same  provided  that 

2  1  1  fp 

*nl-l/2  ■  "1  *  "  +  ’  erfc  -  af  -  ( 1-6-a)  (18) 

J  pa  2  yf  a 

In  this  paper,  we  simplify  (18)  by  assuming  that  p/a  »  1  and  approxi¬ 
mating  the  complementary  error  function  by  2H(6+arl),  where  H  is  a  Heaviside 
function.  Also,  since  *nj+i/2  lB  not  determined  by  this  procedure,  we  specify 
it  according  to  equation  (6)  with  coth  p/2  approximated  by  unity.  Thus,  we 
have 

2  1  2 
*nj-l/2  ”  1  '  "  +  H( 6+a-l)  -  lj  ,  *nj-n/2  -  1  -  -  (19a) 

When  c  <  0  we  choose 

2  2  1 

*Vl/2  “  -1  ~  ~  ,  *nJ+l/2  ■  “1 - +  2[-  H(6-a-l)  +  1]  (19b) 

J  p  pa 

It  remains  to  specify  6.  One  possibility  is  to  choose  it  to  be  a  random 
variable  uniformly  distributed  on  J0,1),  in  which  case  equations  (2)  and  (19) 
would  yield  a  linearized  random  choice  scheme  [1,2].  A  second  possibility  is 
to  always  select  6  ■  1/2  which  would  give  a  Godunov  [6]  type  scheme.  The 
third  possibility  is  similar  to  a  scheme  suggested  by  Roe  [  15)  and  is  the  one 
that  we  have  been  using.  We  begin  by  selecting  6*0;  however,  any  value  of 
6e[0,l)  will  do.  After  each  time  step  we  add  the  magnitude  of  the  Courant 
mxaber  |a|  to  6  and  obtain  a  new  value  of  6.  We  continue  this  process  until  6 
exceeds  unity.  In  which  case  we  replace  6  by  6-1.  The  procedure  has  to  be 
modified  slightly  when  a  is  not  a  constant  and  we  shall  Indicate  how  this  is 
done  shortly;  however,  if  a  is  a  rational  number  of  the  form  p/q  and  e  -  0 
then  equations  (2)  and  (19)  have  the  advantage  of  giving  the  pointwlse  exact 
solution  of  the  linearized  Riemann  problem  every  q  time  steps. 


We  refer  to  the  scheme  consisting  of  equations  (2)  and  (19)  and  the  above 
choice  of  6  as  the  linearized  transient  exponential  (LTE)  method  and  we  begin 
by  applying  it  to  the  following  linear  Riemann  problem. 


Example  2: 


ut  ♦  »x  *  e«xx 


t  >  0  ,  |x|  <  - 


u(x,0) 


1  ,  x  <  0 
0  ,  x  >  0 


(20) 


Zn  this  example,  the  initial  discontinuity  becomes  a  shock  layer  which  travels 
with  unit  speed  in  the  positive  x  direction  while  widening  as  t  Increases. 


We  have  computed  the  solution  of  this  problem  by  the  LTE  method  with  Ax  - 
1/20,  p  ■  500,  and  a  “  0.75,  0.95.  For  this  value  of  p  and  for  times  less 
than  ordar  1/e,  the  shock  layer  is  well  contained  within  one  mesh  subinterval 
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and  we  have  plotted  the  location*  of  the  ends  of  this  subinterval  along  with 
the  exact  position  of  the  center  of  the  shock  leper  in  Figures  3  and  4  for  a  - 
0.75  and  0.95,  respectively.  Ve  see  that  the  shock  layer  is  tracked  exactly 
on  the  average  and  that  we  obtain  the  pointwise  exact  solution  every  4  and  20 
tiae  steps  when  a  ■  0.75  and  0.95,  respectively. 

For  nonlinear  scalar  problems  we  still  use  equations  (2)  and  (19); 
however,  we  now  use  local  values  of  the  Courant  and  Reynolds  numbers  based  on 
a  local  shock  speed.  Thus,  on  each  sub interval  we  calculate 

®nj-l/2  “  anj-i/2At^*  »  Pnj-i/2  "  •nj-l/2A*/e  (21a, b) 

where  snj_j/2  *  local  shock  speed  which  we  choose  as 

•Vl/2  “  <f°J  '  f°j-l>/(Dnj  "  UQJ-1>  (22) 

Equations  (21)  are  used  in  equations  (19)  to  calculate  enj_j/2  •n<*  **  proceed 
as  in  the  linear  case.  After  each  time  step  we  add 

(«in|ot»j_1/2|  ■ax|anj.|/2|)/2 

to  6  and  obtain  a  new  value  of  6.  Once  6  exceeds  unity  we  again  replace  it  by 

6-1. 


Equation  (22)  gives  the  exact  shock  speed  whenever  U11.  and  IPj-j  satisfy 
the  Ranklne-Hugonlot  jump  conditions  (cf.  e.g.  Whitham  [18]  and  equation 
(27)).  An  alternate  definition  of  snj-i/2  that  is  easier  to  use 
computationally,  but  only  gives  the  correct  shock  speed  when  f  is  at  most  a 
quadratic  function  of  u  is 

•nj-l/2  "  “  +  f'(UVl)l  •  (23) 

Example  3:  We  consider  a  Riemann  problem  for  Burgers'  equation 

«t  +  -  (u2)«  “  eu*x  .  t  >  0  ,  |x|  <  •  , 

2 

IuL  ,  x  <  0 

(24) 

uR  ,  x  >  0 

The  exact  solution  of  this  problem  can  be  obtained  by  the  Hopf-Cole  transfor¬ 
mation  and  is  given  in,  e.g.,  Whitham  [18].  Herein,  it  suffices  to  give 
asymptotic  formulas  which  are  valid  for  t/e  »  1,  Thus,  when  ul  >  up  we  have 

1  1  -  UR 

u(x,t)  ~  -(uL  +  ur)  -  -(ul  -  ur)  tanh  ( — - - )(x  -  St)  (25a) 

2  2  46 

where 

8  "  J  (“L  "*■  ur)  (25b) 
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and  whan  ul  <  ur  we  have 

uL  ,  x/t  <  uL 

u(x,t)  ~  x/t  ,  ul  <  x/t  <  ur  (26) 

UR  .  «R  <  x/t 

Equation  (25)  represents  a  shock  layer  aoving  In  the  positive  x  direction  with 
speed  S  and  equation  (26)  represents  an  expansion  fan. 

He  calculated  solutions  with  e  •  10“ 4 ,  Ax  -  1/20,  and  X  «  0.95  by  the  LSE 
and  LTE  methods  for  a  shock  problem  with  ul  ■  1 ,  ur  •  0  and  an  expansion 
problem  with  ul  -  -1 ,  ur  “  -1/2.  In  Figure  5  we  compare  the  exact  shock 
position  with  those  calculated  by  the  LSE  and  LTE  methods.  We  define  the 
shock  position  for  the  numerical  methods  as  the  point  where  the  solution  is 
(ul  -  ur)/2  when  linear  Interpolation  is  used  to  compute  solution  values 
between  mesh  points.  In  Figures  6a  and  6b  we  plot  the  exact  LSE  and  LTE 
solutions  at  t  «  0.95  for  the  shock  problem  and  at  t  ■  0.38  for  the  expansion 
problem,  respectively.  The  LTE  method  again  confines  the  shock  layer  to  one 
sub Interval  and  gives  the  correct  shock  speed  and  position  on  the  average. 

The  LSE  method  is  overly  diffusive  and  is  giving  the  correct  shock  speed,  but 
the  position  is  wrong  by  about  Ax/2. 

The  situation  is  quite  different  for  the  expansion  fan.  The  LSE  method 
is  still  overly  diffusive;  however,  the  LTE  method  is  representing  the 
expansion  fan  as  a  shock.  This  phenomenon  also  occurs  with  Roe's  scheme  for 
hyperbolic  systems  (cf.  Roe  (16]  and  van  Leer  (17])  and  it  must  be  remedied  if 
these  schemes  are  to  be  useful  on  expansion  problems. 

IV.  SYSTEMS  OF  EQUATIONS.  In  principle  the  LTE  method  consisting  of 
equation  (2)  ,  ( 19) ,  and  (21)  may  be  directly  extended  to  vector  systems  of 
the  form  (1)  once  we  have  selected  a  shock  speed  snj_i/2*  When  e  -  0  the 
exact  shock  speed  S  is  determined  by  the  Rankine-Hugonlot  condition 

(ur  -  ul)S  -  f (ur)  -  f(uL)  (27) 

m  m  mm  mm 

where  ur  and  j»l  are  the  values  of  u(x,t)  on  opposite  sides  of  the  shock.  When 
e  is  nonxero  but  small  we  would  like  the  mmierlcal  shock  speed  snj_j/2  “  S 
whenever  the  numerical  solution  tP'j-i,  0“j  satisfies  (29). 

In  a  recent  paper  Harten  and  Lax  (8]  suggested  selecting 

•°J-l/2  "  *<*nj  “  (28*) 

where  i(w)  is  the  linear  functional 

A(u)  -  (V'(U“j)  -  V'(U“J.1)]w  (28b) 

and  V(u)  is  an  entropy  function.  They  show  that  this  choice  gives  unique 
physically  admissible  numerical  solutions  of  their  random  choice  finite 
difference  methods. 


Bo*  [16]  suggest*  an  alternate  Method  of  calculating  *nj~i/2  that  la 
based  on  the  eigenvalue  of  a  matrix  approximating  the  Jacobian  if/ 3u. 

We  have  not  tried  either  of  these  alternatives,  but  instead  use  the  very 
simple  prescription 

(p°j  -  sVi^cpj  -  rj-i> 

•Vl/2  - - - - (”) 

(UOj  -  Unj_i)T(Unj  -  Onj-i) 

Equation  (29)  gives  the  exact  shock  speed  whenever  U°j  and  satisfy  the 

Ranklne-Hugonlot  conditions  (27),  but  it  may  fall  to  give  a  physically 
acceptable  solution. 

Example  6:  We  solve  the  following  impact  problem  for  the  linear  wave 
equation 


“It  “  «2x  ■  0  .  u2t  -  ulx  “  0 


t  >  0  .  |x|  <  • 


u](x,0)  -  0 


U2(*,0) 


*  <  0 
x  >  0 


(30) 


Here  U}(x,t)  and  U2(x,t)  represent  the  strain  and  velocity  in  two  elastic  rods 
that  impact  each  other  with  unit  speeds  at  x  ■  t  ■  0. 


We  calculated  the  solution  of  this  problem  by  the  LSE  and  LTE  methods  and 
by  the  EPIC-2  code  [12].  The  latter  is  a  two-dimensional  finite  element  code 
for  elastic-plastic  Impact  problems.  Our  results  for  uj  at  t  -  0.93  obtained 
with  Ax  -  1/10  and  X  -  0.95  are  shown  in  Figure  7.  The  LSE  and  LTE  solutions 
are  typical  of  our  results  on  previous  examples.  The  LTE  method  again  calcu¬ 
lates  the  correct  shock  position  and  speed  with  no  diffusion  or  oscillations. 
The  LSE  solution  is  overly  diffusive,  although  less  so  than  the  EPIC-2  solu¬ 
tion. 


V.  DISCUSSION  OF  RESULTS.  The  LTE  method  appears  to  be  a  very  promising 
scheme  for  shock  problems.  It  is  simpler  to  apply  than  methods  based  on  the 
exact  solution  of  Riemann  problems  [1,2]  and  does  not  suffer  from  the  effects 
of  artificial  diffusion  or  spurious  oscillations.  However,  our  results  are 
very  preliminary  and  there  are  still  many  questions  to  be  answered  and  many 
problems  to  be  overcome.  The  performance  of  the  LTE  method  in  regions  of 
expansion  must  be  Improved,  van  Leer  [17]  has  suggested  incorporating 
expansion  fans  in  the  approximate  Riemann  solution  of  Roe's  method  [16],  and 
thie  approach  should  work  for  our  LTE  method  as  well.  Another  possibility  is 
to  base  the  difference  scheme  (2)  on  the  exact  solution  of  (1)  when  f  is  a 
quadratic  function  of  u.  The  solution  of  this  problem  does  contain  expansion 
waves;  however,  extending  this  method  to  systems  of  equations  would  be 
considerably  more  difficult  than  extending  the  LTE  method. 

Both  the  LSE  and  LTE  methods  are  first  order  accurate  in  time  when  the 
solution  is  smooth,  van  Leer  [17]  has  developed  a  two-step  procedure  that  can 
be  used  to  extend  these  methods  to  second  order  accuracy  and  we  plan  to 
experiment  with  it  shortly. 
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There  ie  eleo  Che  possibility  of  developing  implicit  exponentially  fitted 
and  weighted  schemes,  which  would  be  desirable  when  approaching  a  staady  state 
and  which  aay  improve  the  phase  characteristics  of  the  LSB  method  (cf.  Gresbo 
and  Lee  [7]). 

Finally,  we  note  that  the  LSE  and  LTE  methods  can  be  extended  to  higher 
dimensions  by  using  operator  splitting  techniques.  However,  this  may 
introduce  some  msaerlcal  diffusion. 
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TABLE  1.  VALDES  OP  s  AND  0  POE  DIFFERENCE  METHODS 
THAT  HAVE  THE  FORM  OF  EQUATION  (11) 


Method 

z 

0  ■  o(z  ♦  2/p) 

Centered 

0 

2o/p 

Lax-Wendroff 

o 

a2  +  2 a/p 

Upwind 

sgn( p) 

a(sgn(p)  +  2/p) 

Linearized  steady 
exponential  (LSE) 

coth(p/2)  -  2/p 

acoth(p/2) 

Lax-Fried  ric  hs 

1/0  1 

1  +  2a/p 

TABLE  2.  MAXIMUM  ERROR  AT  STEADY  STATE  FOR  EXAMPLE  1. 
AN  *  INDICATES  THAT  THE  COMPUTED  SOLUTION 
PRODUCED  AN  OVERFLOW. 


i 

-  1 

- ! 

) 

P  -  500 

Method 

a  -  0.375 

0.75 

a  -  0.475 

0.95 

Lax-Wendroff 

2.9  B-l 

1.6  E-3 

3.5  E-l 

2.3  E-2 

Upwind 

2.0  E-2 

2.0  E-3 

1 

Linearized  steady 
exponential  (LSE) 

2.5  E-14 

2.5  E-14 

8.5  E-8 

2.1  E-l 2 

Lax-Friedrlchs 

* 

* 

3.6  E-l 

2.8  E-2 

Figure  1.  Region  of  linear  stability  for  equation  (11)  and  curves  of  0  vs.  a 
for  the  centered  difference  (C),  Lax-Vendroff  (LW) ,  upwind 
difference  (0) ,  linearised  steady  exponential  (LSE) ,  and 
Lax-Frledrlchs  (LF)  methods. 


Figure  2.  Comparison  of  exact  and  LSE  solutions  of  Example  1  at  t  -  0.475. 

Calculations  were  performed  with  Ax  »  1/20,  a  -  0.95,  and  p  -  500. 
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Figure 


3.  Exact  shock  layer  position  and  the  location  of  the  subinterval 

containing  the  shock  layer  calculated  by  the  LTE  method  for  Example 
2  with  Ax  ■  1/20,  a  ■  0.75,  end  p  -  500. 
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0  01  02  0  3  B  0  4  05  0  6 


Figure  6.  Exact,  LSE,  and  LTE  solutions  of  Example  3  with  c  •  10“**,  Ax  - 

1/20,  and  a  -  0.95.  Zn  (a)  we  a how  the  eolation  at  t  •  0.95  of  a 
ehock  problem  with  »*l  •  1,  up  ■  0,  and  in  (b)  we  show  the  solution 
at  t  •  0.38  of  an  expansion  problem  with  u^  ■  -1 ,  up  •  -1/2. 
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EPIC-2 


0 

( 

Figure  7. 


I  < 


Cbaparlaon  of  exact,  L8E,  LTE,  and  EPXC-2  eolutiona  for  u|  of 
Bxaaple  4  at  t  ■  0.95  with  Ax  -  0.1  and  At  •  0.095. 
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NUMERICAL  STUDY  OF  A 
CONFINED  PREMIXED  LAMINAR  FLAME: 
OSCILLATORY  PROPAGATION  AND  WALL  QUENCHING 


DOUGLAS  E.  KOOKER 

U.S.  Army  Ballistic  Research  Laboratory,  ARRADCOM 
Aberdeen  Proving  Ground,  Maryland  21005 


ABSTRACT  -  Numerical  predictions  are  shown  for  constant-volume  laminar  flame 
propagation  in  ozone/oxygen  mixtures.  Flame-generated  pressure 
disturbances  lead  to  pulsating  flame  velocities.  The  concept  of 
burning  velocity  is  discussed;  a  conservative  estimate  is  shown 
to  be  a  factor  of  two  greater  than  the  steady-state  value  for  the 
example  case  considered.  Flame  quenching  at  an  adiabatic  boundary 
involves  oscillations  in  internal  structure.  Quenching  at  a  cold 
boundary  is  dominated  by  heat  loss  which  suppresses  the  flame 
velocity  pulsations  and  eventually  forces  the  flame  to  retreat. 

The  behavior  of  deflagration  waves  in  premixed  gases  has  been  of  interest 
since  the  classic  work  of  Mallard  anti  LeChatelier  (1).  Current  numerical 
solutions,  e.g.  Tsatsaronis  (2),  for  one-dimensional,  constant-pressure 
laminar  flame  propagation  in  an  infinite  medium  are  limited  primarily  by  un¬ 
known  (or  uncertain)  decomposition  mechanisms  and  chemical  rates  for  the 
real  gas  mixture  in  question.  However,  many  combustion  applications  involve 
transient  processes  in  complex  confinement.  The  influence  of  confinement 
can  be  substantial  as  witnessed  by  reactive  mixtures  which  exhibit  a  well- 
behaved  burner  flame,  but  transit  to  detonation  when  suitably  confined.  In 
addition,  recent  constraints  on  allowable  exhaust  emissions  and  fuel  efficiency 
of  intermittent-burning  internal  combustion  engines  have  rekindled  interest 
in  theoretical  prediction  of  laminar  flame  propagation  and  interaction 
with  boundaries. 

Modeling  of  one-dimensional  f lame/end-wall  interactions  encompasses  both 
analytical  and  numerical  approaches  with  assumptions  of  varying  complexity. 
Carrier  et.al.  (3,4)  analytically  solve  a  Stefan  problem  for  a  unity  Lewis 
number,  isobaric,  flame  sheet  interacting  with  an  adiabatic  wall.  Sirignano 
(5)  examines  a  non-isobaric  adiabatic  wall  case.  Kurkov  and  Mirsky  (6) 
combine  analytical  methods  with  numerical  integration  to  study  an  isobaric 
cold-wall  problem.  Bush  et.al.  (7)  use  numerical  integration  of  an  isobaric 
Shvab-Zeldovich  formulation  for  an  extensive  investigation  of  boundary  condi¬ 
tions  between  cold  wall  and  adiabatic.  Carrier  et.al.  (8)  propose  a  novel 
approach  to  non-isobaric  flame  problems,  but  with  the  pressure  field  assumed 
spatially  uniform.  Westbrook  et.al.  (9)  carefully  examine  the  influence 
of  complex  decomposition  mechanisms  for  methanol-air  and  methane-air  in  cold 
wall  flame  quenching,  using  a  numerical  model  without  restrictions  on  the 
pressure  field.  However,  the  computational  examples  are  based  on  a  chamber 
whose  open  end  is  held  at  constant  pressure. 

The  present  study  focuses  on  constant-volume  flame  propagation,  eliminating 
many  common  assumptions.  Flame-generated  pressure  disturbances  which  are 
trapped  by  the  confining  boundaries  will  be  shown  to  influence  flame  behavior. 
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With  reference  to  Fig.  1,  a  time -dependent  external  heat  flux  (1°)  at  z=0 
ignites  the  quiescent  mixture  and  is  then  set  to  zero.  The  resulting  flame 
is  terminated  at  the  opposing  boundary  (z=l)  which  may  be  held  adiabatic 
or  isothermal.  No  steady-state  exists,  other  than  the  trivial  all-burned 
condition . 

ANALYSIS 

The  current  investigation,  based  on  (10)  with  modest  improvements, 
looks  at  one-dimensional  transient  laminar  flame  spreading  in  a  real  gas 
mixture  of  ozone  and  oxygen  whose  simple  decomposition  mechanism  and 
chemical  rates  are  well-established.  Reaction  rates  and  transport 
properties  are  those  of  (11),  and  temperature-dependent  specific  heats  are 
from  (12).  No  constraints  are  imposed  upon  the  magnitude  or  variability  of 
the  mixture  Lewis  or  Prandtl  numbers.  Radiation,  gravity,  bulk  viscosity,  the 
Dufour  effect,  the  Soret  effect,  and  diffusion  due  to  pressure  gradients  are 
neglected.  Ignition  and  flame  propagation  are  predicted  by  numerical  solution 
of  the  one-dimensional,  compressible  Navier-Stokes  Equations  in  strong 
conservation  form.  t 
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Diffusion  velocities,  V. ,  are  functions  of  the  instantaneous  mixture  composi¬ 
tion,  local  mass  fraction  gradients,  and  the  binary  diffusion  coefficients 
between  all  pairs  of  species  present.  Numerical  solution  of  Eqs.  (1-3)  is 
based  on  a  linearized  block  implicit  scheme  after  solving  the  Eq.  (4)  system 
with  a  stiff  integrator  routine  (13).  Mesh  Reynolds  numbers  are  held  below 
two,  and  no  explicit  artificial  viscosity  is  added  to  stabilize  the  computation. 
Time  steps  are  constrained  by  a  unity  Courant  number  to  preserve  small -amplitude 
wave  motion. 

RESULTS 

Two  example  cases  are  based  on  25  mole  %  0  in  0,,.  Initial  conditions 
assume  psl  atm,  u=0,  T=298°K,  chamber  length  of  u.5  mm  and  100  computational 
cells.  Sequential  numbers  listed  on  the  figures  are  non-dimensional  times  from 
the  onset  of  external  heating,  which  is  terminated  at  t=12.8.  Figure  2a 
illustrates  the  chamber  temperature  distribution  history  for  an  adiabatic  wall  at 
z— 1 ,  and  Fig.  2c  for  a  cold  wall,  T  =298  K.  The  continuously  increasing 
temperatures  downstream  of  the  flame  are  a  result  of  stagnating  the  burned  gas 
velocity  at  z=o  and  recombination  of  the  radical  intermediate,  0,  atomic  oxygen. 

A  reservoir  of  0  (4  orders  of  magnitude  above  equilibrium)  is  left  behind  the 
fast  moving  flame  (Fig.  2b),  i.e.,  flame  chemistry  is  far  from  equilibrium. 
Mitchell  et.al.  (14)  discuss  exactly  this  behavior  for  both  premixed  and 
diffusion  flames.  As  the  flame  advances,  compression  of  the  reactants  results 
in  an  increasing  temperature  and  density  field  which  will  accelerate  the  chemical 
production  rates.  As  the  flame  approaches  the  adiabatic  wall  (Fig.  2a),  the 
reactants  trapped  within  approximately  one-half  the  flame  thickness  from  the 
boundary  will  burn  in  bulk,  reaching  a  temperature  in  excess  of  the  local  isobaric 
flame  temperature.  Since  the  Lewis  number,  (thermal /mass  diffusion)  of  the 
approach  flow  is  greater  than  1.2  (based  on  03/C>2  diffusion),  this  is  consistent 
with  the  results  of  (7).  As  the  flame  approaches  the  cold  wall  (Fig.  2c)  heat 
loss  causes  it  to  decelerate  and  eventually  retreat  (to  be  shown)  leaving 
a  small  pocket  of  unbumed  0..  ("fuel")  which  will  slowly  diffuse  outward  to 
complete  the  reaction.  Similar  behavior  is  described  by  Westbrook  et.al.  (9) 
and  Bush  et.al  (7) . 

The  velocity  of  the  flame  is  of  considerable  interest  in  a  transient 
problem,  but  must  be  preceded  by  a  definition  of  flame  location.  No  unique 
definition  exists.  The  present  study  chose  to  track  a  constant  value  of  temp¬ 
erature  (850  K)  in  the  high  gradient  region  instead  of  the  maximum  reaction 
rate  because  of  interpolation  difficulties  in  locating  the  "peak".  The  resulting 
flame  locus  is  shown  in  Fig.  3a.  Fitting  this  data  (8000  points)  with  a  third 
order  spline  and  analytically  differentiating  produces  the  flame  velocity  seen 
by  an  inertial  observer  (Fig.  3b).  The  result  is  a  pulsating  laminar  flame, 
with  typical  amplitude  of  100  cm/sec.  This  amplitude  can  be  a  strong  function 
of  heat  release  in  the  flame  as  illustrated  by  Fig.  4  for  a  30  mole  %  O3  flame 
in  an  otherwise  identical  calculation.  The  slowly  increasing  frequency  of  the 
dominant  oscillation  is  within  two  percent  of  the  fundamental  mode  predicted 
by  Jost's  acoustic  analysis  (10). 

Burning  velocity,  defined  as  the  linear  or  fundamental  rate  of  reactant 
consumption,  is  a  trivial  calculation  for  steady  flame  propagation  into  an 
infinite  medium.  However,  in  a  transient  problem  where  reactants  undergo 
nonuniform  motion,  the  concept  of  burning  velocity  becomes  obscure  (HeTe, 
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flame  velocity  is  that  seen  by  the  inertial  observer,  whereas  burning  velocity 
is  the  fundamental  rate).  Consider  the  chamber  velocity  distributions  during 
one-half  cycle  of  flame  oscillation  (denoted  by  arrows  in  Fig.  4)  shown  in 
Fig.  5a,  with  the  temperature  distributions  superposed  (no  scale  given). 

A  characteristic  maximum  velocity  always  appears  upstream  of  the  flame,  at 
a  location  nearly  coincident  with  the  "foot"  of  the  temperature  distribution. 
Subtracting  this  maximum  value  from  the  inertial  flame  velocity  provides  a 
conservative  estimate  for  transient  burning  velocity,  i.e.,  a  minimum  value. 

Note  that  the  numerical  solution  of  Eqs.  (1-5)  is  independent  of  any 
such  definition. 

Several  observations  can  be  made.  The  chamber  pressure  distributions  in 
Fig.  5b  during  the  half-cycle  flame  oscillation  illustrate  an  obvious  point: 
very  small  amplitude  pressure  disturbances  can  lead  to  large  oscillations  in 
flame  velocity.  The  large  initial  values  of  flame  velocity  in  Fig.  3b  result 
from  ignition  and  flame  formation  within  the  thermal  wave  created  by  the  external 
heat  source.  The  flame  then,  on  average,  appears  to  decelerate.  However,  the 
burning  velocity  (Fig.  3c  denoted  as  velocity  difference)  shows  the  anticipated 
acceleration.  These  values  can  be  compared  to  the  steady  laminar  burning  velocity 
(U  )  which  would  exist  at  the  local  values  of  upstream  pressure  and  temperature. 
Using  identical  kinetic  rates  and  transport  properties,  the  steady  state  analysis 
(15)  predicts  the  results  in  Table  I  which  are  compared  to  the  transient  values 
(U  )  from  Figs.  2  and  3.  The  transient  burning  velocity  can  be  a  factor  of 
twogreater  than  its  steady  counterpart.  This  fact  would  pose  difficulty  for 
the  non-isobaric  flame  propagation  analysis  of  Carrier  et.al.  (8). 

Flame  interaction  with  the  adiabatic  wall  intensifies  as  the  flame  approaches 
within  two  flame  thicknesses  of  the  boundary.  The  amplitude  of  oscillation  in 
burning  velocity  (Fig.  3c)  grows  significantly.  Some  insight  is  possible  by 
tracking  the  movement  of  the  ozone  mass  fraction  distribution  (at  1/2  the  initial 
value)  and  computing  inertial  flame  speed  as  before.  Figure  6  displays  a 
comparison  of  two  measures  of  flame  velocity,  one  based  on  the  temperature  pro¬ 
file  and  the  other  on  ozone  mass  fraction.  During  most  of  the  travel,  the  two 
velocities  are  coincident.  However,  as  the  flame  approaches  the  boundary, 
the  mass  fraction  profile  oscillation  grows  to  a  much  larger  amplitude.  Thus, 
the  internal  flame  structure  is  changing;  the  flame  does  not  remain  quasi-steady. 

Flame  tracking  results  (based  on  850°K)  for  the  cold  wall  case  (Fig.  2c) 
are  shown  in  Fig.  7.  Flame  speed  and  burning  velocity  are  nearly  the  same 
as  in  the  adiabatic  wall  case  until,  again,  the  flame  approaches  to  within  two 
flame  thicknesses  of  the  boundary.  Energy  losses  then  suppress  the  flame  pulsa¬ 
tions  and  dramatically  decelerate  its  overall  motion.  The  flame  halts  before 
reaching  the  boundary  and  actually  retreats  as  indicated  by  the  negative 
values  of  both  inertial  flame  velocity  and  burning  velocity.  The  results  indicate 
a  quenching  distance  of  0.006  mm  when  the  pressure  is  5.5  atm.  Although  the 
transient  process  introduces  some  ambiguity  here,  the  Peclet  number  is  approxi¬ 
mately  1.2  which  is  slightly  lower  than  the  values  computed  by  Westbrook  et.al. 

(9)  for  methane-air  and  methanol-air  flames.  As  might  be  anticipated,  cold 
wall  quenching  of  the  thin  ozone  flame  involves  a  very  small  layer  of 
unburned  reactant. 
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CONCLUDING  REMARKS 

Confined  laminar  flames  are  inherently  oscillatory.  Momentum  conservation 
through  the  reaction  zone  leads  to  static  pressure  imbalances  which  interact 
with  the  confining  boundaries.  Since  small  amplitude  pressure  disturbances  can 
cause  large  velocity  fluctuations  of  premixed  flames,  modeling  assumptions  such 
as  a  spatially'  uniform  pressure  field  must  be  examined  carefully  for  each  appli¬ 
cation.  The  present  numerical  prediction  for  transient  burning  velocity  is  a 
factor  of  two  greater  than  the  steady  state  burning  velocity  computed  at  the 
local  upstream  values  of  pressure  and  temperature.  Flame  interactions  near 
an  adiabatic  boundary  can  be  strong  enough  to  generate  internal  oscillations 
of  the  flame  structure.  Transient  flames  may  also  be  far  from  chemical 
equilibrium.  Present  computations  would  support  flame  approximations  based 
on  the  partial  chemical  equilibrium  ideas  of  Mitchell  et.al.  (14). 
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Fig.  5  Mixture  50  mole  %  0,  in  0,,  adiabatic  wall.  (a) 
Chamber  velocity  distribution  (with  temperature 
profile  superposed)  and  (b)  chamber  pressure  dis¬ 
tribution  during  one-half  cycle  of  flame  oscillation 
denoted  by  arrows  in  Fig.  4. 
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Fig.  6  Mixture  25  mole  %  0^  in  0-, ,  adiabatic  wall. 

Comparison  of  two  measures  of  inertial  flame  velo¬ 
city,  tracking  850°K  and  one-half  the  initial  ozone 
mass  fraction. 
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Fig.  7  Mixture  25  mole  %  0,  in  07,  cold  wall  (298°K) . 

(a)  Flame  locus  (850oK),  tb)  inertial  flame  ve 
city,  labelled  velocity  difference. 
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ABSTRACT .  Solutions  of  beam  vibrations  under  moving  loads  are  presented 
with  a  variety  of  support  conditions.  The  purpose  is  to  demonstrat'  how  the 
support  conditions  will  effect  such  beam  motions.  The  solution  method  and 
mathematical  background  will  be  reviewed  including  the  introduction  of  various 
support  parameters.  By  slightly  modifying  an  existing  computational  scheme, 
the  desired  results  have  been  obtained  and  presented  in  several  tables  i  id 
plots  showing  the  effect  of  support  stiffness  on  beam  motions. 

I.  STATEMENT  OF  THE  PROBLEM.  The  dynamic  equation  of  Euler-Bernoulli 
beam  subjected  to  a  moving  force  can  be  written  as  the  fc1 lowing 


__  0  <  x  <  1 

Ely""  +  pAy  *  Pfi(x-x)  ,  (I) 

0  <  t  <  T 

where  y  »  y(x,t)  denotes  the  beam  deflection  as  a  function  of  the  spatial 
coordinates  x  and  the  time  t.  The  Letters  E,  I,  A,  i,  and  p  denote  elastic 
modulus,  second  moment  of  the  cross-sectional  area,  and  the  area  itself,  the 
length,  and  the  material  density  of  the  beam,  respectively.  A  Dirac  delta 
function  is  denoted  by  5,  x  *  x(t)  Ls  the  location  of  the  force  P.  T  denotes 
some  finite  time  of  interest.  As  usual,  a  prime  (’)  denotes  differentiation 
with  respect  to  x  and  a  dot  (•),  differentiation  with  respect  to  t. 


The  boundary  conditions  are  written  as 

Ely"' (0,t)  +  kjy(0,t)  -  0 
Ely"(0,t)  -  k2y*(0,t)  -  0 

(2) 

Ely" '  (  i ,t)  -  k3yU,t)  -  0 
EIy"( £,t)  +  k^y ' ( f ,t)  -  0 

where  kj,  i  -  1,  2,  3,  and  4  are  the  spring  constant  which  model  the  support 
characteristics.  The  initial  conditions  are 

y(x,0)  -  y0(x) 


(3) 


yU.o)  “  yiU) 
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Equations  (1)  through  (3)  will  be  written  in  dimensionless  fora  for  the  sake 
of  generality  and  simplicity.  This  Is  accomplished  by  the  introduction  of 
dimensionless  parameters.  In  the  following  an  arrow  (♦)  will  be  read  as 
"replaces" : 


y  x  t 

y  *  -  ,  x*-  ,  t  *  - 


lqJl 
kl  ♦ - 


k3 


3 
El 

kji.3 

EL 


k2i 

k2  ♦ - 

El 


k4  ♦ - 

El 


yi  *  Tyi 


PI* 
p  ♦ - 

El 


(4) 


With  these  new  dimensionless  parameters.  Eqs.  (1)  through  (3)  become 

-  0  <  x  <  1 

y""  +  y2y  ■  P6(x-x)  , 

0  <  t  <  l 

yM,(0,t)  +  kjyCo.t)  -  0 
y  ”(0,t)  -  k2y'(0,t)  -  0 

0  <  t  *  1 

y"' ( 1  ,t)  -  k3y( 1 ,t)  -  0 
y"(l,t)  +  k^yd.t)  »  0 

and 

y(x,0)  - 
J-(x,0)  - 

where  in  Eq.  (1*)»  we  have 

which  is  dimensionless,  with 


y0<x> 

yi(x> 


0  c  x  t  1 


c 

Y  -  - 
T 


pAl 

( - ) 

El 


4  1/2 


O') 


(2*) 


O') 


(4a) 


(4b) 


which  has  the  dimension  of  the  physical  time. 
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Hence  then,  we  shall  obtain  solutions  for  the  problem  defined  by  Eqs. 
(1*)  through  (3')  for  various  values  of  k^,  1  -  1,  2,  3,  and  4. 

II.  AN  EQUIVALENT  VARIATIONAL  PROBLEM.  The  problem  of  solving  the 
equation  (I*)  through  (3f)  in  the  previous  section  will  be  transformed  into  a 
variational  problem.  Consider 


with 


61  -  0 


11  *  *  —  — 

I  =»  /  -  Y2yy*  +  Q6(x-x)y*]dxdt 

+  /  dt{k1y(0,t)y*(0,t)  +  k2y' (0,t)y* ' (0,t) 


(5a) 


+  k3y(l ,t)y*(l ,t)  +  X4y'(l,t)y*'(l,t)} 


+  Y2  /  dx  { k.5 [  y(x,0)  -  y0(x)  ]  y*(x,  1)  -  yi(x>v*(x,0) }  (5b) 

where  y*(x,t)  is  called  the  adjoint  function  of  y(x,t).  If  one  takes  the 
first  variation  of  I  considering  y(x,t)  to  be  fixed  and  6y*  to  be  completely 
arbitrary,  it  is  easy  to  see  that  the  differential  equation  (1’)  and  boundary 
condition  (2’)  will  be  recovered  and  the  Initial  condition  becomes 

y(x,l)  -  k5(y(x,0)  -  y0(x)]  -  0 

y(x.O)  -  yi(x)  -  0  (3") 

In  Eq.  (3"),  it  is  seen  that  if  one  let  k5  ♦  ®  in  the  limit,  the  initial 
condition  of  (3’)  will  also  be  recovered.  The  use  of  a  large  parameter  such 
as  k5  is  known  as  the  penalty  function  method  or  the  method  of  large  spring 
constant  [Ij. 

III.  OUTLINE  OF  SOLUTION  FORMULATION.  To  derive  the  finite  element 
matrix  equations,  one  begins  with  Eq.  (5a')  and  write 

(6l)fiy«0  ■  0  (6a) 

11  •  • 

■  /  /  [y”6y*"  -  Y2y6y*  +  Q5’ (x-x) 6y* Jdxdt 

0  0 

.1 

+  J  dtlkiy(0,t)6y*(0,t)  +  k£y' (0, t)  <Sy*(0,t) 


+  k3y(i,t)6y*(l,t)  +  k4y'(l,t)6y*'(l,t)] 

,  .1 

+  Y2  JQ  dxlk5ly(x,0)  -  y0(x) 1 6y*(x,l)  -  yj(x) 6y*(x,0) }  (6b) 


-4 
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The  element  local  variables  are  now  introduced 

(i) 

5-5  *  Kx-iri 


or 


(j) 

n  -  n 


Lt-j+l 


x 


t 


1 

K 

1 

L 


U+i-1) 

(n+j-1) 


(7a) 


(7b) 


where  K  is  the  number  of  divisions  in  x  and  L,  in  t.  (A  typical  grid  scheme 
is  shown  in  Figure  6).  Equation  (6b)  can  now  be  written  as 


K  L 

l  l 


1-1  J-l 


,1  A*3 


Y2L 


/0  y"aj)6/*”(ij)  “  y(ij)6y*(ij)]dwn 


L  i  ki  k2 

+  l  /  dn  y(ij)(0,n)6y*(1j)(o,n)  +  k2  --  y' (ij)(o,n)6y*' (ij)(o,n) 

w  L  1* 


+  ^  Lz~  lY2k5<y(ij)^»o>6y*(ij)(^.1))l 
i-l  0  k 

K  L  q  j  i  _ 

3  -  I  l  ~  I  I  5*  (x-x)  6y*(  5,n)d5dn 
i-l  j-l  L  0  0 

K  Y2k5  i 

+  I  - J  day0(i)(?)Sy*(1L)(?>i)l 

i-l  K  0 

K  Y2  j 

+  l  ~~  j  d5lyi(i) «y*(ii)U,0)  (8) 

i-l  K  0 

The  shape  function  vector  is  now  introduced.  Let 

y(ij)(?»ri)  -  aT( £,n)Y(ij) 


y*(ij)^»n>  ”  aT(5,n)Y*(ij)  -  Y*T(1j)a(^,n)  (9) 
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Equation  (8)  then  becomes 


K  L  w 3  y2l 

I  I  «Y*T(ij)  {--  A  -  ---  B}  Y(lj) 
i-1  j-1  **  R- 

L  kx  k2K2 

+  X  «3*T(ij)  {“  BL  +  B2}  Y(tj) 

L  k3  k4K2 

+  l  6Y*T(iCj)  {--  B3  +  ----  B4  }  Y(ij) 

1-1  “  L  L. 

K.  Y2k5 

+  l  6Y*T(iL)  {—  85}  Y(1L) 

i-1  *  K  -  - 

K  L  p  K  Y-K.5 

-  I  l  «Y*T(ij)  -  F(ij)  +  l  «Y*T(iL)  -  -  G(i) 

i-1  j-1  L  i-1 

K  2 

+  l  «Y*T(u)  1-  H(1)  (10) 

i-1  “  K  “ 

where,  as  it  can  be  seen  readily,  that 

-  ”  ^0  4  ~,u  dWn 


?  ■  /*  /*  ;,n  aT,n 

B1  "  /Q  a(0,n)aT(0,n)dn  ,  B2  -  »,£(0,n)aTt£(0,n)dn 


®3  *  fQ  a(l,n)aT(i,n)dn  ,  B4  -  /  a^(l  ,n)aTf^(l  ,n)dn 

85  “  iU,l)aTU,0)d? 

,1  ,1  1 

?(ij)  "  /Q  Jq  a<5,n)^(ij)(5-C)d5dn  ,  G(i)  -  J  a(  £,l)y0(i)U)<H 

and  1 

Hj.  -  /  aU,0)yi(i)U)d5  (11) 
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Now  Gq.  (10)  can  be  assembled  in  a  global  matrix  equation 

6Y*t  U*  fiY*  i  (12) 

By  virtue  of  the  fact  that  6Y*  is  not  subjected  to  any  constrained  conditions, 
one  has 


K  Y  -  F  (13) 

which  can  be  solved  routinely.  More  details  can  be  found  in  [1]. 

IV,  RESULTS  OF  COMPUTATIONS.  Appropriate  values  of  physical  p..  meters 
must  be  assigned  for  obtaining  numerical  results.  Let 

i 

v  =  -  ( 14; 

T 

be  the  velocity  of  the  travelling  force.  Only  constant  velocity  will  be 
considered  in  this  paper.  Thus  T  becomes  the  time  required  for  the  force  to 
move  from  one  end  of  the  beam  to  the  other  end.  As  T  varies  from  *■  to  0,  the 
velocity  v  varies  from  0  to  ®  as  i  is  always  finite.  Sine  we  have  normalized 
all  the  parameters  in  length  with  respect  to  l,  it  is  not  necessary  to  specify 
£  in  numerical  computations.  Instead,  the  beam's  length  is  considered  to  be 
unity.  The  real  value  in  length  can  be  recovered  simply  by  a  multiplication 
of  l  to  the  normalized  (dimensionless)  ones.  Then  it  will  be  helpful  if  v  in 
Eq.  (14)  can  be  related  to  some  reference  velocity  associated  with  the  beam's 
characteristics.  We  shall  select  the  velocity  of  the  first  mode  of  vibration 
(standing  waves)  of  a  cantilevered  beam  as  this  reference  velocity  and  call  it 
vj.  Hence  the  normalized  velocity  is  defined  by 

v 

v  -  —  (15) 

V1 


Now,  we  shall  relate  this  v  with  the  parameters  defined  earlier  in  this  paper. 
It  Is  known  in  many  textbooks  on  vibrations  (for  example,  see  [3])  that  for  a 
cantilevered  beam,  the  first  mode  of  vibrations  has  a  circular  frequency 

wi  -  (1.875) 2/c  -  3.516/c  (16) 

where  c  is  given  in  (4b)  •  The  corresponding  frequency  and  period  are  then 
respectively 

U1 

f,  »  —  =  0.560/c  (in  cycles  per  seconds) 

2it 

1 

T^  -  —  »  1.79  (in  seconds) 
f  1 

Hence 

21  l 

V!  -  —  =  2£f i  -  1.12  - 

T1  c 


(16) 

(17) 
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and 


v 


v 


V1 


i/t 

1.12  £/c 


0.89 j  -  =>  0.895  Y 
T 


(18) 


where  Y  *  c/T,  as  defined  in  Eq.  (5b). 

For  the  results  computed  In  this  pa<-  ,  y  Is  set  to  be  ten.  Hence  v  ■ 
8.95  or  v  is  about  nine  times  v^.  At  this  load  velocity,  the  dynamic  effect 
of  the  moving  force  on  the  beam  vibration  is  quite  evident  as  shown  in  Figures 
1  through  5.  This  is  also  approximately  a  typical  speed  at  which  a  projectile 
moves  down  a  cannon  tube  (see,  for  example,  [4]).  Figure  1  shows  o.j 
deflection  curves  for  a  beam  with  fixed-fixed  supports.  Curves  numbered  I, 

II,  III,  and  IV  are  at  the  moment  when  P  is  at  1/4,  2/4,  3/4,  and  4/4  of 
support.  Figures  2  through  5  are  t.ie  same  curves  for  the  support  conditions 
of  fixed-simply  supported,  fixed-free,  free-free  and  free-fixed  respect  vely. 


It  should  be  noted  that  the  load  P  is  assumed  to  move  from  the  left  ar.J 
toward  the  right.  The  beam  motions  from  fixed-free  supports  are  quite 
different  from  those  of  free-fixed  supports  as  demonstra:  A ,  for  example,  by 
Figures  3  and  5.  This  dynamic  behavior  has  also  been  notea  by  Fryba  [3].  In 
fact,  the  deflection  curves  for  the  case  of  free-fixed  supports  resemble  more 
closely  to  those  of  free-free  supports  than  the  fixed-free  ones. 


The  values  of  the  "spring  constants"  in  Eqs.  (2’)  and  (5b)  are  as 
follows.  For  a  fixed  rigid  support  the  k^  is  taken  to  be  10 10;  for  no  support 
at  all,  it  is  assigned  a  zero.  The  value  of  k5  in  Eq.  (5b)  is  also  assigned 
to  be  1010. 


Results  presented  above  are  based  on  a  grid  scheme  of  5x8  elements.  (A 
typical  grid  scheme  is  shown  in  Figure  6) .  Numerical  convergence  of  these 
data  should  be  fairly  good  as  discussed  previously  in  Reference  [1]. 
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ABSTRACT.  The  work  of  C.  D.  Bailey  amply  demonstrates  that  a 
variational  principle  Is  not  a  necessary  prerequisite  for  the  formulation  of 
variational  approximations  to  Initial  value  problems  in  dynamics.  While 
Bailey  successfully  applies  global  power  series  approximations  to  Ham1 l  on’s 
Law  of  Varying  Action,  the  work  herein  shows  that  a  straightforward  extension 
to  finite  element  formulations  fails  to  produce  a  convergent  sequence  of 
solutions.  The  source  of  the  difficulties  and  their  elimination  are  discussed 
in  some  detail  and  a  workable  formulation  for  initial  value  problems  Is 
obtained.  The  paper  concludes  with  a  few  elementary  examples  showing  the 
utility  of  finite  elements  in  the  time  domain. 

I.  INTRODUCTION.  According  to  Finlayson  and  Scriven  [ ' 1  it  is  not 
variational  notation  or  even  the  concept  of  a  varied  path  which  is  the  key 
criterion  of  a  true  variational  'principle'  but  rather  the  existence  of  a 
functional  which  when  varied  and  set  to  zer..,  generates  the  governing 
equations  and  constraints  for  a  given  class  of  problems.  In  this  sense, 
certain  fundamental  principles  of  mechanics  such  as  d'Alembert's  Principle  do 
not  truly  qualify  as  variational  principles.  That  is  to  say,  these  mechanical 
principles  or  'laws'  cannot  be  posed  as  central  problems  of  the  calculus  of 
variations.  On  the  other  hand  there  are  others,  such  as  Hamilton's  principle 
which  do  qualify  as  true  variational  principles.  Yet  it  is  d'Alembert's 
Principle  which  forms  a  basis  for  all  analytical  mechanics  [2]  and  it  follows, 
therefore,  that  the  vanishing  of  the  first  variation  of  some  functional  is  not 
a  necessary  condition  for  the  scalar  formulation  of  any  mechanics  problem  - 
however  elegant  or  convenient  this  may  be.  Whether  a  true  variational 
principle  or  a  more  fundamental  variational  statement  is  used  to  obtain  a 
numerical  solution  to  a  dynamics  problem,  an  important  argument  is  that  well 
established  laws  such  as  d'Alembert's  Principle  or  true  principles  such  as 
Hamilton's,  are  physically  based  and  avoid  the  arbitrariness  inherent  in 
general  weighted  residual  methods  and  contrived  variational  principles. 
Moreover,  only  those  variational  principles  which  are  also  maximum  or  minimum 
principles  appear  to  offer  any  special  advantage  for  obtaining  approximate 
solutions  -  mainly  through  their  ability  to  provide  bounds  on  the  variational 
integral.  Even  then  the  system  treated  must  be  positive-definite  and  the 
upper  and  lower  bounds  are  often  too  far  apart  to  be  of  practical  value.  In 
brief,  there  seems  to  be  little  point  in  contriving  a  variational  principle  in 
preference  to  a  variational  law  of  mechanics  despite  the  more  primitive  status 
■*  • ne  latter.  Indeed  the  many  solutions  to  initial  value  dynamics  problems 
•  :e  •.■  t  v  f.  Hal  lev  (  1 1  by  applying  the  Ritz  method  to  Hamilton's  'law  of 

<  .  •  •  '  demonst r «te  the  usefulness  of  variational  formulations  not 

,  <-  ‘  ,  r  1  I.  i|>les'.  Thus  motivated,  the  work  herein  explains  the 

•  ••  i  'ies  -ni  Mint. -rod  in  attempting  to  generalize  Bailey's 
• i:  «  •  •  t be  method  of  finite  elements. 
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Zienkiewicz  [4]  has  expressed  serious  reservations  toward  the  use  of 
finite  elements  in  the  time  domain.  Indeed,  when  the  functions  involved  are 
sufficiently  smooth,  the  number  of  time  steps  required  to  integrate  a  set  of 
ordinary  differential  equations  may  not  be  great  and  it  may  require  roughly  as 
many  finite  elements  to  produce  a  solution  of  comparable  accuracy.  In  view  of 
the  increased  storage  required,  the  use  of  time-finite  elements  to  solve  such 
systems  is  questionable.  There  are  many  other  cases,  however,  in  which 
conventional  algorithms  for  step-by-step  integration  may  call  for  a  very  large 
number  of  time  steps.  This  is  especially  true  when  dealing  with  the 
(hyperbolic)  equations  of  structural  dynamics  should  the  excitation  and/or 
material  properties  change  rapidly  in  time.  A  physically  based  variational 
method,  with  its  inherent  stability  and  physical  origin,  may  lower  the 
computational  effort  considerably. 

The  many  solutions  achieved  by  C.  Bailey  were  generated  by  the  Ritz 
method  [5]  using  a  power  series  approximation  in  which  globally  defined  po-/- 
nomlals  are  the  basis  functions.  Ultimately  the  length  of  interval  over  whic  ' 
solutions  may  be  generated  as  well  as  the  detail  to  be  provided  in  any  subin 
terval  will  be  limited  by  the  degree  of  polynomial  used  as  a  Dasis.  The  pit- 
falls  of  using  higher  powered  polynomials  are  well  documents  16]  and 
partially  account  for  the  use  of  locally  (piecewise)  defined  basis  functions 
(finite  elements)  to  solve  problems  in  many  branches  of  mathematical  physics. 
The  extraordinary  accuracy  and  simplicity  of  procedure  attained  by  Bailey, 
however,  are  not  to  be  understated. 

Apart  from  avoiding  the  problems  which  can  arise  when  higher  powered 
polynomials  are  employed  as  basis  functions,  finite  element  formulations  have 
other  advantages  when  used  to  solve  problems  in  continuum  mechanics.  Even 
though  the  principal  motivation  for  their  use  has  been  the  need  to  handle  com¬ 
plicated  boundary  shapes  (non-existent  in  the  time  domain)  finite  elements  are 
also  well  suited  to  handle  sudden  changes  in  load  functions,  extending  the  in¬ 
terval  of  solution  indefinitely  without  restart,  and  providing  great  detail  to 
the  solution  in  any  subinterval.  Two  examples  which  exploit  the  advantages 
afforded  by  the  finite-element  discretization  of  time  are  given  in  Section  V. 

Since  1977,  several  Investigators  have  publications  dealing  with  the  use 
of  finite  elements  to  modify  or  replace  conventional  Integration  methods. 
Hughes  and  Liu  [7],  and  Belytschko  and  Mullen  [8j  are  notable  examples.  One 
also  notes  the  work  of  Serbin,  Dougalls,  and  Gunzberger  who  have  recently 
begun  a  computational  and  theoretical  study  of  finite  element  methods  for 
hyperbolic  equations  (9] .  Thus  despite  the  reservations  expressed  by 
Zienkiewicz,  the  extension  of  the  finite  element  method  to  the  solution  of 
transient  field  problems  is  well  motivated  and  was  first  reported  by  Argyris 
and  Sharpf  [10],  later  by  Fried  [111,  and  most  recently  by  Baruch  and  Riff 
[12,13].  All  of  these  works  attempt  to  use  Hamilton's  principle  as  a  starting 
point  for  the  finite  element  formulation  of  initial  value  problems.  As  will 
be  pointed  out  in  the  following  section,  this  cannot  be  accomplished  without 
some  logical  inconsistency  when  bringing  the  initial  data  into  the 
formulation.  In  the  sequel  it  will  be  shown  that  the  use  of  Hamilton's  'law', 
rather  than  Hamilton's  'principle',  makes  possible  the  logical  incorporation 
of  the  initial  conditions  into  the  variational  formulation. 


II.  HAMILTON’S  PRINCIPLE  -  A  CONSTRAINED  VARIATIONAL  PRINCIPLE.  The 
following  equation  is  known  as  the  generalized  principle  of 
d' Alembert  ( 14] : 

N 

l  (Fi-PO^rt  =  0  ;  (  )  -  3/3t  (1) 

1=1 

This  equation  applies  to  any  system  of  N-particles,  the  ith  particle  having  a 
position  r^,  a  momentum  P^,  and  subject  to  a  resultant  applied  force  Fj. 

Under  the  assumption  that  the  virtual  work  of  the  applied  forces  is 
derivable  from  a  scalar  V,  a  time  integration  of  equation  (1)  leads  to 
Hamilton's  law  of  varying  action  [15,161: 

c2  N  ,  t2 

6j  (T-V)dt  -  'i  miri*6rij  *  0  (2 i> 

tl  1-1  '  ‘  C1 

T  is  the  kinetic  energy  of  the  system 

N 

T  -  1/2  ;  ®iri*ri 
l-l  ~  ' 

and  V  is  the  potential  energy  of  the  forces  Impressed  on  the  N-particles.  The 
existence  of  V  makes  little  difference  as  far  as  numerical  calculations  are 
concerned.  In  the  event  V  does  not  exist,  equation  (2a)  can  be  written: 

t2  N  .  t2 

{  (5T+6W)dt  -  V  miri  .  6r i  ]  -  0  (2b) 

ti  i-i  "  ~  tt 

The  bar  signifies  that  in  general  the  virtual  work  of  the  applied  forces 
cannot  be  derived  from  any  scalar  function  of  the  generalized  coordinates. 
Either  of  equations  (2)  can  be  used  as  a  basis  for  a  Rltz  approximation  to  a 
dynamics  problem. 

if  the  r^  are  constrained  to  take  on  specified  values  at  ti  and  t£,  then 
o r« ( 1 1 )  and  6r^(t2)  vanish  In  equation  (2a)  and  the  result  Is  Hamilton's 
principle:  ~ 


6/  (T-V)dt  -  0  (3) 

Since  the  vanishing  of  the  displacement  variations  at  the  end  points  is 
not  the  only  means  by  which  the  partial  sum  in  equation  (2a)  may  vanish,  equa¬ 
tion  (3)  may  not  always  represent  Hamilton's  principle  in  the  strict  sense. 
Should  equation  (3)  be  used  as  a  basis  for  the  numerical  solution  of  a  dynam¬ 
ics  problem  without  the  requirement  that  all  of  the  Sr^  vanish  at  ti  or  t2, 
zero  momentum  conditions  will  prevail  Instead  as  natural  boundary  conditions 
on  those  displacements  whose  variations  are  free.  This  aspect  of  variational 
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principles  is  covered  very  clearly  in  many  i eferences  (cf.  ref.  [17]).  An 
observation  to  be  made  here  is  that  equation  (3)  corresponds  to  a  system  of 
boundary  value  problems  -  not  initial  value  proL terns  -  since  the  partial  sum 
can  only  vanish  through  boundary  (end  point)  constraints  either  natural  or 
imposed.  Thus  equation  (3)  cannot,  with  complete  logic,  be  used  to  formulate 
any  system  of  initial  value  problems  of  dynamics.  The  introduction  of  Initial 
data  has  in  fact  always  been  the  obstacle  preventing  the  use  of  Hamilton's 
principle  for  the  variational  formulation  of  initial  value  problems  [18,19]. 

Since  equation  (3)  is  a  valid  physical  statement  of  mechanics  only  when 
the  boundary  constraints  are  such  that  the  partial  sum  vanishes,  it  is  proper 
to  refer  to  this  equation  as  a  'constrained  variational  principle'  ae  pposed 
to  equations  (2)  which  are  unconstrained  variational  laws  of  mechanics,  suit¬ 
able  for  the  application  of  arbitrary  constraint  conditions. 

III.  GLOBAL  AND  PIECEWISE  RITZ  APPROXIMATIONS.  Equations  (2)  and  > 
differ  only  in  the  presence  or  absence  of  boundary  terms.  For  the  case  of  a 
single  particle  (N«l)  having  only  one  degree  of  freedom  u(t),  the  Ritz 
procedure  when  applied  to  either  of  equations  (2)  leads  to  a  scalar  relation 
of  the  form: 


6UT[ ( K-H) U-F]  -  0  (4) 

whereas  for  equation  (1): 

<SUt[KU-F)  -  0  (5) 

Equations  (4)  and  (5)  are  assumed  to  derive  from  applying  the  Ritz  procedure 


whereby  the  displacement  function  u( t ' 

u(t) 

The  relation  (6)  applies  to  the  entire 
defined  basis  functions  are  used  or  to 
piecewise  functions  (finite  elements) 
ies  approximation  is  used  U  Is  a  vecto 
two  of  which  are  identifiable  as  u(t|) 
in  this  case  is  simply: 

aT( t)  -  ( 1 ,t  ,t2  , . . . 

If  piecewise  cubic  Hermite  polynomial  i 
are  local  values  of  u  and  u  defined  at 
val,  and 


is  approximated  as: 

aT(t)U  (6) 

Interval  of  solution  when  globally 
a  particular  subinterval  thereof  when 
re  employed.  When  a  global  power  ser- 
of  generalized  coordinates,  the  first 
and  uCt^).  The  'shape  function',  a(t), 

tnl  ,  q  *  t  *  t2  (7) 

are  used  instead,  the  components  of  JJ, 
the  endpoints  of  a  particular  subinter- 


aT(t)  -  [2ij-3t2+1,  h(T3-2x2+T),  3t2-2t3,  h( t 3—  ]  (8) 

where  x  -  t/h,  h  being  the  length  of  the  particular  subinterval.  Referring 
first  to  equation  (5),  it  is  noted  that  K  tends  to  be  singular  of  degeneracy 
one.  For  certain  simple  problems  K,  may  compute  to  be  exactly  singular.  In 
general,  however,  K  will  only  become  singular  in  the  limit  as  the  number  of 


368 


basis  functions  employed  in  the  Ritz  approximation  becomes  infinite.  The 
degeneracy  of  K  represents  the  possibility  chat  neither  u(t()  or  u(t2)  has 
been  specified.  That  is,  if  neither  6u(t[)  or  -u(t2)  vanishes,  then  mu  must 
vanish  at  both  endpoints  as  natural  boundary  conditions.  Under  these  condi¬ 
tions  u(t)  may  only  be  determined  to  within  an  arbitrary  constant.  Thus  in 
equation  (5)  K  may  be  reduced  to  a  nonsingular  matrix  by  specifying  values  for 
u(t^)  and/or  u(t2)  so  that  the  variations  of  one  or  both  of  these  quantities 
vanish.  The  essence  of  the  discussion  which  follows  is  not  changed  if,  in  the 
sequel,  it  is  assumed  that  u(t})  has  been  specified.  This  is  known  as  a 
'geometric'  or  'imposed'  constraint.  Because  SUj  =  6u(ti)  =  0  multiplies  the 
first  row  of  K  in  equation  (5),  this  row  is  effectively  removed  from  the 
formulation.  Since  the  remaining  variations  are  arbitrary  the  final  '■et  of 
equations  to  be  solved  is  then: 

a 

1  KfjUj  -  Fi  -  KiiUj  ,  i  -  2,3. ..n  (.) 

J-2 

where  Uj  =*  u(t^)  is  the  specified  value  and  n"is  the  dimen..  <on  of  K.  Whether 
these  equations  derive  from  a  global  power  series  approxirst ion  or  from  one 
based  on  finite  elements,  one  may  readily  verify  that  as  n  l i  Increased  their 
solutions  do  indeed  converge  to  the  exact  solution  of  the  corresponding  two 
point  time-boundary  value  problem.  Should  one  wish  a  solution  to  an  initial 
value  problem,  however,  equation  (4)  roust  be  used  instead  of  equation  (5).  In 
this  case,  specifying  values  for  u(tj)  and  u(t2)  cause  6Ui  and  6U2  to  vanish 
thereby  deleting  the  first  two  equations  of  this  set.  The  resulting  system  of 
equations  to  be  solved  is  thus: 


l  Uij-BipU}  - 
i-3 


Pi  -  OCi i-Bi | )U|-(Ki2-Bi2)U2 


3.4,. 


(10) 


In  all  cases  attempted  to  date,  solutions  to  equations  (10)  have  been  observed 
to  converge  to  the  exact  solution  if  these  equations  are  derived  using  a 
global  power  series  approximation  but  not  if  they  are  formulated  by  finite 
elements.  An  example  of  this  anomaly  will  be  given  In  the  next  section.  As 
the  only  difference  between  equations  (4)  and  (5)  is  a  subtraction  of  B  in  the 
former,  and  in  as  much  as  convergence  is  achieved  when  equation  (4)  derives 
from  a  power  series  approximation,  one  suspects  that  it  is  the  finite  element 
representation  of  the  matrix  B  which  is  somehow  at  fault.  It  is  therefore  of 
interest  to  know  in  more  detail  Just  how  the  subtraction  of  ^B  is  supposed  to 
affect  the  coefficient  matrix  of  the  system. 

In  contrast  to  the  matrix  K,  the  matrix  K-B  must  tend  to  be  singular  of 
degeneracy  two  -  no  constraints  having  been  assumed  a  priori.  Thus  when  u(tj) 
1 s  specified  and  the  first  row  of  K-B  is  deleted,  the  remaining  equations 
still  must  possess  one  degeneracy  in  the  limit  as  the  number  of  basis  func¬ 
tions  becomes  infinite.  Thus  the  effect  of  subtracting  jj,  must  be  to  free  the 
natural  boundary  condition  at  t2  (inherent  in  equation  (5))  and  to  Introduce  a 
degeneracy.  This  remaining  degeneracy  can  only  be  removed  by  specifying  the 
value  of  u(t)  at  a  time  other  than  tj  or  a  value  for  u,  resulting  in  the  dele¬ 
tion  of  another  row  of  K-B. 
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IV.  ANOMALOUS  BEHAVIOR  OF  FINITE  ELEMENT  FORMULATIONS.  The  degree  to 
which  the  subtraction  of  the  matrix  B  from  K  can  both  free  the  natural 
boundary  condition  at  t£  and  introduce  a  degeneracy  differs  with  the  type  of 
approximation  employed.  When  global  power  series  approximations  are  used  the 
J g  matrix  is  quite  full  and  the  subtraction  affects  many  rows  of  JC.  When 
locally  defined  Hermite  polynomials  are  used,  however,  B  is  very  sparse  and  in 
fact  contains  only  two  non-zero  components.  Moreover,  one  of  these  appears  in 
the  first  row  of  which  is  deleted  when  u(t^)  is  specified.  In  this  case 
freeing  the  natural  boundary  condition  and  introducing  a  degeneracy  depends  on 
the  subtraction  from  a  single  component  of  K.  Even  though  both  effects  may 
actually  be  produced  in  the  limit  as  the  number  of  elements  becomes  infinite, 
the  degree  to  which  they  are  approximated  for  any  finite  number  of  elc.-  nts  is 
evidently  insufficient  and  the  solutions  do  not  converge  to  the  correct 
result.  This  is  exemplified  in  Figure  1.  The  problem  represented  is  that  of 
a  free  oscillator  of  unit  mass  and  stiffness,  subject  to  the  prescribed 
initial  constraints  of  zero  displacement  and  unit  velocity.  For  this  case 
equation  (2a)  reads: 

•  •  •  ft 

J  (ufiu-ufiu)dt  -  u5u|  -  0 
0  0 

or  simply, 

/  (irt-u)6udt  -  0  * 

0 

The  finite  element  results  of  Figure  1  were  obtained  using  piecewise  cubic 
Hermite  polynomials.  (Higher  ordered  Hermite  polynomials  yield  similar 
results.)  It  is  observed  that  the  solutions  tend  to  diminish  from  the  exact 
solution,  sln(t),  as  the  number  of  elements  is  Increased.  Using  only  two  fin¬ 
ite  elements  the  finite  element  matrix  formulation  (equation  (4))  for  this 
problem  is  as  follows: 


(ID 

(12) 


t 


0  -  6UT[K-BlU  -  ! 6Ui  6U2  6Uj  6U4  6U5  fiU^l  • 


— 

— 

- 

—  — 

kll 

kl2 

kL3 

k  1 4 

0 

0 

0 

-1 

0 

0 

0 

0 

Ul 

k21 

k22 

k23 

k24 

0 

0 

0 

0 

0 

0 

0 

0 

u2 

k31 

k32 

k33+kl 1 

k34+k12 

kl  3 

kl  4 

_ 

0 

0 

0 

0 

0 

0 

t 

U3 

k41 

k42 

k43+k21 

k44+k22 

k23 

k24 

0 

0 

0 

0 

0 

0 

u4 

0 

0 

k31 

k32 

k33 

k34 

0 

0 

0 

0 

0 

1 

U5 

0 

0 

k41 

k42 

k43 

k44 

0 

0 

0 

0 

0 

0 

U6 

— 

- 

— 

— 

i 

—  — 

(13) 


*Note  that  Eq.  (l2)  would  also  result  from  application  of  the  Galerkln 
procedure,  implying  that  the  Galerkln  method  has  some  physical  justification 
for  problems  in  dynamics. 


Using  expression  (8),  the  element  matrix  k  is  calculated  in  terms  of  the 
element  length  h  as: 


k 


/  (aaT-aaT)dt 
0  ""  " 


6 

13h 

1 

Uh2 

9h 

6  13h2 

1 

- - 

- - 

- - 

-  — ~ - 

- - - 

- - -  + 

— 

5h 

35 

10 

210 

70 

5h  420 

10 

2h 

h3 

13h2 

1  h3 

h 

15 

105 

420 

10  140 

30 

6 

13h  Uh2 

1 

SYMM. 

5h 

35  210 

10 

2h  h3 


15  105 


Since  Uj  is  specified  the  first  row  of  K  -  B  is  deleted.  As  the  subtraction 
of  B  only  affects  one  row  of  the  reduced  system,  the  only  way  in  which  a 
degeneracy  can  be  Introduced  is  for  the  next  to  last  row  L">  join  the  space 
defined  by  the  rows  remaining.  Thus  rows  two  through  six  in  equation  (13) 
Ideally  would  become  linearly  dependent.  This  dependency  atong  rows  must  be 
quite  general  as  specification  of  any  other  of  the  Uj  must  remove  it. 

One  suspects  that  a  simple  subtraction  of  unity  from  K55  in  equation  (13) 
may  not  do  the  best  Job  of  introducing  a  degeneracy  or  of  freeing  the  natural 
boundary  condition  at  t-2  “  n  •  006  can  (?a^n  some  idea  of  how  'close'  this 

subtraction  brings  the  fifth  row  into  the  space  of  rows  2, 3, A  and  6  by 
comparing  it  with  its  projection  onto  this  space.  Substituting  w/2  for  h,  the 
fifth  row  of  equation  (13)  calculates  to  be: 

[0.0  0.0  -0.96590326  -0.17637194  0.180505097  -0.9707551751 

whereas  its  projection  is: 

[ 7  .8587 183E-3  -8 . 5978979E- 3  -0.974496335 


-0.184380835  0.172642875  -0.96178341 


Further  calculations  show  that  If  the  interval  of  solution  remains  fixed  and 
the  number  of  finite  elements  is  allowed  to  Increase,  closer  agreement  between 
the  next  to  last  row  vector  and  its  projection  Is  observed  but  this  is  not 
accompanied  by  a  convergence  of  the  solution  vector  toward  the  exact  solution 
to  the  problem.  While  the  exact  reasons  for  this  instability  are  not  known  it 
is  apparent  that  the  rate  at  which  the  next  to  last  row  tends  to  become  depen¬ 
dent  is  Important.  It  stands  to  reason,  therefore,  that  should  one  Invoke  the 
limit  condition  without  actually  proceeding  to  the  limit,  a  convergent 
sequence  may  result  and  Indeed  this  proves  to  be  the  case. 

Asserting  that  the  row  vectors  two  through  six  are  linearly  dependent 
allows  the  fifth  row  (equation)  of  equations  (13)  to  be  replaced  by  a  linear 
combination  of  the  others.  For  example,  let 
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(14) 


R5  “  <*2R2  +  C13R3  +  0  +R4  + 

where  R^  denotes  the  tth  row  of  jt  -  B.  Aft*  r  imposing  the  second  initial 
constraint,  U2  **  1 ,  equations  (13)  can  be  wi  itten: 

6U3R3  •  U  +  SU4R4  •  U  +  6U5(  a2R2+a3R3+c*4R4+%R5)  •  U  +  SUgR^  •  U  ■  0  (15) 


Since  all  variations  in  equation  (15)  are  arbitrary,  there  results  the 
following  system  of  equations  for  solution: 

0  -  R3  •  U  -  R2  *  U  -  R,  •  U  -  Rfc  *  U  (16) 

Thus  the  second  equation  (row)  which  was  originally  deleted  through  the  speci¬ 
fication  of  U2,  is  brought  back  into  the  formulation  in  place  of  the  fifth  in 
a  logical  and  consistent  manner.  Equations  (16)  are  the  same  set  as  would 
result  from  following  the  procedure  of  Argyria  and  Scharpf.  These  authors, 
however,  started  with  Hamilton's  principle  which  requires  that  6U1  ■  6U5  •  0. 
This  would  delate  the  first  and  fifth  equations  from  the  set.  Further  speci¬ 
fication  of  U2  should  then  delete  the  second  equation  as  wex  overspecifying 
the  problem.  Argyris  and  Scharpf  [20)  allow  this  equation  to  remain  without 
justification.  Moreover,  no  explanation  is  given  as  to  why  6U5  should  vanish 
as  U5  is  never  specified  in  an  initial  value  problem.  All  of  these 
inconsistencies  derive  from  the  fact  that  Hamilton's  principle  corresponds 
only  to  boundary  value  problems  -  nev»r  to  initial  value  problems. 

In  summary,  the  work  of  this  section  shows  that  Hamilton's  law  of  varying 
action,  unlike  Hamilton's  principle,  is  an  unconstrained  variational  statement 
permitting  the  introduction  of  arbitrary  constraints  including  data  ordinarily 
given  for  initial  value  problems.  When  piecewise  Hermite  cubic  polynomials 
are  used  as  a  basis  for  a  finite  element  formulation,  the  singular  state  of 
the  resulting  coefficient  matrix  in  the  limit  Justifies  retention  of  the 
second  equation  of  the  system  in  preference  to  the  next  to  last  when  typical 
initial  values  for  displacement  and  velocity  are  specified.  Following  this 
procedure,  convergent  solutions  are  then  obtained  for  the  problem  of  the  free 
oscillator  considered  in  this  section.  These  results  are  presented  in  Table  I 
for  formulations  based  on  one,  two,  and  six  finite  elements. 
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TABLE  I.  SOLUTIONS  TO  FREE  OSCILLATOR  PROBLEM  (DISPLACEMENT/VELOCITY) 


0  <  C  <  u 


6t/u 

One  Element 

Two  Elements 

Six  Elements 

Exact 

Solution 

0 

0.0* 

0.0* 

0.0* 

0.0 

1.0* 

1.0* 

1.0* 

1.0 

1 

0.49978005 

0.5 

0.86602547 

0.86602541 

2 

0.86564452 

0.86601 >41 

0.50000025 

0.5 

3 

0.97817298 

0.99956036 

1.0 

2.02985945E-4 

4 .4572957E- 7 

0.0 

4 

0.86564496 

0.86602541 

-0.49999948 

-0.5 

5 

0.499780823 

0.5 

-0.86602502 

0.86602541 

6 

0. '’166090783 

3 .9845 105E-4 

8.9120273E-7 

0.0 

-1.00079414 

-1.00000946 

-0.99999999 

-1.0 

*  Imposed 

values. 

V. 

APPLICATIONS. 

Example  1.  Linear 

Oscillator  Subjected  to 

Discontinuous  Forces. 

A  linear  oscillator 

of  unit  mass  and  stiffness  is 

subjected  to  a  force  f(t).  Two  cases  are  considered: 


(a)  f(t)  -  H(t— L/2) 

(b)  f(t)  -  6(  t— I  /  2 ) 

H  and  6  are  the  Heaviside  and  Dirac  functions  respectively  and  for  either  of 
these  cases  equation  (2)  reads: 

c2  •  •  •  t2 

/  ju6u  +  ( f( t)-u) 6u}dt  -  u6u  |  *  0  (17) 

C1  ti 

For  case  (a)  four  finite  elements  of  equal  length  are  used  to  approximate  u(t) 
over  the  solution  interval  (0,2).  The  element  polynomial  shape  function  is 
Herraite  cubic  and  an  element  length  of  one  half  takes  advantage  of  the  specif¬ 
ic  shape  of  the  forcing  function.  Table  II  compares  the  calculated  displace¬ 
ments  and  velocities  with  those  computed  from  the  exact  solution. 
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t 

Computed 

Displacement  Velocity 

Displacement 

Exact 

Velocity 

0.0 

0.0* 

1.0* 

0.0 

1.0 

0.5 

0.47932149 

0.87708716 

0.47942555 

0.877582565 

1.0 

0.96370936 

1.0199163 

0.96388844 

1.01972786 

1.5 

1.45700388 

0.91238744 

1.45719267 

0.91220819 

2.0 

1.83836447 

0.5805616 

1.83856024 

0.58134814 

*  Imposed  values. 


In  case  (b)  a  discontinuity  in  velocity  can  be  expected  in  the  solution. 
As  the  use  of  cubic  shape  functions  enforces  continuity  of  "elocity  through¬ 
out,  a  better  solution  might  be  expected  when  linear  shape  functions  are 
employed.  Table  III  compares  the  exact  solution  on  the  inte.  al  (0,1)  with 
that  obtained  using  ten  such  elements  of  equal  length. 


The  two  problems  considered  in  this  example  demonstrate  the  manner  in 
which  the  type  of  element  and  its  points  of  attachment  (i.e.,  the  'nodes'  or 
'grid  points')  may  be  varied  to  suit  specified  transient  events. 


TABLE  III.  SOLUTION  TO  u  +  u  =  6(t-l/2) 


0  <  t  <  1 


t 

Computed  Displacement 

Exact  Displacement 

0.0 

0.0* 

0.0 

0.1 

0.1* 

0.099833416 

0.2 

0.199001664 

0.19866933 

0.3 

0.296016622 

0.295520213 

0.4 

0.390076343 

0.38941834 

0.5 

0.58007539 

0.57925896 

0.6 

0.76428335 

0.76331182 

0.7 

0.94086118 

0.93973791 

0.8 

1.10804607 

1.10677443 

0.9 

1.26416892 

1.26275246 

1 .0 

1.40767112 

1.40611348 

*  Imposed  values. 
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Example  2.  Response  of  a  Beam  to  a  Moving  Mass.  A  concentrated  mass  is 
assumed  to  move  at  constant  velocity  v  along  the  length  of  a  uniform  Euler 
beam,  simply  supported  at  each  of  its  ends  an.’  having  zero  displacement  and 
velocity  at  t  *  0.  Under  suitable  definitions  for  k  and  m,  the  representative 
equations  may  be  written  [21]: 


yiv  +  ky  +  f ( x ,  t )  =  0 

y(0,t)  =  y"(0,t)  =  y(l,t)  =  y"( 1 ,t)  =  y(x,0)  =  y(x,0)  =  0  (18) 

The  function  f(x,t)  consists  of  a  sum  of  inertial  terms: 


f(x,t)  =  m(y  +  2vy'  +  g  +  v2y")6(x-vt)  < ) 

where  g  denotes  the  gravitational  constant  and  6  is  the  Dirac  function.  Thi~ 
problem  is  particularly  interesting  in  that  the  conventional  use  of  piecewise 
cubic  shape  functions  to  discretize  the  space  variable  on’”,  introduces  forces 
which  are  discontinuous  functions  of  time  into  the  resulting  ordinary  differ¬ 
ential  equations.  These  discontinuities  are  associated  with  the  beam  curva¬ 
ture  load  terra  appearing  in  the  expression  (19).  Since  the  piecewise  cubic 
polynomials  are  discontinuous  in  the  second  derivative  at  the  element  attach¬ 
ments,  the  term  mv2y"6(x-vt)  -  when  multiplied  by  the  shape  function  a(x)  and 
integrated  over  the  element  length  -  will  produce  functions  of  time  which  are 
discontinuous  whenever  the  moving  mass  arrives  at  any  point  of  attachment. 
Clearly  these  discontinuities  have  nothing  to  do  with  the  physics  of  the  prob¬ 
lem  and  are  certain  to  Invite  trouble  when  one  attempts  to  numerically  inte¬ 
grate  the  time  dependent  equations  via  established  algorithms.  It  is  possi¬ 
ble,  of  course,  to  use  shape  functions  of  higher  degree  to  discretize  the 
space  variable  thus  eliminating  the  discontinuities  at  the  onset  but  this  is 
hardly  consistent  with  the  finite  element  method  which  should  permit  the  use 
of  even  linear  shape  functions  if  need  be.  One  is  tempted  to  somehow 
'smooth'  these  discontinuities,  yet  this  should  not  be  done  in  a  purely 
arbitrary  fashion.  Integrating  the  effects  of  these  forces  throughout  the 
time  domain  through  the  use  of  Hamilton’s  law  of  varying  action  provides  a 
consistent  way  to  handle  this  problem. 

While  it  is  possible  to  handle  the  space  and  time  finite  element 
discretizations  in  one  operation,  the  amount  of  computation  and  computer 
programming  tend  to  become  inordinately  large.  Moreover,  there  exist  any 
number  of  finite  element  codes  (e.g.  NASTRAN)  which  can  quickly  accomplish 
much  of  the  space  discretization.  It  seems  more  efficient,  therefore,  to 
apply  the  finite  element  method  in  two  steps,  by  first  discretizing  the  space 
variable  and  then  applying  Hamilton's  law  to  the  resulting  system  of  ordinary 
differential  equations  in  time.  For  the  case  at  hand,  the  differential 
equations  governing  the  motion  of  the  it^1  beam  element  turn  out  to  be: 


(p  +  mci)u  +  mc2U  +  (q  +  mc3)u  +  mga(vt)»  0 


(20) 
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p  and  q  are  proportional  to  the  usual  mass  and  stiffness  matrices  for  beam 
elements  and  have  been  evaluated  many  times  in  the  literature.  Here  all  of 
the  beam  elements  are  of  the  same  length  l ,  and  uhe  displacement  within  the 
it^1  element  is  interpolated  from  u*(t),  a  vector  of  end  point  displacements 
and  velocities,  i.e.. 


y(x,t)  =  a’^f^u^t) 
0  <  C1  <  1 


(21) 


where  £*-(x)  =»  x/2.  -  (i-1),  a  nondimensional  element  coordinate. 

The  c_  matrices  in  equations  (20)  correspond  to  transverse,  Coriolis,  and 
centrifugal  accelerations  respectively  and  are  defined  for  the  ic^  element  as 
follows: 


?1  =  a(?i)  aT(..i)|x,vt 


C2  =  2va(£i)a' 1 ( S1) |x=vt 


(22) 


c3  =  v2a(Cl)a"T(ci) |x»vt 

It  is  noted  that  C3  will  be  discontinuous  at  ^  =  0  and  ^  =  1.  The  function 
m  takes  on  the  value  of  ra  only  when  the  concentrated  mass  lies  within  the  ich 
element,  otherwise  m  is  zero. 

The  element  equations  (20)  are  combined  in  the  usual  way  to  form  N  equa¬ 
tions  of  motion  for  the  combined  structure.  Symbolically: 

M(t)U  +  C(t)U  +  K(t)U  =  F(t)  (23) 


Each  of  the  matrices  in  equation  (23)  can  be  viewed  as  a  conventional  matrix 
of  constant  coefficients  plus  a  time  variant  set  of  components  which  are 
active  in  a  band  along  its  main  diagonal  as  the  moving  mass  traverses  the  beam 
in  time.  For  this  system  of  equations  Hamilton's  law  of  varying  action  can  be 
written: 

N  N  t2  .  •  .  .  ,,:2 

l  l  {/  +  6Ui[  (Mtj-Cij  )Uj-KijUj  +  F± ]  }dt  -  SUtMijUj  |  }  -  0  (24) 

i-1  j-1 

It  is  interesting  to  observe  the  accuracy  of  solution  which  can  be 
obtained  from  equation  (24)  using  only  two  finite  elements  in  space  and  two  in 
time.  A  formulation  using  two  elements  in  space  results  in  a  system  of  N-4 
ordinary  differential  equations  in  time  once  the  geometric  support  constraints 
have  been  applied.  A  two  element  formulation  of  these  four  equations  for  the 
time  domain,  followed  by  the  application  of  all  initial  constraints  in  the 
manner  summarized  in  Section  IV,  gives  a  final  system  of  sixteen  linear 
algebraic  equations  for  solution.  Figure  2  compares  this  solution  with  the 
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experimental  results  of  Ayre,  Jacobsen,  and  Hsu  [22)  and  a  conventional  finite 
element  solution  using  three  elements  in  the  snace  domain  followed  by  a 
time-integration  of  the  equations  (28)  by  Hamming's  predictor-corrector 

algorithm  [23J.  The  mass  velocity  In  this  case  is  v  -  v*/2,  - v*  being  the 

lowest  velocity  to  cause  resonance  when  the  load  is  a  moving  weight  only  and 
the  magnitude  assigned  to  the  moving  mass  is  25%  of  the  total  mass  of  the 
beam.  (Other  parametric  values  are  the  same  as  those  in  reference  [22].)  The 
displacements  have  been  normalized  with  respect  to  the  maximum  deflection 
produced  if  the  weight  was  applied  statically  at  midspan  and  L  is  the  total 
beam  length.  In  particular  one  notes  that  the  conventional  solution  obtained 
via  three  finite  elements  in  space  only,  produces  non-physical  discontinuities 
in  the  slope  of  the  solution  curve  at  vt/L  =  1/3,  2/3.  (The  continuous  data 
for  generating  this  curve  is  obtained  by  interpolating  the  solution  to 
equation  (23)  using  equation  (21).)  No  discontinuities  of  this  sort  can  arise 
when  finite  elements  in  space  and  time  are  employed.  Improved  agreement  with 
the  experimental  results  is  also  observed. 
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ABSTRACT 

This  paper  reports  results  of  a  numerical  computation  in  determining  the 
stress  field  caused  by  geometric  discontinuities  in  a  finite  cylindrical  bar. 
One  bar  has  a  nonuni  form  diameter,  the  other  has  a  notch.  Materials  for  both 
bars  are  elasto-plastic.  The  bar  is  fixed  at  one  end  and  at  the  other  end  a 
step  load  is  applied.  HONDO  code,  which  is  a  finite  element  dynamic  code,  is 
used  for  the  Durpose.  Stress  contours  are  plotted  for  various  time  instants 
so  that  both  incoming  and  reflected  waves  are  observed.  Stress  concentration 
factors  are  computed. 


1.  Introduction 

In  the  design  of  small  caliber  weapons  components,  the  dynamic  stress  field 
caused  by  impact  loads  must  be  determined  in  order  to  assess  the  service  life 
of  the  components.  A  typical  component  such  as  a  firing  pin  will  have  dis¬ 
continuities  due  to  material  defects  or  change  in  geometry.  Stress  distribution 
in  the  neighborhood  of  these  discontinuities  are  extremely  non-uniform  and  the 
nature  of  the  singularities  is  not  well  understood.  G.  Kirch  (1898)  [1] 
calculated  the  stress  field  around  a  circular  hole  in  a  flat  plate.  He  fo  nd 
that,  depending  on  the  size  of  the  hole  relative  to  the  plate,  various  degrees 
of  amplification  of  the  applied  stress  occur  at  the  edge  of  the  hole.  This  is 
due  to  the  fact  that  the  cross-sectional  area  over  which  the  total  stress  is 
distributed  is  reduced  by  the  presence  of  the  hole  and  the  redistribution  is 
such  that  the  material  farther  away  from  the  hole  is  less  aware  of  the  existence 
of  it,  thus  taking  a  lesser  share  of  the  load.  In  the  case  where  the  applied 
load  is  dynamic  in  nature  the  analysis  of  the  localization  of  the  stress  is 
more  complicated  because  it  involves  reflection  and  diffraction  of  waves.  This 
problem  has  been  studied  in  recent  times  [2].  A  large  body  of  literature  arose 
which  uses  methods  of  diffraction  in  wave  propagation  [6],  asymptotic  expansion 
method  [7]  and  complex  variable  techniques  [3], [A].  Photoelastic  techniques 
were  developed  for  such  problems  incorporating  high  speed  photography.  The 
types  of  problems  which  are  amendable  to  analytical  approaches  involve  simple 
geometry  only.  Problems  with  more  complex  geometry  had  to  be  solved  by  numerical 
methods  such  as  finite  elements.  In  this  paper  the  results  are  obtained  using 
HONDO. 

HONDO  is  a  finite  element  code  which  uses  Galerkin's  spatial  discretization 
and  central  differences  in  time  integration.  The  code  has  several  constitutive 
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equations,  one  of  which  is  an  elasto-plastic  material  obeying  von  Mises  yield 
criterion.  Elements  are  isoperimetric  quadrilaterals. 

Two  problems  are  presented  below: 

(1)  finite  circular  cylindrical  bar  with  an  abrupt  change  of  cross-section  at 
mi d- length, 

(2)  finite  circular  cyclindrical  bar  with  a  circumferential  notch  at  mid-length. 
This  bar  is  fixed  at  the  far-end  and  subject  to  step  load  at  the  near-end. 

2.  Non-uniform  Bar 

Figure  1(a)  and  (b)  show  the  contour  lines  of  constant  axial  stress  in  a  bar 
subject  to  a  step  load  equal  to  1/2  of  the  yield  stress  of.  the  material.  The 
bar  is  lOOim  long  with  diameters  equal  to  20  mm  for  50  mm  and  40  mm  for  the 
remaining  length.  A  total  of  375  elements  is  used,  each  element  is  2  x  2  mm  square. 
There  are  436  nodal  points.  The  material  is  steel.  The  sound  speed  in  steel 
is  calculated  to  be  5  x  105  cm/sec.  Thus,  it  takes  20  x  10"6  sec  for  the  wave 
front  to  travel  from  the  front  to  the  back  end  of  the  bar.  Two  values  of 
Poisson  ratio  are  used.  The  case  v*0  is  used  to  eliminate  the  radial  and  circum¬ 
ferential  stresses.  The  second  case  is  for  v=0.3. 

For  the  case  v=0,  in  the  portion  of  the  bar  near  the  loading  end,  it  is 
observed  that  the  wave  is  one-dimensional  for  a  short  distance  and  then  becomes 

distorted  as  the  effects  of  the  interactions  with  the  wave  diffracted  from  the 

-5 

discontinuity  take  over.  The  time  of  the  plot  is  2.01  x  10  sec.  which  is  the 
time  it  takes  for  the  wave  to  just  be  reflected  from  the  back  end.  As  there  is 
a  complicated  wave  interaction  process  going  on  due  to  the  corner,  the  stress 
pattern  becomes  very  non-uniform.  Two  points  need  be  mentioned:  (1)  since 
the  cross-sectional  area  in  the  large  portion  of  the  bar  is  four  times  as  large 
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as  the  small  portion,  the  average  stress  should  be  much  lower  near  the  back  end 
than  near  the  front.  This  is  the  case  as  observed  from  the  figures,  (2)  there 
is  the  stress  localization  around  the  inner  corner  and  the  extreme  gradient 
from  the  inner  corner  to  the  outer  corner.  It  is  clear  that  in  the  neighborhood 
of  the  outer  corner  a  "dead  zone"  exists  -  the  material  is  essentially  unstressed. 
The  amplification  factor  (computed/applied)  is  calculated  to  be  2.2  at  the  inner 

L 

corner  which  is  most  severely  stressed.  The  effective  stress  xg  =  (3/2  b.^S^.) 
is  less  than  the  yield  stress,  although  the  maximum  has  already  exceeded  the* 
yield  stress. 

For  the  case  of  v  -  0.3,  the  stress  pattern  near  the  fror.t  end  is  not  plana, 
thus  showing  the  effect  of  cylindrical  geometry. 

3.  Uniform  Bar  with  Notch 

This  is  the  case  of  a  finite  bar  with  the  same  conditions  at  the  boundaries 
as  above.  The  bar  has  a  circumferential  square-bottom  notch.  Three  depths  of 
the  notch  are  used.  The  depth  to  radius  ratios  are  1/6,  1/3  and  1/2.  Dimensions 
of  the  elements  are  2  mm  x  1  tin. 

Figure  2  shows  for  the  bar  with  a  depth-radius  ratio  1/6  (Bar  A)  the  contour 
lines  of  constant  axial  stress  at  time  2.4  x  10"5  sec.  when  reflection  from  the 
fixed  end  already  started.  As  can  be  seen,  near  the  far  end  the  stress  is  about 
double  the  incoming  stress  wave  at  the  front  end.  At  the  corner  the  amplification 
factor  is  1.7.  Again,  a  high  gradient  exists  in  the  neighborhood  of  the  inner 
corner,  whereas  there  is  a  "dead  zone"  at  the  outer  corner.  For  the  deeper 
notched  bar  (Bar  B)  Figure  3  shows  that  the  computed  amplification  is  2.24,  which 
becomes  2.60  in  the  next  figure  (Figure  4)  for  the  deepest  notch  (Bar  C).  For 
all  these  cases,  the  effective  stress  has  not  yet  reached  the  yield. 
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Figure  5  shows  for  Bar  C  the  stress  contour  lines  at  time  4.01  x  10  sec. 
when  the  reflected  wave  from  the  fixed  end  has  reached  the  front  end.  A  side 
plot  shows  the  time  histories  of  o2  for  two  elements  at  the  bottom  of  the  notch. 
Figure  6  is  a  similar  plot  as  Figure  5  except  the  load  has  been  increased  to 
70*  of  the  yield.  Figure  7  is  similar  to  Figure  6  except  the  material  is  10% 
linear  work  hardening.  In  this  last  case  the  effective  stress  exceeded  the 
given  yield  stress.  The  corresponding  axial  stress  is  higher  than  the  previous 
case. 

Figures  8,  9,  10  and  11  show  the  axial  stress  distribution  along  the  axis 
for  various  radial  positions.  Figure  8  and  9  are  for  an  elastic  -  perfectly 
plastic  bar  at  two  different  times.  Figures  10  and  11  are  for  a  linearly 
work  hardening  materials.  Generally  speaking  it  is  observed  that  the  radial 
variation  of  the  axial  stress  does  not  differ  a  great  deal.  The  axial  stress 
rises  very  high  at  the  notch. 

4.  Future  Work 

To  investigate  the  dynamic  stress  concentration  problem  for  materials  which 
are  rate  sensitive  one  needs  to  incorporate  a  viscoplastic  constitutive 
equation  into  HONDO.  This  was  the  initial  objective  of  the  current  paper. 

Work  of  implementing  this  phase  is  going  on  and  results  will  be  reported  in  the 
future.  A  brief  description  of  the  viscoplastic  constitutive  equation  will  be 
given  here.  This  equation  is  based  on  the  theory  proposed  by  Bodnar  [5]. 

It  is  assumed  in  the  theory  that  both  elastic  and  viscoplastic  deformation  occur 
at  all  stages  of  loading  and  unloading.  Consequently,  a  criterion  of  yield 
is  not  needed  to  distinguish  between  elastic  and  viscoplastic  regions  of 
deformation. 

For  small  deformation,  it  is  assumed  that 
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and  the  viscoplastic  strain  rate  obeys  the  flow  rule 
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A  is  a  parameter,  but  not  a  constant. 
Bodnar  assumes  that  [5] 
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where  d?vp  is  the  second  invariant  of  the  plastic  deformation  rate  tensor. 
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From  Eq.  (6),  it  follows  that 


Therefore, 


H  vp  1  2  .  - 

d2  7  X  S1jS1j 

2  d2VP 


X20. 


(9) 

no) 


386 


T 


Let  D  be  the  elastic  modulus  matrix. 


then 
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but 

evp  =  X  s  =  /£-  s 
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(12) 

therefore, 
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ABSTRACT.  A  mathematical  model  of  impact  has  been  formulated  for 
the  intermittent-motion  mechanism.  The  model,  which  includes  clearance 
and  material  compliance,  is  basic  to  the  determination  of  the  dynamical 
response  such  as  force  amplification  and  the  stress  of  mechanisms  with 
intermittent  motion.  The  theory  developed  has  been  applied  to  a  prac¬ 
tical  mechanism,  the  Geneva  mechanism.  It  is  a  popular  indexing  device 
and  has  been  widely  used  in  many  production  machinery  and  automatic 
weapon  systems.  A  computational  procedure  incorporating  the  dynamic 
model  with  the  finite-element  approach  is  presented  for  the  Geneva  wheel, 
although  not  simple,  due  to  the  complicated  geometry  of  the  wheel.  The 
computer-aided  procedure  makes  possible,  for  the  first  time,  to  accurately 
predict  the  performance  as  well  as  durability  of  an  intermittent-motion 
mechanism  with  respect  to  its  operational  speed. 

I,  INTRODUCTION.  Intermittent-motion  mechanisms  play  an  important 
role  in  modern  technology  and  industry.  They  are  the  essential  elements 
in  many  machinery  and  automatic  weapon  systems,  for  instance  in  machine 
tools;  business  office  machines  such  as  typewriter,  photocopier,  mecha¬ 
nical  and  electro-mechanical  counting  apparatus;  production  and  packaging 
machines;  automatic  rifles  and  machine  guns,  A  variety  of  intermittent- 
motion  mechanisms  have  been  described  in  the  literature  [1] .  Basically, 
there  are  two  types.  One  gives  a  finite  dwell,  such  as  the  standard  ex¬ 
ternal  Geneva  mechanism  [2];  the  other  provides  instantaneous  or  momentary 
dwell  [31.  The  latter  can  be  used  for  performing  functions  while  machin¬ 
ery  is  in  motion,  for  example,  in  flying  shears,  labeling,  closing  of  cans, 
etc.  From  the  point  of  view  of  mechanism  structure,  intermittent-motion 
can  be  generated  either  from  single  or  compound  mechanisms.  Geneva  mech¬ 
anisms,  cam-follower  systems  and  linkages  [4J  are  examples  of  the  single 
type;  while  compound  Geneva  mechanisms  [5],  chained  linkage  [6];  and  geared 
linkages  [3]  belong  to  the  compound  intermittent-motion  mechanisms. 

Of  particular  interest  and  concern  in  this  investigation  is  the  study 
of  high-speed  intermittent-motion  mechanisms  of  the  finite-dwell  type, 
which  are  more  difficult  to  analyze  because  of  their  inherent  shock  load¬ 
ing.  In  addition  to  inertia  loading  from  the  high-speed,  the  mechanism 
is  characterized  by  the  presence  of  essentially  discontinuous  forces, 
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masses,  velocities  and  potential  energies.  The  problem  is  therefore  com¬ 
plicated,  and  needs  special  attention. 

There  have  been  significant  contributions  recently  on  the  study  of 
dynamic  response  of  mechanisms  and  mechanical  systems  involving  intermittent 
motion}  Most  of  them  take  an  approach  which  is  general,  involves  the 
treatment  of  Lagrangian  formulation  of  the  system  equations  of  motion  and 
the  use  of  numerical  methods  to  yield  solution.  This  is  useful  in  many 
applications  concerned  particularly  with  large  and  complicated  mechanical 
systems.  System  components  may  have  various  degree  of  freedom  and  the 
generation  of  system  equations  in  this  case  is  not  simple.  Large-scale 
kinematic  and  dynamic  analysis  codes  such  as  DADS,  ADAMS,  DRAM,  DYMAC,  IMP, 
KINSYN,  LINCAGES  and  others  have  significantly  facilitated  the  implementa¬ 
tion  of  modern  analytical  developments  in  mechanisms  to  the  solution  of 
realistic  problems  which  may  otherwise  difficult  to  obtain. 

In  this  investigation  we  take  an  approach  which  is  believed  to  be 
different  and  fundamental,  i.e.,  the  study  of  the  dynamics  of  a  single 
intermittent-motion  mechanism,  rather  than  the  entire  mechanical  system, 
with  joint  consideration  on  kinematics  and  stresses.  The  motivation  of 
this  investigation  is  to  develop  methods  capable  of  predicting  the  per¬ 
formance  as  well  as  motion  characteristics  of  certain  basic  mechanisms 
which  generate  intermittent-motion  and  are  useful  in  industry  and  mili¬ 
tary  applications.  In  particular,  the  objectives  are:  1)  to  formulate 
analytical  dynamic  models  for  a  certain  class  of  intermittent-motion  mech¬ 
anisms;  2)  to  apply  these  models  on  a  particular  mechanism,  the  Geneva 
mechanism  to  investigate  its  dynamic  load  and  its  response;  3)  to  develop 
a  computational  procedure  incorporating  the  dynamic  model  with  the  finite- 
element  approach  to  estimate  the  stress  distribution  on  the  Geneva  wheel. 

The  result  of  this  research,  it  is  hoped,  will  provide  not  only  numerically 
efficient  design  equations  and  computer  package  for  the  Geneva  mechanism, 
but  also  an  added  advantage  —  a  deeper  understanding  of  the  dynamic  load 
on  intermittent-motion  mechanisms  and  a  physical  insight  to  the  dynamic 
characteristics  of  these  mechanisms.  Such  an  investigation  is  believed 
to  be  trustworthy,  and  to  the  authors'  knowledge,  has  not  been  reported 
in  the  literature. 

In  the  following,  we  begin  by  discussing  the  background  of  the  dynamics 
of  the  intermittent-motion  mechanism  and  its  relationship  with  the  well- 
investigated  field  of  clearance  in  the  mechanical  joints.  Analytical  models 
suitable  for  intermittent-motion  mechanisms  are  formulated  and  their  solu¬ 
tions  are  derived.  A  common  and  useful  type  of  intermittent-motion  mecha¬ 
nism  is  then  chosen  for  analysis  and  its  dynamic  response  is  presented. 
Finally  a  computer-aided  procedure  for  Geneva  stress  analysis  using  finite- 
element  approach  is  developed.  The  result  of  this  investigation,  it  is 
believed,  will  represent  a  contribution  towards  the  more  efficient  and 
economical  design  and  analysis  of  mechanical  systems  involving  high-speed 
intermittent-motion. 


1  The  work  of  E.  J.  Haug  and  his  coworkers;  the  work  of  M.  A.  Chace,  N. 
Orlandea,  J.  J.  Uicker,  etc;  Beckett,  R.  E. ,  Pan,  K.  C.,  and  Chu,  S.  C., 
J.  Engg.  Ind.  Aug.  1977,  pp.  665-673. 
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II.  DYNAMIC  MODELS.  All  intermittent-motion  mechanisms  share  some 
common  characteristics.  First,  there  exists  generally  shock  or  impact 
loading  which  may  be  inherent  in  the  mechanism,  or  as  a  result  of  external 
loading.  In  the  dynamic  analysis  of  these  mechanisms,  therefore,  kinematics 
as  well  as  load  and  driving  characteristics  have  to  be  taken  into  consider¬ 
ation.  Secondly,  clearance  or  backlash  is  unavoidable  in  the  mechanical 
joints  or  connections,  which  makes  possible  a  loss  of  contact  between  the 
members.  This  may  lead  to  subsequent  impact  which  would  give  rise  to  vi¬ 
bration.  The  study  of  the  dynamic  response  of  intermittent-motion  mecha¬ 
nisms  at  high  speed  is  therefore  analogous  to  the  investigation  of  the 
dynamics  of  mechanical  systems  with  clearances  —  a  field  which  is  becoming 
important  and  active  in  the  past  decade. 

Most  of  the  investigations  relating  to  mechanism  clearance  involves 
the  formulation  of  mathematical  models  of  impact  as  a  basis  of  their  study. 
Essentially  simple  system  of  springs  and  dashpots  with  clearance  are  used 
to  simulate  the  complex  and  nonlinear  phenomena  of  mechanical  connections. 
Some  of  the  notable  models  were  presented  by  Langer  [7],  Johnson  [8], 
Kobrinskiy  and  Babitzky  [9],  Dubowsky  and  Freudenstein  [10],  etc.  A  use¬ 
ful  outline  of  the  background  to  this  field  of  investigation  is  given  in 
[11],  and  recently  Haines  [12]  gave  a  comprehensive  and  thoughtful  review 
of  the  subject. 

In  this  study  two  mathematical  models  are  presented,  which  are  used 
to  investigate  the  dynamic  response  of  the  intermittent-motion  mechanism. 
These  models  are  taken  from  the  one  proposed  by  Dubowsky  and  Freudenstein 
[10]  on  their  study  of  clearance  in  the  mechanical  joints.  However,  modi¬ 
fications  are  made  to  include  mechanism  elasticity.  Standard  operating 
load  conditions  for  a  popular  type  of  intermittent-motion  mechanism  are 
used  as  forcing  function,  rather  than  free  vibration,  constant  load  and 
periodic  loading  conditions,  and  general  solutions  are  obtained.  In  the 
following,  a  terminology  for  the  models  is  given  first,  a  discussion  of 
these  models  then  follows. 

Referring  to  Figs.  1  and  2,  we  have, 

P  -  external  force  applied  to  element  M2 
Xj—  displacement  of  M^ 

X2-  displacement  of  M2 
r  -  clearance 

M^-  lumped  mass  represents  the  equivalent  mass  of  the  driving  element 
M2-  lumped  mass  represents  the  equivalent  mass  of  the  follower 
element  .  , 

Keq-  equivalent  spring  constant  =  l/(^’+*K  ^ 

K^-  beam  stiffness  c 

Kc~  surface  compliance 

Ceq-  equivalent  damping  coefficient 

Model  No.  1 


The  dynamic  model  no.  1  is  shown  in  Fig.  1.  It  is  basically  the  model 
used  in  [10],  except  that  an  infinite-mass  assumption  [8]  is  employed.  The 
driven  member,  M^,  is  assumed  to  have  infinite  mass,  i.e.,  its  velocity 
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Fig.  2  The  dynamic  tnodeJ  no.  2 
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during  the  impact  period  does  not  change.  The  model  considers  the  effect 
of  surface  compliance  and  a  linearlized  model  of  Hertz  contact  theory  is 
employed.  The  coefficient  Kc  represents  the  slope  of  the  load  and  deflec¬ 
tion  curve  shown  on  Fig.  3.  Referring  to  that  figure,  we  have  the  deflec¬ 
tion,  a. 


a  =  (Kj+  K2)(P/a) 


f o  8  a2  b 

l  n  (k1+k2)r2 


in  P  /  2 


(1) 


where  the  subscripts  1  and  2  refer  to  the  parameters  associated  with 
elements  1  and  2,  respectively.  Parameters  a  and  b  are  the  half  length 
of  the  pin  and  the  natural  base. 


Equations  of  Motion 

The  equation  of  motion  for  the  model  no.  1  shown  in  Fig.  1  may  be 
obtained  as  follows: 


M2  X2  +  C  X,  +  K  X2  =  P(t) 

(2) 

or, 

X.  +  2  £  U)  X,  +  U2  X0  =  P  ( t )  /M 

2  n  2  n  2  2 

(3) 

where  W^=KC/M2  and  £=C/(2ionM2)  represent  the  square  of  natural  frequency 
of  the  system  and  damping  coefficient,  respectively. 

The  differential  equation,  eq.  (2),  may  be  nonlinear  and  nonhomogeneous , 
depending  upon  the  functions,  K,  C  and  P(t).  With  the  aid  of  Laplace  trans¬ 
formation,  the  solution  is, 

x  (t)  _  y 1  P(S) _ +  x(u)  f  exp(-tu)ncos5)sin(6-tu)nsin6)  ) 

2  (s2+2f,wnS+^)M<)  [  sin<5  J 

,  (2Cu>„X(0)+X' (0))  f  c,  .  ,  . 

+  _ n — — P -  exp(-tu  cosiS)  sin(tu)  sin6)  (4) 

sin i1'  I  n  n  J 

n  s 

whe  re , 

cosS  =  C  (5) 


If  the  forcing  function  can  be  expressed  in  terms  of  a  polynominal 
of  time,  say, 

p(t>  =  ai  1:1  (5) 

i=l 


the  solution  may  then  be  represented  as, 

^  _ _ i+1 

£_{a.  i!)  y-t/t 


x2( 


/_(a1  i:;  ,t,t  . t 

t)  =  w  — 7~  j  /  . . ./  exp(-u)  tcos6)  sin(a)  tcos5)dt 

M2%sind  Jq/q  H  n  n 


X(0)  ^x?l-^c^ 


sln(5-tuir|sin6) 
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(8) 


(2Cu)nX(0)+X’ (0)) 
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exp(-u)  tcos6)  sin(u)  tsin6) 
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j 


405 


LOAD 


Fig.  3  Determination  of  surface  compliance  using  linearlized 
Hertz  contact  theory 
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Model  No.  2 


The  objective  of  employing  model  no.  1  is  to  show  the  effect  of  surface 
compliance  as  well  as  clearance  on  the  dynamics  of  the  driving  element  of 
the  intermittent-motion  mechanism.  However,  the  model  offers  no  information 
on  the  driven  element.  It  is  therefore  not  realistic.  The  study  provides, 
nevertheless,  valuable  information  on  the  effect  of  surface  compliance 
which  has  shown  to  be  significant.  In  model  no.  2,  we  consider  not  only 
the  dynamics  of  the  driven  element,  i.e.,  ,  but  also  its  elasticity.  This 

is  a  modification  of  the  model  in  [10}  where  elasticity  of  element  M.  is 
not  included. 


Equation  of  Motion 

During  contact,  the  equations  of  motion  of  model  no.  2  may  be  expressed 
as,  referring  to  Fig.  2, 

M2  X2  +  C  (X2  -  Xx)  +  K  (X  -  XL)  =  P 
Mx  X  +  C  (Xj_  -  X2)  +  K  (X  -  X2)  =  0 

Introducint  the  relative  displacement,  X  , 

c 

xc  =  x2  -  xL  (11) 

For  P(t)  as  an  arbitrary  function  of  time,  we  have,  from  Laplace  transform, 
the  solution  is, 


(9) 

(10) 


*-l  P(S) 

X  (t)  =  J.  -  +  X  (0) 

(s2+2£,u>nS+tu^)M2  C 


(■ 


expC-tw^cosfi)  sin(6-tu> 


sin6 


i  sin6)' 
n _ _ 

4 


^  fexp(-tw  cos6)sin(tw  sin6)l  (12) 
to  sin5  L  0  n  J 


If  P(t)  is  a  periodic  forcing  function,  we  have, 

2 

Xrn  sin((ot+'J>) 

X  (t)  =  A  exp(-u)  6t)  sin(to  t+<Ji)  +  / - ■■■■  ■  -  . .  — r 

C  “  "  J 

where  X,  to  and  $  are  the  amplitude,  frequency  and  phase  angle  of  the  forcing 
function,  respectively. 

In  the  case  of  non-contact,  C=K  =0,  a  simple  numerical  integration 
scheme,  for  instance,  the  Runge-Kuttl^scheme  can  be  used  to  yield  solution. 

The  force-displacement  relationship  of  the  spring  is  shown  in 
Fig.  4.  During  contact  stages,  the  relationship  is  non-linear.  This  is 
because  of  elasticity  and  material  compliance.  The  overall  relationship, 
however,  may  be  considered  as  piece-wise  linear. 
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Fig.  4  The  spring  force  and  displacement  relationship  for  model 


Dynamic  Load 


In  the  design  of  high-speed  Geneva  mechanism,  stress  distribution  on 
the  Geneva  wheel  as  well  as  the  contact  stress  between  pin  and  slot  are 
of  major  concern.  In  order  to  evaluate  these  stresses,  the  load  producing 
them  must  be  known.  But  the  determination  of  this  load  is  not  simple. 

Due  to  the  inherent  shock  loading  of  the  Geneva  mechanism  and  other  factors 
such  as  manufacturing  error  in  pin  slots  and  spacing,  elastic  deformations 
under  load,  imbalance,  load  and  wheel  inertias,  the  resulting  action  is 
a  variable  dynamic  load,  which  is  essentially  a  superposition  of  a  waste 
load  on  a  useful  transmitted  load.  It  is  the  major  concern  of  this  investi¬ 
gation  to  apply  the  models  presented  in  the  last  section  in  order  to  predict 
this  dynamic  load. 

Referring  to  Figs.  1  and  2,  the  dynamic  load,  P^,  is  defined  as. 


where  K  and  X  are  the  equivalent  spring  stiffness  and  the  spring 
deflection,  respectively  as  defined  previously.  Eq.  (12)  gives  the  solu¬ 
tion  of  X  . 

c 

The  spring  deflection,  X  ,  as  can  be  easily  seen  from  eq.  (12), 
depending  on  the  Geneva  load  P(S),  and  initial  conditions,  X^(0)  and  X^(0). 
It  is  also  an  implicit  function  of  many  factors  such  as  clearance,  equiva¬ 
lent  mass,  spring  stiffness  and  damping,  etc. 


as 


A  useful  parameter, 
follows : 


P 

r 


the  dynamic  load  ratio  is  introduced  and  defined 


(15) 


It  is  a  dimensionless  parameter  used  to  measure  the  dynamic  effect.  . 
of  the  mechanism.  Similar  in  function  to  the  classical  "design  accelera¬ 
tion  factor"  [7]  which  is  a  function  of  the  weight  of  the  part  and  its 
natural  frequency  of  vibration,  the  dynamic  load  ratio,  however,  is 
derived  based  on  the  "starting  velocity”  concept  which  is  considered 
to  be  more  accurate  in  the  modelling  of  high-impact  shock  problems.  The 
model  is  assumed  to  be  accelerated  up  to  some  finite  velocity  in  a  neg¬ 
ligible  length  of  time  and  then  maintains  that  velocity  during  the  initial 
and  most  important  phase  of  the  shock  motion.  The  parameter  P  is  useful 
in  the  design  of  intermittent-motion  mechanisms. 

III.  DYNAMIC  RESPONSE  OF  GENEVA  MECHANISM.  The  mathematical  models 
presented  in  the  previous  section  are  applied  to  a  particular  type  of 
intermittent-motion  mechanism,  the  Geneva  mechanism.  There  are  several 
reasons  to  choose  this  mechanism  for  study.  First,  it  is  a  popular  indexing 
device  which  has  been  widely  used  in  industry  and  military  applications. 
Secondly,  there  are  not  many  investigation  of  the  dynamics  of  this  mecha¬ 
nism  on  the  record,  except  in  a  very  few  cases  [13].  The  mechanism  has 
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been  operated  at  high  speeds  regardless  of  its  inherent  dynamic  limita¬ 
tions  and  as  a  result,  pin  wear  and  wheel  breakage  have  often  occured. 

A  comprehensive  study  of  the  subject  is  necessary  in  order  to  provide 
better  understanding  and  design  guidelines.  In  the  following,  a  brief 
summary  of  the  kinematic  characteristics  of  the  Geneva  mechanism  is  given, 
then  the  results  of  applying  the  mathematical  models  are  presented  in 
graphical  form,  and  finally  a  discussion  is  given. 

The  Geneva  mechanism,  although  has  its  main  advantage  of  simplicity, 
has  poor  dynamic  characteristics.  The  output  motion  starts  and  ends  with 
non-zero  accelerations  which  correspond  to  infinite  shock.  Fig.  5  shows 
the  motion  graphs  of  a  typical  four-station  Geneva.  In  this  investigation, 
we  are  concerned  here  primarily  with  the  determination  of  the  dynamic  load 
which  is  a  essential  information  to  be  used  for  stress  determination. 

Pin  Dynamics 

Figs.  6  and  7  contain  the  time-displacement  plots  for  the  pin  using 
model  no.  1.  Here,  the  assumptions  are  that  the  initial  conditions  are 
zero  (l.e.,  with  non-contact  initial  condition)  and  the  Geneva  wheel  sur¬ 
face  is  assumed  to  be  able  to  bounce  in  order  to  maintain  the  contact  con¬ 
dition  with  the  pin.  Both  of  these  assumptions  are  certainly  unrealistic. 
Fig.  6  shows  the  effect  of  surface  compliance.  Notice  that  the  force 
amplification  is  largest  at  the  position  slight  off  the  mid-point  of  the 
Geneva  travel  which  corresponds  to  the  end  of  the  pin  working  stroke,  or 
the  beginning  of  the  return  stroke.  The  large  magnitude  of  displacement 
is  due  to  the  doubling  of  the  clearance.  Fig.  6  also  shows  the  superposi¬ 
tion  of  the  vibratory  effect  due  to  material  compliance  on  the  static 
Geneva  load  curve.  As  the  clearance  reduces  to  zero,  the  vibration  damps 
away  and  there  is  essentially  no  vibration  at  the  later  stage  of  the  motion 
stroke  (Fig.  7). 

In  practice,  Geneva  wheel  moves,  therefore,  model  no.  2  applies.  Figs. 

8  and  9  show  the  results  of  pin  displacement  and  velocity,  respectively 
using  this  model.  The  following  assumptions  are  used:  1)  surface  of  Geneva 

wheel  can  only  be  compressed  and  can  not  bounce;  and  2)  initial  conditions 

are  applied  using  the  equaitons  of  motion  of  the  contact  case  (with  a  pin 
velocity  of  1.0  in/sec).  Fig.  8  shows  a  striking  phenomena  that  in  the 
later  half  of  the  motion  travel,  there  is  considerably  period  of  free-f light 
mode  (i.e.,  non-contact)  depending  on  the  magnitude  of  the  static  Geneva 
load,  P(t).  Force  amplification  factor  obtained  from  model  no.  2  is  expected 

to  be  more  accurate  than  the  one  obtained  from  the  model  no.  1.  Pin  velocity 

is  shown  in  Fig.  9.  There  are  several  observations:  1)  the  graph  charac¬ 
terizes  by  a  successive  sequence  of  free-flight  and  contact  modes;  2)  the 
pin  in  general  follows  the  behavior  of  the  applied  load,  P(t).  During  the 
free-flight  mode,  the  pin  is  acted  by  the  load  P  alone,  therefore,  the  pin 
velocity  increases  with  an  increasing  slope  until  it  reaches  a  position 
where  the  load  reaches  maximum. 


Wheel  Dynamics 


The  dynamics  of  Geneva  wheel  are  shown  in  Fig.  10  and  11.  Dynamic 
effect  can  be  seen  from  these  figures.  It  causes  certain  distortions  of 
the  kinematic  profiles  of  wheel  displacement  and  velocity  (Fig.  5).  During 
the  non-contact  period,  the  wheel  separated  from  the  pin,  keeps  at  essentially 
constant  velocity  due  to  the  inertia.  In  the  contact  region,  acceleration 
remains  almost  constant  while  the  velocity  of  the  wheel  changes  abruptly. 

Since  clearance  has  a  dominant  effect  on  the  separation  of  pin  and  wheel, 
it  effects  therefore  the  dynamics  of  the  Geneva  wheel. 

Geneva  Dynamic  Load 

Fig.  12  shows  the  effect  of  pin  initial  velocity  on  the  dynamic  load 
ratio.  There  is  a  strong  effect  of  initial  condition  on  the  first  half 
stage  of  Geneva  motion,  while  on  the  last  half  of  motion,  the  effect  is 
not  apparent.  The  effect  of  surface  compliance  is  just  reverse.  Fig.  13 
shows  it  has  a  dominate  effect  only  on  the  last  half  of  the  motion.  Fig. 

14  shows  the  effect  of  clearance  on  the  dynamic  load  ratio,  there  is 
essentially  no  effect  on  the  first  half  stage  of  motion,  however,  it  has 
an  important  influence  on  the  latter  half.  This  is  because  the  pin  usually 
does  not  bounce  during  the  early  half  of  motion  which  is  the  working  stroke. 

Phase-plane  plot 

Fig.  15  contains  the  phase-plane  plot  of  the  motion  of  model  no.  2. 

It  is  a  result  of  a  numerical  calculation.  The  phase-plane  analysis 
presents  a  convenient  manner  of  displaying  and  interpreting  the  transient 
behavior  of  the  nonlinear  system.  The  following  observations  can  be  made: 

(1)  At  the  entering  contact  stage,  in  general,  the  pin  does  not  ex¬ 
hibit  bouncing  at  the  surface.  This  can  be  seen  from  Fig.  15,  or  more 
clearly,  from  Fig.  16  which  gives  an  amplified  graph  around  the  initial 
pin  position,  point  A. 

(2)  The  free-f light  mode  includes  two  types  of  motion  characteristics: 

i)  The  initial  bouncing  stage.  The  pin  leaves  position  A  and 
impacts  the  left-hand  side  of  surface.  This  motion  is  due 
to  the  kinematics  of  Geneva  mechanism.  The  pin  reaches  the 
end  of  the  slot  and  is  making  a  return  stroke. 

ii)  The  repeated  bouncing  stage.  In  this  stage,  the  relative 
velocity,  as  can  be  seen  from  Fig.  15,  varies  with  large 
amplitudes,  from  approximately,  -60  to  +54  in/sec.  At  the 
boundary  of  contact,  i.e.,  X=-r,  the  slope  of  trajectory 
changes  rapidly.  This  is  due  to  the  fact  that  all  the  kinetic 
energy  at  the  moment  has  to  be  converted  into  strain  energy 

of  the  material  during  impact.  While  on  the  bouncing  stage, 
the  process  reverses,  there  is,  however,  very  little  change 
in  slope. 

(3)  The  relative  velocity  at  the  terminal  position  of  the  pin  stroke, 
i.e.  point  D  in  Fig,  15,  has  finite  value.  This  value  would  contribute 
toward  the  kinetic  energy  during  the  initial  phase  of  the  Geneva  dwell 
motion,  and  hence  causing  vibration. 
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14)  The  classical  definition  of  the  coefficient  of  restitution  may 
be  quantitatively  evaluated  using  the  phase-plane  plot.  For  instance,  the 
relative  velocities  at  points  B  and  C  (Fig.  15)  are  27.4  in/sec  and  25.8 
in/'.ec,  respectively.  Therefore,  this  gives  a  coefficient  of  restitution 
of  0.94. 

IV.  STRESS  ANALYSIS-FINITE-ELEMENT  APPROACH.  In  this  section,  our 
goal  is  to  develop  an  automatic  procedure  for  the  determination  of  the 
Geneva  wheel  stress  for  a  given  configuration  of  the  Geneva  mechanism  which 
is  subjected  to  a  known  Geneva  dynamic  loading.  First,  we  are  concerned 
with  the  development  of  a  mesh  generation  problem  for  the  Geneva  geometry 
in  order  to  generate  the  superelements  needed  to  define  the  Geneva  element 
mesh.  This  sub-program  is  developed  and  is  called  SUPER.  Secondly,  a 
general  mesh  generation  program  [  141  is  used.  The  output  of  SUPER  becomes 
the  input  to  this  program.  Finally,  data  are  prepared  and  they  are  the 
input  to  the  finite-element  program,  NONSAP  (15),  which  is  a  sturctural 
analysis  program  for  static  and  dynamic  responses  of  nonlinear  systems. 

A  computational  package  for  the  analysis  of  Geneva  stress  is  developed 
and  it  is  called  GSAP,  the  Geneva  Stress  Analysis  Program.  Fig.  17  shows 
a  flow  chart  of  the  program.  The  finite-element  mesh  and  finite-element 
nodal  mesh  of  a  four-station  Geneva  wheel,  shown  in  Fig.  18,  is  shown  in 
Figs.  19  and  20,  respectively.  The  final  output  from  GSAP  is  plotted  in 
Fig.  21  which  shows  the  stress  distribution  of  the  Geneva  wheel. 

The  computer  program,  GSAP,  can  be  used  for  the  determination  of  Geneva 
stress  for  any  number  of  station  of  Geneva  mechanism.  The  user  needs  only 
to  supply  the  design  parameters  of  the  Geneva  mechanism  and  the  program 
automatically  generates  the  finite-element  mesh  and  give  the  stress  distri¬ 
bution.  The  program  is  very  useful  for  the  optimum  design  of  high-speed 
Geneva  mechanisms. 

V.  CONCLUSION.  The  dynamics  and  stress  analysis  of  intermittent- 
motion  mechanisms  have  been  investigated.  The  following  conclusions  can 
be  drawn: 

(1)  Dynamic  models  for  intermittent-motion  mechanisms  are  formulated 
which  includes  clearance  and  surface  compliance.  The  models  are  the 
basis  for  study  the  dynamic  response  of  these  mechanisms. 

(2)  The  dynamic  response  of  a  particular  mechanism,  the  Geneva  mecha¬ 
nism,  is  investigated. 

(3)  An  automated  finite-element  computational  procedure  is  developed 
for  the  determination  of  Geneva  stress  distribution. 
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Fig.  7  The  dynamics  of  Geneva  pin  without  clearance— pin  displacement 
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Fig.  10  The  dynamics  of  Geneva  mechanism— wheel  displacement 
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DP,  DG,  DC,  DH,  T,  XN,  RLOD,  NOD,  IDIRN,  AMATL,  ANU 


Input  parameters 


DP  - 

Pin  Diameter 

RLOD  - 

DG  - 

Geneva  Diameter 

NOD  - 

DC  - 

Crank  Diameter 

IDIRN  - 

DH  - 

Hub  Diameter 

AMATL  - 

T  - 
XN  - 

Tip  Width 

Point  Number 

ANU  - 

Applied  Load 

Location  of  Applied  Load 
Direction  of  Load 
Material  Modulus 
Material  Poisson  Ratio 


GENEVA  STRESS  ANALYSIS  PROGRAM 


Fig.  17A  Geneva  stress  analysis  program —  flow  chart 


DATA 


Reads  all  the  data  necessary  to  define  the  Geneva  geometry. 


SUPER 

REORDER 

MESH 

LINEAR 

RENUMBER 

OPTIMUM 

OUTPUT 

NONSAP 


-  Generates  the  superelements  needed  to  define  the  Geneva 
element  mesh. 

-  Renumbers  the  superelements  in  such  a  way  that  as  the  nodes 
are  generated  for  each  superelement,  no  duplicate  node 
numbers  will  be  created. 

-  Generates  node  numbers  and  nodal  coordinates. 

-  Generates  the  element  conr.ecti vety  array  for  a  four  noded 
quadrilateral . 

-  Determines  how  many  nodes  are  directly  connected  to  a  given 
node  and  the  node  numbers  of  the  nodes  that  are  connected 
to  a  given  node. 

-  Renumbers  the  generated  nodes  to  reduce  nodal  connect! vety 
bandwidth. 

-  Outputs  nodes,  nodal  coordinates,  elements,  and  element 
connectivety  array  for  Input  to  NONSAP.  Also,  outputs  load 
and  material  properties  which  are  read  by  NONSAP. 

-  A  Strvctura 1  Analysis  Program  for  Static  and  Dynamic  Responses 
of  Nonlinear  Systems. 


GENEVA  STRESS  ANALYSIS  PROGRAM  -  COST'D. 


Fig.  17B  Geneva  stress  analysis  program —  subroutines 


A  four-station  Geneva  mechani 


Fig.  20  A  finite-element  nodal  mesh 


STRESS  LEVEL,  MPa 


Fig.  21  Stress  distribution  for  a  four-station  Geneva  wheel 
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A  NONLINEAR  HYPERBOLIC  VOLTERRA  EQUATION 
OCCURRING  IN  VISCOELASTICITY 


John  A.  Nohel* 

Mathematics  Research  Center 
University  of  Wisconsin-Madison 
Madison,  WI  53706 

ABSTRACT .  A  general  model  for  the  nonlinear  motion  of  a  one  dimensional, 
finite,  homogeneous,  viscoelastic  body  is  developed  and  analysed  by  an  energy 
method.  This  note  summarizes  recent  research  of  Dafermos  and  the  author  in 
which  it  is  shown  that  under  physically  reasonable  conditions  the  nonlinear 
boundary,  initial  value  problem  has  a  unique,  smooth  solution  (global  in 
time),  provided  the  given  data  are  sufficiently  "small"  and  smooth;  moreover, 
the  solution  and  its  derivatives  of  first  and  second  order  decay  to  zero  as 
t  + 

I .  INTRODUCTION .  In  nonlinear  systems  of  "hyperbolic"  type, 
characteristic  speeds  are  not  constant  so  that  weak  waves  are  amplified  and 
smooth  solutions  may  blow  up  in  finite  time  due  to  the  formation  of  shock 
waves.  It  is  interesting  to  consider  situations  where  this  destabilizing 
mechanism  coexists  (and  thus  competes)  with  dissipation. 

In  certain  cases  (e.g.,  viscosity  of  the  rate  type)  dissipation  is  so 
powerful  that  waves  cannot  break  and  solutions  remain  globally  smooth.  A  more 
interesting  situation  arises  when  the  amplification  and  decay  mechanisms  have  been 
predicted  at  the  outset.  Elementary  dimensional  considerations  indicate  that 
breaking  of  waves  develops  on  a  time  scale  inversely  proportional  to  wave 
amplitude  while  dissipation  proceeds  at  a  roughly  constant  time  scale.  It 
should  thus  be  expected  that  dissipation  prevails  and  waves  do  not  break  when 
the  initial  data  are  "small".  Results  of  this  type  were  first  obtained  by  T. 
Nlshida  for  the  quasi linear  wave  equation  with  first-order  frictional  damping 
for  sufficiently  smooth  and  small  initial  displacements  and  initial 
velocities  . 

A  different  and  subtler  dissipative  mechanism  is  induced  by  memory 
effects  of  elastico-viscous  materials.  Dafermos  and  Nohel  [3]  have  recently 
developed  and  analyzed  such  a  one-dimensional  nonlinear  model  for  the 
homogeneous  extension  of  an  elastico-viscous  rod  whose  ends  are  free  of 
traction.  Special  cases  of  the  present  model,  as  well  as  other  closely 
related  problems  were  discussed  by  Dafermos  [2]  at  the  Twenty  Fifth  Conference 
of  Army  Mathematicians .  The  purpose  of  this  note  is  to  motivate  the  problem 
from  physical  considerations  and  to  state  the  principal  mathematical  result. 

The  reader  is  referred  to  [3]  for  the  necessarily  technical  details  of  proofs 
and  for  references  to  earlier  literature. 

In  the  viscoelastic  problem  the  dissipation  mechanism  is  induced  by 
memory  effects  of  the  viscoelastic  materials  (stress-strain  relaxation 
function  -  the  stress  is  a  nonlinear  functional  rather  than  a  function  of  the 
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strain).  Using  elementary  energy  methods,  which  are  combined  with  frequency 
domain  techniques  for  nonlinear  Volterra  equations,  it  is  shown  in  [3]  that 
under  physically  reasonable  conditions  on  the  stress-strain  relaxation 
function,  the  known  history  of  the  displacement,  the  nonlinearities  of  the 
model,  and  on  the  assigned  external  body  force,  the  boundary-history  value 
problem  (2.8),  (2.9),  (2.22)  in  the  text  which  describes  the  model  has  a 
unique,  smooth  solution  (global  in  time),  provided  the  given  data  (history  and 
external  body  force)  are  sufficiently  smooth  and  "small".  Moreover,  the 
solution  and  its  spacial  and  time  derivatives  of  first  and  second  order  decay 
to  zero  as  t  ♦  °°.  Various  modifications  and  generalizations  of  the  model, 
including  two  and  three  dimensional  problems,  are  also  considered  in  [3] .  The 
difficult  and  natural  question  of  establishing  the  existence  of  shocks 
(breaking  of  waves)  in  finite  time  if  the  smooth  data  becomes  sufficiently 
"large"  which  has  not  been  solved  up  to  this  time  in  full  generality,  is  under 
study.  The  existence  of  shocks  in  viscoelastic  materials,  but  in  a  different 
physical  and  mathematical  context,  was  demonstrated  in  [1]  and  confirmed  by 
experiment . 

2 .  THE  MATHEMATICAL  MODEL  AND  SUMMARY  OF  RESULTS  .  A  simple,  one 
dimensional,  nonlinear  model  for  viscoelastic  bodies,  suggested  by  the 
research  of  Coleman  and  Gurtin  [1],  corresponds  to  the  constitutive  relation 

t 

o(t,x)  =  <Me(t,x))  +  /  a 1  ( t  -  t  )  t|/(e  (  t  ,x)  )  dr  ,  (2.1) 


where  a  is  the  stress,  e  the  strain,  a  the  relaxation  function  with 
'  =  d/dt,  and  4>,  ♦  assigned  constitutive  functions.  The  relaxation 
function  is  normalized  so  that  a(°°)  =  0.  When  the  reference  configuration  is 
in  natural  state,  $(0)  =  ♦  (())  =0.  Experience  indicates  that  <f>(e),  <|<(e), 
as  well  as  the  equilibrium  stress 

clef 

X (e)  =  4>(e)  -  a(O)iMe)  (2.2) 

are  increasing  functions  of  e,  at  least  near  equilibrium  (|e|  small). 
Moreover,  the  effect  of  viscosity  is  dissipative.  To  express  mathematically 
the  above  physical  requirements,  we  impose  upon  a(t),  4> ( e )  ,  iMe)  and  X(e) 
the  following  assumptions: 


a(t) 

€  W2'1 (0,“), 

i 

> 

(2 

.3) 

a(t) 

is  strongly 

positive 

definite 

on  [  0  , co)  ; 

4>(e) 

e  c3  (-“>,») , 

(0  )  =  0, 

♦  '(0) 

>  0  ; 

(2 

.4) 

♦  (e) 

e  c3(-»,»). 

♦(0)  =  0, 

♦  ’  (0) 

>  0  ; 

(2 

.5) 

X’  (0) 

■  (0  )  -  a  I 

o 

O 

V 

0  . 

(2 

.6) 

2  1 

The  notation  a  e  W  '  (0,™)  means  that  a,  a1,  a"  are  integrable  over 
[0,*] .  Assumption  (2.3),  which  requires  that  aft)  -  a  exp(-t)  be  a 
positive  definite  kernel  on  [0,“)  for  some  a  >  0,  expresses  the 
dissipative  character  of  viscosity.  Smooth,  integrable,  nonincreasing,  convex 
relaxation  functions,  e.g.. 
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k 

a(t)  =  I  v^expt-l^t),  vk  >  0,  Uk  >  0 


(2.7) 


which  are  oommnly  employed  in  the  applications  of  the  theory  of  visoo- 
elasticity,  satisfy  (2.3). 

We  now  consider  a  homogeneous,  one  dimensional  body  (string  or  bar)  with 
reference  configuration  [0,1]  of  density  P  =  1  (for  simplicity)  and 
constitutive  relation  (2.1),  which  is  moving  under  the  action  of  an  assigned 
body  force  g(t,x),  -°°  <  t  <  °°,  0  <  x  <  1,  with  the  ends  of  the  rod  free  of 
traction.  We  let  u(t,x)  denote  the  displacement  of  particle  x  at  time 
t  in  which  case  the  strain  is  e(t,x)  =  ux(t,x).  Thus  the  equation  of  motion 
=o  +  pg  here  takes  the  form  of  the  nonlinear  (hyperbolic)  Volterra 

functional  differential  equation 


u  =  <j>(u  )  +  /  a' (t  -  T)ijJ(u  )  dT  +  g 

tt  X  X  XX 

(2.8) 

-*  <  t  <  ~,  0<x<1  . 


The  physical  problem  of  the  motion  of  a  viscoelastic  body  suggests  that  the 
history  of  the  motion  of  the  body  up  to  time  t  =  0  is  assumed  known,  i.e., 

u(t,x)=v(t,x),  -“>  <  t  <  0,  0  <  x  <  1  ,  (2.9) 

where  v(t,x)  is  a  given  sufficiently  smooth  function  which  satisfies 
equation  (2.8)  together  with  appropriate  boundary  conditions,  for  t  <  0.  In 
order  to  show  that  the  motion  of  the  viscoelastic  bar  remains  smooth  for  all 
t  >  0,  the  mathematical  task  is  to  determine  a  smooth  extension  u(t,x) 
of  v(t,x)  on  (-*,”)  x  [0,1]  which  satisfies  (2.8)  together  with  assigned 
boundary  conditions,  for  -00  <  t  <  °° . 

Upon  setting 
0 

h  =  /  a'(t  -  T)ij>(v  )  dT  +  g,  t  >  0,  0  <  x  <  1  ,  (2.10) 

'  XX 

uQ(x)  =  v(0,x) ,  u^x)  =  vt(D,x),  0  <  x  <  1  ,  (2.11) 

the  history-value  problem  (2.8),  (2.9)  reduces  to  the  initial-value  problem 


t 

u  =  4>(u  )  +  /  a'(t  -  T)j>(u  )  dT  +  h  , 

tt  X  X  XX 

0<t<®,  0  <  x  <  1  , 


(2.12) 
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(2.13) 


u(0,x)  =  uQ(x),  ut<0,x)  =  u ^ ( x ) ,  0  <  x  <  1  . 


Conversely,  (2.12),  (2.13)  can  be  reduced  to  {2.8),  (2.9)  by  constructing  a 
function  v(t,x)  on  (-",0)  *  (0,1]  which  satisfies  v(0,x)  =  uQ(x), 
vt(0,x)  =  ut(x) , 


Vtt*°'X^  =  ^^U0x^x  +  h<0,x*  '  0  <  x  <  1  , 

,vttt(0,x)  -  *“(u0x)u0xxu1x  +  ♦•(u0x)tt1xx  + 

+  a'(0)i|»(u-  )  +  h  ( 0 ,x)  ,  0  <  X  <  1  , 

Ox  x  t 

together  with  appropriate  boundary  conditions,  for  t  <  0,  and  then 
defining  g(t,x)  on  (-»,»)  x  [0,1]  by 


(2.14) 


v  -  *(v  )  -  /  a'(t-T)4i)v  )  dr  ,  t  <  0,  0  <  x  <  1  , 

tt  X  X  _  XX 


g(t,x)  = 


(2.15) 


h  -  /  a'(t-t)t(v  )  dr  ,  t  >  0,  0  *  x  <  1  . 

_  xx 


The  purpose  of  (2.14)  is  to  ensure  that  g(t,x),  as  defined  by  (2.15),  has 
the  smoothness  properties  across  t  «  0  which  are  required  in  the  existence 
theory . 

We  now  consider  the  problem  consisting  of  the  nonlinear  equation  (2.8) 
satisfying  (2.9)  and  the  case  where  the  boundary  of  the  body  is  free  of 
traction.  The  latter  leads  to  the  boundary  conditions 


cr(t,0)  =  <r(t,l)  =  0, 


(2.16) 


These  and  other  types  of  boundary  conditions  are  discussed  in  [3] .  It  is  also 
shown  in  [3]  that  (2.16)  is  equivalent  to  the  boundary  condition 
u  ( t ,0 )  =  u  (t,1)  =  0. 

X  X 

The  change  of  variable  (superposition  of  a  rigid  motion) 


t  T  1 


u(t,x)  “  u(t,x)  +  m  +  m  t  +  /  /  /  g(s,y)dydsdT 
0  1  0  0  0 


shows  that  without  loss  of  generality  we  may  assume 


/  g(t,x) dx  =0,  -•  <  t  <  *  , 


(2.17) 


/  u(t,x)dx  =  0,  -*•  <  t  <  "  . 


(2.18) 


36 


•£4k. 


Of  the  external  body  force  g 
assumptions 

g(t#*) ,gt(t,*) ,gx(t,*)  in  C((-» 
g  ( t ,  x )  =  g1(t,x)  +  g2(t,x)  with  g 


we  require  the  following  technical 
L2(0,1))  n  L2((-«,“);  L2(0,1)) 

2  2  V'1 

1tt(t,*),92tx(t,‘)  in  L'  ((~c°'a,(L  <0,1))  • 


2 

The  notation  g(t,*)  e  C(  (-a,,a>)  ;L  (0,1))  means  that  the  function 

/  g2(t,x)dx  is  continuous  on  (-“,*);  g(t,*)  e  L2  ( (-00  ,08)  ;L2(  0, 1 ) )  means 

0  «°  1 

that  /  /  g  <t,x)dxdt  <  00 .  As  noted  above,  despite  the  presence  of  viscous 

-«  0 

dissipation,  it  is  not  to  be  expected  that  a  global  smooth  solution  of  (2.8), 
(2.9),  (2.16)  will  exist  unless  the  amplitude  of  waves  remains  small. 
Consequently,  one  may  only  hope  to  obtain  global  existence  results  under  the 
restriction  that  g(t,x)  be  appropriately  "small".  We  "measure"  g(t,x)  by 

1  <*  1 

G  d=f  sup  /  (g2  +  g2  +  g2}(t,x)dx  +  /  /  {g2  +  g2  +  g2  +  g2^  +  g2  }dxdt- 

(-“,«)  0  -“0  ~ 


Our  main  result  is 

Theorem  2.1.  Under  assumptions  (2.3)-(2.6),  there  exists  a  constant  U  >  0 
with  the  following  property:  For  every  g(t,x)  oil  (-“,“)  x  [0,1]  which 
satisfies  (2.17)  and  (2.19)  with 

G  <  M2  ,  (2.20) 


and  for  any  history  v(t,x)  on  (-*”,0]  x  [0,1],  with  v(t,*),  v^t,*), 

vx(t'*)'  Vtt(t',)'  Vxx(t',)'  Vttt(t'M'  Vttx(t»*)'  Vtxx(t'*)' 

Vxxx(t'*)  —  L2(0,1))n  l 2 ( ( , 0 } f  Lz(0,1)),  which  satisfies 

Equation  (2.8)  together  with  the  boundary  conditions  (2.16)  for  t  <  0,  there 
exists  a  unique  u(t,x)  on  (-®,00)  x  [0,1],  with  u(t,*),  u^Jt,*),  u^Jt,*) 

Utt(t'*)'  utx(tr)'  Uxx(t'*)'  Uttt(t',)'  uttx(t'*)'  UtxX(t',)'  uxxx(t'#)  ^ 

C((-0O,a‘);  L2(0,1))  n  l2((-®,«);  l2(0,1)),  which  satisfies  (2.8),  (2.9), 
(2.16),  as  well  as  (2.18).  Furthermore , 


u { t ,  * ) ,  u  (t,«),  u  (t,*), 


(2.21) 


u  (t,*) ,  u  (t,*) 
tx  xx  [0,1] 


0,  t 


The  general  strategy  used  in  the  proof  of  Theorem  2.1  in  [3]  is  as 
follows.  First  one  establishes  the  existence  of  a  unique  smooth  local 
solution  u  defined  on  a  maximal  interval  (-*,t  )  x  [0,1],  with  the 
property  that  when  T^  <  “  a  certain  norm  of  the  solution  becomes  infinite  as 
t  ♦  Tgj  this  is  done  by  a  fixed  point  argument  (combined  with  a  standard 
energy  method  for  linear  problems)  on  a  suitably  chosen  abstract  space  of 
functions.  Second,  energy  methods  are  combined  with  properties  of  strongly 
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positive  kernels  to  show  that  due  to  the  viscous  dissipation  of  the  integral 
term  in  (2.8),  the  aforementioned  norm  of  remains  uniformly  bounded  on  the 
maximal  interval,  provided  the  data  g  and  v  are  sufficiently  smooth  and 
small.  By  standard  theory  for  nonlinear  problems  this  means  that  T  «  4“ 
and  the  smooth  solution  exists  globally  in  t.  This  part  of  the  analysis 
involves  obtaining  technically  complicated  a  priori  estimates  of  certain  norms 
of  the  derivatives  (in  one  space  dimension,  up  to  and  including  order  3) 
directly  from  the  equation  (2.8).  It  is  here  that  it  becomes  convenient  to 
use  the  equivalent  form 


tt 


;(u  )  +  /  a(t  -  t)<Mu  )  dx  +  g  , 


X  TX 


(2.22) 


<  t  <  ”,  0  <  x  <  1  , 


of  equation  (2.8)  (equation  (2.22)  is  obtained  from  (2.8)  by  integrating  by 
parts  with  respect  to  t  and  by  using  the  definition  of  the  equilibrium 
stress  X);  it  is  therefore  clear  that  assumption  (2.6)  plays  a  crucial  role 
in  the  proof. 

Another  important  role  in  the  analysis  is  the  present  normalization  of 
the  kernel  a  with  a(”)  =  0  (see  assumption  (2.3)),  which  is  different  from 
that  in  the  earlier  literature  (see  [2]  and  [3]  for  further  comments)  .  The 
reader  should  note  that  a',  not  a,  enters  the  constitutive  relation  (2.1), 
as  well  as  the  equation  of  motion  (2.8).  In  the  earlier  literature  in  which 
only  the  special  case  ^  =  $  was  studied,  the  normalization 

aft)  =  aro  +  A ( t )  0  <  t  <  -  , 

2  1 

a(0)  =  1,  a^  >  0,  A  e  W*'  (0,°°),  A  strongly  positive  was  used.  The 
normalization  used  here  is  crucial  for  generating  the  a  priori  estimates 
directly  from  equation  (2.22)  (equivalent  to  (2.8)).  The  reader  should  note 
that  the  present,  normalization  and  (2.6)  imply  that  if  $  =  <(', 

0  <  a(0)  <  1.  The  physical  appropriateness  of  the  restriction  <f»  =  41,  which 
was  made  in  the  earlier  literature  for  technical  reasons  is  by  no  means 
evident . 

Some  modifications  of  Theorem  2.1  for  boundary  conditions  other  than 
(2.16),  as  well  as  certain  generalizations  to  finite  viscoelastic  bodies  in  2 
and  3  dimensions  are  discussed  in  [3] . 
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ABSTRACT.  The  problem  of  mass  detonation  is  of  considerable  interest 
from  a  prevention  point  of  view.  The  process  of  propagation  of  the  deto¬ 
nation  from  one  ammunition  round  to  another  bears  a  strong  analogy  to 
several  physical  problems  studied  in  percolation  theory.  For  our  study 
we  replaced  the  ammunition  rounds  by  abstract  objects  called  sites  and 
connected  them  by  bonds  along  which  the  reaction  can  propagate  with  a 
fixed  independent  interaction  probability  p.  This  interaction  proba¬ 
bility,  p,  is  a  function  of  the  physical  conditions  of  the  ammunition 
round,  and  the  physical  arrangements  of  the  rounds  relative  to  each 
other.  The  number  of  rounds,  n,  in  a  reaction  cluster  which  consists  of 
the  detonated  rounds  and  the  connecting  bonds  is  a  function  of  the  inter¬ 
action  probability  p,  the  dimension  of  the  ammunition  lattice  and  the 
geometric  arrangements  of  the  rounds  relative  to  each  other.  Concepts 
such  as  critical  probability  p  ,  in  percolation  theory  have  analogues  in 
our  ammunition  problem. 

We  constructed  a  multidimensional  Monte  Carlo  model  for  our  problem 
and  used  it  to  study  a  number  of  interesting  aspects  of  the  ammunition 
mass  detonation  problem.  Our  study  dealt  with  the  effects  of  dimension¬ 
ality,  of  unequal  interaction  probabilities  p,  in  different  directions, 
as  the  case  may  be  with  some  types  of  ammunition  rounds,  and  included 
also  the  synergistic  effects  which  arise  from  the  simultaneous  detonation 
of  neighboring  rounds. 

I.  INTRODUCTION.  Fire  and  impact  comprise  the  two  principal  sources 
of  explosive  incidents.  As  a  result  of  fire  or  impact,  one  or  more 
munitions  within  a  storage  area  can  detonate.  Under  certain  commonly  en¬ 
countered  munitions  and  munition  configuration  conditions,  neighboring 
munitions  can  detonate  "sympathetically,"  a  chain  reaction  can  establish, 
and  we  have  what  is  called  a  mass  detonation. 

The  conditions  which  control  the  development  of  a  mass  detonation  are 
of  considerable  interest,  and  there  is  a  special  need  to  relate  these 
conditions  to  characteristics  of  the  individual  munitions,  and  the  nature 
of  the  storage  array.  Thus,  if  we  change  the  probability  that  one  round 
detonating  can  cause  another  round  to  detonate,  through  shielding  or  re¬ 
design  of  the  munitions,  how  will  changing  that  probability  influence 
the  expected  explosion  size?  In  particular,  how  small  do  we  have  to  make 
the  round-to-round  interaction  probability,  p,  in  order  to  keep  the  ex¬ 
pected  explosion  size  below  some  (arbitrarily  chosen)  number  of  detona¬ 
ting  munitions?  Furthermore,  how  does  the  expected  explosion  size  depend 
on  the  dimension  of  the  storage  lattice  and  the  geometry  of  the  arrangement? 
Other  questions  which  arise  are: 
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What  are  the  values  of  p  for  which  a  finite,  nonzero  probability 
exists  that  an  infinite  number  of  rounds  in  an  infinite  stack  will  de¬ 
tonate? 

Since  large  tests  are  expensive,  only  a  few  validation  tests  can 
be  performed.  It  would  be  embarrassing  to  predict  an  explosion  size 
and  then  obtain  wildly  different  test  results.  Hence,  what  is  the  dis¬ 
persion  of  the  mean  explosion  size  as  a  function  of  p? 

In  some  physical  situations,  if  two  nearest  neighbors  detonate 
simultaneously,  the  probability  of  a  third  round,  which  has  each  of  the 
above  two  rounds  as  nearest  neighbors,  detonating  simultaneously  is 
near  unity.  How  does  this  affect  explosion  size? 

The  mathematical  modeling  of  the  evolution  of  an  explosion  in  a 
stack  of  mass-detonable  munitions  falls  within  the  realm  of  percolation 
theory1 2 3’2, 3  and  has  a  very  close  similarity  to  stochastic  models  of 
phase  transitions  and  propagation  of  epidemics4’5.  The  munitions  are 
treated  as  lattice  points  and  the  development  of  the  mass  detonation 
is  described  in  terms  of  lattice  topology  and  interaction  probabilities 
between  lattice  points,  where  the  "interaction  probability"  is  actually 
the  probability  that  detonation  of  one  munition  can  cause  detonation 
of  another  neighbor. 

II.  MODEL  DESCRIPTION.  The  problem  of  propagation  of  reaction  from 
an  ammunition  round  to  other  munitions  in  a  munition  store  is  seen  to 
fit  the  model  of  an  unoriented  bond  percolation  problem  with  some 
differences.  Thus,  in  this  model  the  sites  of  a  percolation  lattice 
correspond  to  the  ammunition  rounds  and  the  bonds  represent  the  paths  of 
interaction  between  rounds,  with  probability  p  being  the  probability  of 
one  round  detonating  ca  .sing  a  neighbor  to  detonate.  In  this  model  we 
assumed  that  a  munition  round  can  only  be  initiated  by  a  nearest  neighbor 
round.  The  number  of  nearest  neighbors  of  a  site  depends  on  the  dimension 
and  topology  of  the  lattice,  or  equivalently,  in  our  ammunition  problem,  on  the 
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dimension  of  the  storage  method  and  the  arrangements  of  the  rounds 
relative  to  each  other.  The  number  of  bonds  leaving  a  site  is 
called  the  coordination  number  of  the  lattice  and  is  denoted  by  c. 

The  percolation  probability,  P(p),  for  a  lattice  is  defined  in  general 
as  the  probability  that  the  fluid  from  a  randomly  selected  atom  (bond) 
source  wets  infinitely  many  other  atoms  (bonds) .  Thus  mathematically 

P(p)  =  lim  Pfi(p)  (1) 

n-*=° 

where  Pn(p)  is  the  probability  that  a  randomly  selected  atom  source 
wets  at  least  n  other  atoms.  The  critical  probability  pc  is  defined  as 

Pc  =  Supremum  (p/P(p)  =  0]  (2) 


hence,  for  p  >  Pc, 


P(P)  >  0,  (3) 

i.e.,  there  is  a  finite  probability  of  getting  an  infinite  cluster.  The 
lattices  encountered  in  the  ammunition  problem  are  considered  finite 
although  they  may  consist  of  a  large  number  of  rounds.  This  simplifies 
our  computational  process  and  we  do  not  concern  ourselves  with  the 
limiting  process  of  equation  (1).  We  point  out  here  that  the  number  of 
rounds  in  a  munition  reaction  cluster  is  less  than  or  equal  to  the  cor¬ 
responding  cluster  size  of  the  analogous  theoretical  bond  percolation 
problem.  This  difference  arises  because  a  munition  round  can  only  de¬ 
tonate  once.  Hence,  munition  reaction  clusters  do  not  have  any  closed 
loops  as  might  be  the  case  in  the  theoretical  bond  percolation  problem. 

If  Nm  is  the  cluster  size,  |pn(p)}  m  the  probability  of  clusters  of  at 

least  size  n,  (P  )  is  the  critical  probability  for  the  munition  problem, 
N  ,  (Pn(p))t,  and  (Pc)t  are  the  corresponding  quantities  for  the  analo¬ 
gous  theoretical  bond  percolation  problem  then 

N  <  N.  . 

m  t 

This  implies  that 

‘VP”.  *  (VP»t 

(P(p))m  <  (P(p))t 

(Vt  1  (*V>m  • 

The  developed  model  is  a  computational  one,  based  on  Monte  Carlo 
methods,  and  is  capable  of  treating  a  bond,  or  a  site  percolation 
problem  in  one,  two,  or  three  dimensions.  The  computation  is  started 


(4) 

(5) 

(6) 
(7) 
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by  setting  up  the  computational  lattice  as  specified  by  the  input.  A 
site  of  the  lattice,  representing  a  munition  round,  is  selected  at 
random.  The  selected  round  is  considered  to  be  detonated.  If  the  in¬ 
put  specified  that  more  than  one  round  is  initially  detonated  then  a 
program  subroutine  is  called  to  select  the  remaining  rounds  of  the 
initial  reaction  set  (ISET)  from  the  nearest  neighbors  of  the  randomly 
selected  site.  An  array,  (IND)  in  this  computational  model  keeps  record 
of  the  status  of  each  round  in  the  lattice.  Thus,  in  a  two  dimensional 
bond  problem,  IND(i,  j,  1)  =1,  if  the  reaction  propagated  to  the  round 
at  (i,  j,  1),  IND(i,  j,  1)  =0,  otherwise.  At  the  beginning  of  a  typical 
cycle  of  calculations,  the  bonds  emanating  from  all  sites  at  the  reaction 
front  are  examined  to  see  which  bonds  propagate  the  reaction  to  their 
nearest  neighbors  and  which  bonds  block  the  reaction.  This  determination 
is  achieved  by  using  a  random  number  generator  to  generate  a  continuous 
random  number,  r,  such  that  0  >  r  >  1,  and  r  has  a  uniform  probability 
density  distribution  fr(ro).  The  sample  space  for  r  is  partitioned  into 

two  events,  (i)  the  event  Ej,  (r  <  p) ,  that  the  bond  is  unblocked  and 

propagates  the  reaction  to  a  neighboring  round,  (ii)  the  event,  E2, 

(r  >  p) ,  that  the  bond  is  blocked  and  does  not  propagate  the  reaction 
to  a  neighbor.  Because  of  the  assumption  that  a  round  can  only  be 
initiated  by  an  immediate  neighbor,  the  search  process  is  limited  to  the 
first  generation  neighbors  of  the  reaction  front.  The  newly  detonated 
rounds  form  the  reaction  front  for  the  next  cycle  of  calculations.  The 
location  of  the  new  reaction  front  at  the  end  of  each  cycle  is  saved  in 
coordinate  arrays.  The  calculation  cycles  are  terminated  when  no  new 
rounds  are  detonated.  This  will  complete  a  trial  and  a  new  trial  is 
initiated  up  to  an  input  specified  number  of  trials  NTRIAL.  At  the 
end  of  each  trial  the  total  number  of  reacted  rounds  in  the  reaction 
cluster  for  the  trial  is  saved  in  an  array,  ND(j).  At  the  end  of  the 
run,  the  mean  reaction  cluster  size,  and  its  standard  deviation  are 
computed  and  printed.  A  histogram  of  the  reaction  cluster  size  n,  is 
printed  together  with  values  of  the  cumulative  probabilities  Pfi(p) ,  and 

Q^Cp)  for  a  number  of  input  specified  values  of  n,  where 

Qn(P)  -  1  -  P„(P)-  (8) 

Several  values  of  the  interaction  probability  can  be  computed  in  a 
single  run.  The  developed  code  has  a  number  of  options  that  can  be 
either  selected  on  input  or  achieved  with  a  change  of  a  few  cards.  The 
code  will  print  out  the  hierarchy  of  the  reaction  branching  process 
through  the  ammunition  lattice  if  input  specified.  It  is  also  possible 
to  treat  the  nonisotropic  case  of  unequal  interaction  probabilities  px> 

p  ,  and  p  .  Another  option  treats  also  the  synergistic  case  of  making 
y  z 

the  interaction  probability  p  *  1,  when  two  neighboring  rounds  detonate 
simultaneously. 
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III.  MODEL  APPLICATION.  The  application  of  this  model  to  various 
munition  problems  requires  that  we  determine  the  number  of  trials  (r) 
needed_for  a  certain  case,  in  order  that  the  mean  reaction  cluster 
size,  n,  lie  within  a  small  e  neighborhood  of  the  expected  value,  E(n). 
Let  i  be  the  lattice  size;  p,  the  interaction  probability.  Let  n.  be 

th 

the  cluster  size  on  1  "  trial. 


1  <  n^  <  Jt.  (i  =  1 ,  2, . . .  r) 

(9) 

Let 

P(nt  =  j)  =  p(j). 

(10) 

5, 

then 

E  p(j)  =  i. 

(11) 

j=i 

Let  n.  be  drawn  from  a  distribution  whose  mean  is 

E(n)  and  variance 

2 

a  (n) .  Let 

n  =  (  f  n.)/r. 

(12) 

i=l 

and  let  E(n) , 

2  _ 

and  a  (n)  be  the  expected  value  and 

variance  of  n.  It 

is  well  known 

that: 

E(S)  =  E(n), 

(13) 

(14) 

r 


We  want  to  choose  r  sufficiently  large  so  that, 

o(n)  *  a(n) />St  <  e.  (15) 

Now  a(n) ,  and  o(n)  are  not  known,  but 

o2(n)  as  ( 2 nf  *  r-  n2)/r,  (16) 

i*l  1 


hence,  we  choose  r  sufficiently  large  so  that  (15)  is  satisfied.  If  we 
let 
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e  =  X.n, 


(17) 


then  (15)  reduces  to: 

r  >  a2(n)/(X.n)2.  (18) 


For  most  cases  o(n)  <  n,  hence  for  X  =  0.1  and  assuming  equality  to 
hold  we  find 

r  >  100.  (19) 


Computationally,  we  studied  the  convergence  of  the  mean  cluster  size  n, 
as  a  function  of  the  number  of  trials  r  in  a  20  x  20  x  1  lattice  for  the 
cases  p  =  0.3,  0.4,  0.5,  and  0.6  and  found  that  r  =  200  is  sufficiently 
large  for  most  cases  of  interest.  Figure  1  shows  the  results  of  this 
study.  The  solid  lines  through  the  data  points  represent  the  means  of 
these  points. 

Computational  studies  on  a  number  of  two  and  three  dimensional 
lattices  have  shown  that  dn/dp  attains  a  maximum  for  values  of  p  close 
to  the  theoretical  values  of  the  critical  probability  pc,  for  the 

corresponding  infinite  lattice.  Hence,  defining  the  critical  probabi¬ 
lity  for  such  a  lattice  to  be  the  value  of  p  for  which  the  maximum  is 
attained,  we  found  that  for  100  x  100  square  lattice  pc  *  0.51  and  for 

40  x  40  x  5  cubic  lattice  pc  =  0.305.  The  corresponding  theoretical 

values  for  the  infinite  square  and  cubic  bond  percolation  problems  are 
0.50  and  0.254. 

The  above  model  was  used  to  study  the  variations  of  the  mean  cluster 
size  n,  as  a  function  of  the  interaction  probability  p,  and  the 
stacking  method  for  three  lattices  =  100  x  80  x  1,  =  40  x  40  x  5, 

and  Lj  *  20  x  20  x  20.  Figure  2  shows  the  results  of  the  study  and  re¬ 
veals  the  advantage  of  stacking  ammunition  in  a  two  dimensional  lattice 
over  a  three  dimensional  lattice.  It  is  realized  that  the  probability 
of  hit  is  greater  in  the  two  dimensional  case  due  to  the  larger  exposed 
surface  area.  Figure  3  shows  a  comparison  of  the  mean  cluster  size  as  a 
function  of  p,  in  a  lattice  for  the  isotropic  case,  the  synergistic 
effects  case,  and  the  nonisotropic  case  where  the  interaction  probabi¬ 
lity  in  one  direction  might  be  large  as  is  the  case  with  HEAT  (High 
Explosive  Anti-Tank)  munitions.  Figure  4  shows  a  comparison  of  three  cases 
with  decreasing  interaction  probability  in  one  direction.  Some  HE  muni¬ 
tions,  e.g.  the  155  mm  projectile,  have  small  interaction  probability  in 
a  nose  to  nose  configuration.  The  case  p  =  0.01  represents  such  a  muni- 

it 

tion  and  is  seen  to  be  close  to  the  two  dimensional  case  if  packed  in  a 
nose  to  nose  configuration. 
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MEAN  CLUSTER  SIZE 


Figure  3 


-  Comparison  of  Mean  Cluster  Size  in  a  10x10x10  Stack  Initiated  at 
Center  for  Isotropic,  Non-Isotropic  and  Synergistic  Effects  Cases 
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Figure  4  -  Mean  Cluster  Size  Variations  With 


Interaction  Probability  pz 


IV.  CONCLUSIONS. 


The  framework  of  percolation  theory  offers  a  means  of  studying  the 
problem  of  propagation  of  the  detonation  in  an  ammunition  store  as  a 
bond  percolation  problem. 

The  stochastic  model  constructed  and  used  to  study  the  survivability 
of  an  ammunition  store  shows  that  survivability  depends  on  the  inter¬ 
round  interaction  probability  p,  as  well  as  on  the  stacking  procedure  of 
the  ammunition. 

For  a  given  stacking  method  survivability  dictates  that  the  inter¬ 
action  probability  p,  be  less  than  a  critical  value  p  ,  for  the  lattice 
in  question. 

For  given  ammunition  characteristics  (p) ,  and  quantity,  survivability 
dictates  that  they  be  preferably  stacked  in  a  manner  as  close  to  the  two 
dimensional  lattice  as  possible;  rather  than  a  three  dimensional  lattice. 
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TERRAIN  MICROROUGHNESS  AND  THE  DYNAMIC 
RESPONSE  OF  VEHICLES 


Richard  A.  Weiss 
Mobility  Systems  Division 
U.  S.  Army  Engineer  Waterways 
Experiment  Station,  Vicksburg,  MS  39180 


ABSTRACT .  The  design  of  vehicles  with  particular  operating  character¬ 
istics  on  rough  terrain  requires  accurate  descriptors  of  terrain  roughness. 

At  present  a  one  parameter  description  of  surface  roughness  is  available 
that  uses  the  standard  deviation  of  a  detrended  elevation  profile.  In  order 
to  introduce  the  frequency  content  of  the  terrain  into  the  roughness  de¬ 
scription,  a  three  parameter  model  of  the  surface  roughness  power  spectrum 
is  developed  whose  parameters  are  determined  from  the  values  of  the  standard 
deviation  of  displacement,  slope  and  curvature  obtained  from  a  detrended 
elevation  profile.  The  three  parameter  model  predicts  five  distinct  types 
of  power  spectra  which  can  be  used  to  classify  terrain  roughness  including 
the  cases  where  periodic  features  are  present.  For  some  types  of  terrain 
it  is  not  necessary  to  use  detrended  data,  and  for  these  cases  the  power 
spectra  are  developed  using  an  undetrended  formalism. 

The  three  parameter  roughness  model  can  be  used  to  predict  the  power 
absorbed  by  the  driver.  The  effects  of  vehicle  geometry  including  wheel 
size,  wheel  spacing  and  track  length  are  introduced  in  a  natural  way  through 
the  roughness  model.  Vehicle  dynamics  effects  including  the  location  of  the 
driver  relative  to  the  center  of  mass  of  the  vehicle  are  introduced  by  trans¬ 
mission  functions.  A  comparison  with  experimental  absorbed  power  data  is 
made . 

PART  I: _ INTRODUCTION .  The  dynamic  response  of  a  specified  type  of  wheeled 

vehicle  operating  on  a  terrain  depends  on  the  vehicle  speed  and  the  terrain 
roughness.  For  satisfactory  operation  of  both  vehicle  and  driver,  the  dynamic 
response  of  the  vehicle  must  be  predictable  for  a  given  type  of  terrain.  To 
achieve  this  prediction  capability,  the  U.  S.  Army  Engineer  Waterways  Experi¬ 
ment  Station  (WES)  was  requested  to  develop  improved  methods  of  describing 
terrain  and  use  them  to  calculate  the  resulting  vehicle  and  driver  motion. 

A  description  of  terrain  roughness  is  especially  important  for  the  de¬ 
velopment  of  new  vehicles  because  ride  tests  on  various  types  of  terrain  are 
required  to  evaluate  new  design  concepts.  An  accurate  surface  roughness 
description  is  required  to  separate  the  effects  of  a  new  vehicle  design  from 
the  effects  introduced  by  the  surface  roughness  properties  of  a  test  site. 

Both  the  frequency  content  and  the  amplitude  of  an  elevation  profile  will 
influence  the  ride  quality  of  a  vehicle,  and  an  effect  observed  during  a 
vehicle  ride  test  may  be  due  to  a  peculiarity  of  the  terrain  roughness  rather 
than  a  specific  vehicle  effect. 

The  development  of  new  vehicle  designs  is  helped  by  a  thorough  under¬ 
standing  of  how  changes  in  the  geometry  and  dynamics  of  a  vehicle  will  inter¬ 
act  with  the  terrain  roughness  to  produce  changes  in  the  ride  quality. 
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Especially  important  are  the  effects  of  geometry  including  wheel  size,  wheel 
spacing,  driver  location  and  track  length,  and  the  effects  of  dynamical  param¬ 
eters  including  spring  constants,  damping  constants  and  the  weight.1  The 
effects  of  soil  conditions  are  not  treated  although  they  may  be  important  to 
the  vehicle  response. 

Description  of  Terrain  Roughness 

A  description  of  surface  roughness  begins  with  a  measurement  of  an  ele¬ 
vation  profile,  Figure  la.  Elevations  are  measured  at  small  intervals 
(usually  one  foot  or  one  half  foot)  over  a  distance  of  several  hundred  feet. 
Numerical  differentiation  gives  the  slope  and  curvature  profiles.  The  mea¬ 
sured  elevations  include  gradual  changes  of  elevation  over  a  long  distance. 

In  some  cases  this  nonstationary  character  of  the  measured  elevation  profile 
may  have  to  be  removed  by  a  detrending  procedure  in  order  for  the  data  to  be 
processed.  In  other  cases  the  measured  elevation  data  can  be  used  directly. 

Roughness  can  be  described  as  a  stationary  random  process  if  the  statis¬ 
tical  properties  of  the  profile  height  do  not  change  with  position  along  the 
profile.  To  remove  nonstationary  trends  from  the  data  a  detrending  procedure* 
is  applied  to  the  data  which  removes  the  very  long  wavelengths  (the  trend), 
see  Figure  lb.  The  mathematical  procedure  for  obtaining  detrended  data  is 
given  by2 

00 

Fd(x)  =  F(x)  -  ~  /  (F(x  +  a)  +  F(x  -  a)]e'a/A  da  (1) 

o 

where  F.(x)  =  detrended  function 
d 

F(x)  =  original  function 

A  =  filter  constant  (detrending  constant) 

Computer  program  RRFN  has  been  developed  to  calculate  the  detrended  data  from 
the  original  input  data.1 

After  removing  the  trend  the  question  still  remains  as  to  the  frequency 
constant  of  the  terrain  roughness.  This  is  important  because  a  dynamical 
system  such  as  the  spring  support  of  a  vehicle  has  a  resonance  frequency,  and 
this  resonance  may  be  excited  if  the  vehicle  runs  over  a  given  terrain  at  a 
specified  speed.  Therefore  it  is  of  importance  to  know  the  wavelength  content 
of  the  terrain  roughness  because  this  will  determine  the  frequency  content  of 
the  input  displacement,  velocity,  and  acceleration  on  the  wheels  of  the  moving 
vehicle.  The  wavelength  content  of  a  terrain  displacement  profile  can  be 
described  by  a  power  spectral  density  function. 

The  power  spectral  density  (PSD)  gives  the  spectral  density  of  the 
variance  of  a  random  process. 2-4  Therefore, 

O2  =  V  =  /"  PSD  dfi  (2) 

o 


*  "Detrend"  means  to  remove  the  trend  of  the  elevation  variations 
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where  O  =  RMS  value  of  the  random  process  =  standard  deviation  for  zero 
average  value 
V  =  variance 

Q  =  spatial  frequency  =  reciprocal  wavelength  =  number  of  cycles/meter 
In  this  paper  the  RMS  value  and  the  standard  deviation  will  be  used  inter¬ 
changeably  because  the  baseline  can  be  chosen  so  that  all  average  values  are 
zero.  The  PSD  gives  a  measure  of  the  frequency  content  of  the  random  process. 
For  example,  the  surface  displacement  profile  PSD  is  a  measure  of  the  wave¬ 
length  content  of  this  profile. 

One  Parameter  Model 

A  descriptor  commonly  used  in  terrain  roughness  models  is  the  standard 
deviation  (RMS)  of  displacement  obtained  from  a  measured  elevation  profile. 

The  one  parameter  roughness  power  spectrum  can  be  calculated  from  the  value 
of  the  RMS  displacement.  The  one  parameter  power  spectra  of  the  surface  dis¬ 
placement  and  slope  can  be  written  as2'5 

P„<0)  =  s  (3) 

ps<»)  *  <2n)w[^a^ti]2  Pd(«)  (4) 


where  =  PSD  of  displacement  profile 
Pg  =  PSD  of  slope  profile 


C  =  roughness  parameter 

AL  =  interval  of  elevation  of  profile  measurement 
For  the  undetrended  case  the  RMS  displacement  integral  (2)  does  not  converge 
with  P^  given  by  equation  (3),  however  the  RMS  slope  integral  (2)  does  converge 
with  P  given  by  equation  (4).  For  the  single  parameter  model  a  theoretical 
expression  for  the  RMS  value  of  the  displacement  can  only  be  determined  for 
detrended  data,  and  the  theoretical  need  for  detrending  is  that  it  allows  the 
elevation  power  spectrum  integral  to  he  evaluated.  For  this  reason  the  value 
of  the  parameter  C  must  be  determined  from  detrended  data.  The  spectral  win¬ 
dow  function  occurring  in  equation  (4)  introduces  the  interval  of  measurement 
of  the  elevation  profile. 


The  power  spectrum  for  a  detrended  elevation  profile  can  be  written  as2 


Pd,DET(n,A) 


-  -(-2nA)— — j  P  (Q) 

|1  +  (2  nMl)2] 


=  <r2Pd(fl) 


(5) 


where  the  detrending  function  (t>  is  defined  by 


4»  =  1  -*■  (2nAX))-2 


(6) 
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Since  the  RMS  integral  of  the  slope  power  spectrum  converges,  Van  Deusen  uses 
the  undetrended  slope  power  spectrum  given  by  equation  (4)  to  calculate  the 
RMS  value  of  the  slope.  The  integrals  presented  are2 

a2  (Undetrended)  =  J°°P.(n)dQ  Diverges  (7) 

u  o  d 

o2  (Detrended, X)  =  DET(Q,A)dQ  =  — (8) 

o2  (Undetrended)  =  J°°P  (O)dQ  =  ^  (9) 

s  o  s  AL 

where  =  standard  deviation  of  terrain  displacement 
=  standard  deviation  of  terrain  slope 

A  determination  of  the  RMS  displacement  for  detrended  data  (by  computer 
program  RRFN,  for  example)  immediately  determines  the  constant  C,  and  there¬ 
fore  the  power  spectrum  for  the  undetrended  data  is  calculated.  Two  basic 
theoretical  concepts  are  introduced  in  the  one  parameter  model:  (a)  the 
detrending  function  which  allows  the  elevation  RMS  value  to  be  calculated 
analytically,  and  (b)  the  slope  spectral  window  function  which  introduces  the 
measurement  interval  of  the  elevation  profile.  The  value  of  can  be  used  to 

calculate  C  directly  from  undetrended  data  using  equation  (9). 

Three  Parameter  Model 

A  comparison  of  the  one  parameter  monotonically  decreasing  power  spectrum 
P^  =  C/Q2  with  the  power  spectrum  values  obtained  by  calculating  the  Fourier 
transform  of  the  autocorrection  function  of  an  elevation  profile  suggests  that 
the  one  parameter  representation  is  valid  only  for  high  spatial  frequencies 
of  the  terrain  roughness.  Also,  quasi-random  terrain  areas  such  as  plowed  or 
disked  agricultural  fields  cannot  be  described  by  a  one  parameter  model  be¬ 
cause  a  pronounced  peak  occurs  in  the  measured  power  spectrum  at  a  frequency 
corresponding  to  the  width  of  the  plowed  furrows. 

A  more  complete  description  of  surface  roughness  is  needed,  one  that  goes 
a  step  beyond  a  one  parameter  characterization  that  is  based  on  a  single  RMS 
value  of  surface  displacement.  This  paper  introduces  a  three  parameter  rough¬ 
ness  power  spectrum  model  that  can  describe  terrain  areas  having  periodicities, 
and  gives  a  better  description  of  the  roughness  power  spectrum  in  the  long 
wavelength  region. 

The  three  power  spectrum  parameters  are  determined  from  the  values  of  the 
standard  deviations  of  the  displacement,  slope  and  curvature  of  a  measured 
elevation  profile  (Figure  la).  The  power  spectrum  determined  by  these  param¬ 
eters  is  found  to  be  of  five  distinct  types  of  which  the  Van  Deusen  form  Cfl-2 
is  one.  The  displacement  power  spectrum  is  found  to  be  a  complicated 

function  of  frequency  that  includes  spectral  windows  of  definite  bandwidth. 
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The  resulting  frequency  channels  of  power  transmission  and  power  suppression 
may  be  responsible  for  the  anomalous  dynamic  response  of  some  vehicles  on  a 
given  terrain. 

Actual  terrain  locations  where  military  trucks  and  track  vehicles  are 
expected  to  operate  can  vary  considerably  in  quality  (frequency)  as  well  as 
their  RMS  values  of  elevation.  Terrain  types  such  as  trails,  cultivated 
fields,  virgin  terrain,  test  courses,  etc.,  are  expected  to  be  encountered  by 
military  off-road  vehicles.  An  attempt  is  made  to  classify  terrain  roughness 
in  terms  of  the  five  basic  types  of  roughness  power  spectra  by  associating 
each  terrain  site  with  one  of  the  five  types  of  power  spectra.  The  type  of 
power  spectrum  associated  with  a  terrain  site  will  determine  the  nature  of 
the  dynamic  response  of  a  vehicle  moving  over  that  terrain.  In  this  way  the 
expected  dynamic  response  of  a  vehicle  can  be  related  to  a  specific  terrain 
site.  A  computer  program  TERR  was  developed  to  accomplish  this  work.1 

Absorbed  Power 

Driver  fatigue  can  be  related  to  the  power  absorbed  by  a  driver  during 
the  operation  of  a  vehicle.  Absorbed  power  is  a  physiological  concept  and  by 
definition  it  is  related  to  the  acceleration  power  spectrum  measured  at  the 
drivers  seat.6  Experience  has  shown  that  a  driver  can  absorb  no  more  than 
six  watts  of  power  and  be  physically  able  to  drive  a  vehicle  for  an  extended 
period  of  time.7  It  is  of  military  interest  to  be  able  to  predict  the  vehicle 
speed  that  corresponds  to  the  six  watt  absorbed  power  level,  and  to  determine 
the  terrain  roughness  descriptors  required  to  do  this. 

At  present  the  six  watt  speed  is  estimated  from  the  RMS  value  of  surface 
displacement  as  determined  from  a  detrended  elevation  profile.8”13  This 
single  parameter  terrain  roughness  description  is  sometimes  found  to  be  inad¬ 
equate  because  the  frequency  content  of  the  ground  surface  elevation  is  not 
considered.  The  three  parameter  terrain  roughness  description  was  developed 
in  part  to  improve  the  method  of  determining  the  six  watt  speed  by  including 
the  effects  of  frequency  content. 


PART  II:  THEORETICAL  ROUGHNESS  MODELS 


INTRODUCTORY  REMARKS .  Terrain  areas  can  be  natural  or  man-made  or  a  com¬ 
bination  of  both  types.  Natural  terrain  elevations  appear  to  be  random,  but 
some  features  such  as  windblown  sand  dunes  have  an  apparent  regularity.  Man¬ 
made  areas  such  as  roads,  trails,  plowed  and  disked  fields,  etc.,  can  contain 
apparent  regularities  although  their  elevation  profiles  are  still  character¬ 
ized  as  random  data.  Plowed  fields,  for  example,  exhibit  a  quasi-sinusoidal 
pattern  and  will  have  a  power  spectrum  that  peaks  at  a  spatial  frequency  that 
corresponds  to  the  quasi-sinusoidal  pattern.  This  case  clearly  cannot  be 
described  by  a  one  parameter  power  spectrum  of  the  form  Cft-2  which  is  a 
monotonically  decreasing  function  of  spatial  frequency.  This  part  of  the 
paper  develops  a  three  parameter  power  spectrum  model  that  can  be  used  to 
describe  random  terrain  roughness  elevation  which  include  regularities,  man¬ 
made  or  natural. 

The  power  spectrum  coefficients  of  the  three  parameter  model  are  calcu¬ 
lated  from  the  RMS  values  of  elevation,  slope  and  curvature  that  are  obtained 
from  a  detrended  elevation  profile  or  from  an  undetrended  elevation  profile 
when  possible.  The  values  of  these  three  parameters  can  be  used  to  classify 
terrain  roughness. 

FORM  OF  THE  THREE  PARAMETER  POWER  SPECTRUM.  This  section  suggests  an 
appropriate  form  for  the  three  parameter  roughness  power  spectrum.  The  choice 
of  the  form  of  the  three  parameter  power  spectrum  model  is  a  natural  extension 
of  the  Van  Deusen  one  parameter  model  CO-2.  Figure  2a  shows  that  the  PSD  of 
the  undetrended  and  detrended  displacement  profile  is  described  by  the  form 
Cfi'2  only  in  the  region  of  large  0  (short  wavelengths).  For  small  0  (long 
wavelength)  the  PSD  deviates  from  that  predicted  by  Cfi-2.  Additional  param¬ 
eters  are  required  to  describe  the  deviation  from  Cft-2  in  the  region  of  small 
Q.  Assuming  that  the  short  wavelength  region  is  accurately  described  by  the 
form  Cft’2,  the  modification  of  the  PSD  must  consist  of  terms  ft  (with  a  >  2) 
that  are  added  to  the  Cft-2  term.  In  this  way  the  modification  of  the  PSD 
becomes  important  only  for  small  ft  and  approaches  the  form  Cft-2  for  large  ft. 

The  PSD  for  undetrended  surface  displacement  can  be  written  as  a  general¬ 
ization  of  Cft'2  in  the  form  of  a  power  series  as  follows 

P,  =  Cft-2  +  Dir3  +  Eft’4  +  •••  (10) 

d 


For  practical  calculation,  the  power  series  must  be  cut  off  at  some  finite 
term.  If  two  parameters  are  chosen  to  describe  P^  in  the  form 

P.  =  Cft-2  +  Dft"3  (11) 

d 

then  the  measurement  of  both  and  <Jg  is  required  to  determine  C  and  D.  If 
three  parameters  are  chosen  to  describe  P^  in  the  form 
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P_,  =  CO-2  +  Dfi~3  +  EQ"4 
d 


(12) 


then  o^,  and  a ^  would  be  required  to  determine  C,  D,  and  E,  where 

a  =  standard  deviation  of  curvature  (second  derivative  of  elevation  with 
c 

regard  to  space  coordinate).  In  this  paper  the  term  curvature  will  be  used 
to  describe  the  second  derivative. 

Polynomial  models  beginning  with  the  term  AQ  1  such  as 

P,  =  Ad"1  +  CQ-2  +  Dft-3  (13) 

d 


are  not  valid  for  two  reasons:  (1)  they  do  not  approach  the  Van  Deusen  form 

Cfl'2  for  large  d,  and  (2)  the  integral  /  P,<|>-2dd  for  detrended  data  has  a 

o  d 

logarithmic  singularity  and  cannot  be  evaluated. 

The  short  wavelength  (high  frequency)  part  of  the  power  spectrum  is  de¬ 
scribed  by  the  parameter  C,  while  the  long  wavelength  (low  frequency)  part  of 
the  power  spectrum  is  described  by  the  parameter  E.  The  middle  ranges  of 
frequency  are  determined  by  the  parameter  D.  The  values  of  the  power  spectrum 
parameters  C,  D  and  E  are  determined  by  the  type  of  terrain  elevation  profile 
that  is  measured,  and  these  parameters  can  be  used  as  descriptive  numbers  to 
classify  terrain  roughness. 

CLASSIFICATION  OF  TERRAIN  ROUGHNESS.  This  section  shows  how  a  terrain 
roughness  classification  can  be  developed  in  a  natural  way  from  the  algebraic 
signs  of  the  parameters  C,  D  and  E.  Terrain  roughness  can  be  classified 
according  to  the  shape  of  the  power  spectrum  associated  with  the  natural  ele¬ 
vation  profile.  The  shape  of  a  theoretically  predicted  roughness  power  spec¬ 
trum  is  determined  by  the  values  of  the  parameters  C,  D  and  E.  These  param¬ 
eters  will  be  determined  from  the  values  of  a,,  a  and  a  associated  with  the 
,  ,. ,  d’  s  c 

elevation  profile. 

A  priori,  the  values  of  the  three  parameters  can  be  positive  or  negative 
yielding  a  total  of  2  x  2  x  2  =  8  possible  types  of  power  spectra.  But  the 
case  C  <  0,  D  <  0  and  E  <  0  must  obviously  be  excluded  because  the  power  spec¬ 
trum  must  be  positive  at  least  in  some  frequency  range.  This  leaves  seven 
possibilities.  But  of  these  seven  cases  two  are  redundant  and  only  five 
physically  distinct  types  of  elevation  power  spectra  are  possible  for  the 
three  parameter  model.  These  are  shown  in  Figure  2b.  The  basic  forms  of 
Type  2  and  Type  3  remain  unchanged  for  D  >  0  or  D  <  0  so  that  either  sign 
still  represents  only  one  spectral  type,  and  this  redundancy  yields  only  five 
distinct  spectral  classes. 

The  one  parameter  power  spectrum  Cfi'2  is  seen  to  be  a  special  case  of  a 
Type  1  power  spectrum  with  C  >  0,  D  =  0  and  E  =  0.  Type  1  power  spectrum  con¬ 
tains  all  frequencies  with  little  power  at  the  high  frequencies.  Type  2  has 
no  power  at  high  frequencies.  Types  3  and  4  have  pronounced  peaks  at  definite 
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frequencies  and  can  be  used  to  describe  a  large  scale  rolling  type  of  terrain. 
Type  4  with  D2  <  4CE  gives  a  power  spectrum  which  is  all  negative  and  so  this 
case  must  be  excluded.  Type  5B  with  D2  >  4CE  describes  the  situation  where  a 
high  frequency  periodicity  occurs  within  the  rrain,  such  as  in  the  case  of 
plowed  or  disked  fields.  Type  5A  with  D2  <  4tE  can  be  considered  to  be  a 
special  case  of  Type  1  where  the  power  is  positive  for  all  frequencies. 

Power  spectra,  by  definition  as  the  Fourier  transform  of  an  autocorrela¬ 
tion,  are  always  positive.  Therefore  only  the  frequency  ranges  where  P^ft) 
is  positive  in  Figure  2b  are  physically  acceptable.  The  regions  where 

become  negative  must  be  regarded  as  physically  unacceptable  for  power 
transmission  and  P^(Q)  is  set  equal  to  zero  here.  In  this  manner  it  is  seen 
that  the  roughness  power  spectrum  P^(Q)  is  not  in  general  a  simple  function 
but  rather  may  contain  cutoff  frequencies  (Q0  and  fij)  which  produce  "windows" 
(bright  areas)  and  zero  power  areas  (dark  regions)  of  definite  bandwidths . 
Therefore  only  in  distinct  frequency  regions  may  power  be  transferred  to  a 
moving  vehicle.  The  type  of  power  spectrum  exhibited  by  a  given  site  is  de¬ 
termined  from  measured  values  of  cr,,  a  and  a  from  which  the  values  of  C,  D 
and  E  are  obtained. 

The  power  spectra  used  are  one-sided  because  they  are  defined  only  for 
positive  frequencies.  Sometimes  two-sided  power  spectra  are  used  which  are 
defined  for  positive  and  negative  frequencies.  The  two-sided  power  spectra 
can  be  obtained  as  mirror  images  of  the  one-sided  power  spectra.  Power 
spectra  must  be  symmetrical  about  the  zero  frequency  axis  because  they  are 
defined  as  Fourier  transforms  of  autocorrelation  functions  which  themselves 
are  symmetrical.  The  power  spectrum  model  given  in  (12)  can  be  used  for  nega¬ 
tive  ft  by  choosing  |ft|3,  absolute  value  of  ft,  in  the  regions  of  negative  ft. 

The  type  of  power  spectrum  obtained  from  an  elevation  profile  will  depend 
on  the  length  of  the  measured  profile.  Therefore  the  classification  of  ter¬ 
rain  areas  will  be  scale  dependent,  and  a  comparison  of  two  terrain  areas 
should  be  made  on  the  basis  of  equal  elevation  profile  lengths.  This  paper 
does  not  investigate  scale  dependence. 

The  five  possible  types  of  roughness  power  spectra  are  associated  with 
the  choice  of  a  three  parameter  power  spectrum  model.  The  choice  of  a  greater 
number  of  parameters  would  produce  more  complicated  power  spectrum  shapes. 

For  example  a  four  parameter  model  would  exhibit  two  additional  types  of  spec¬ 
tra  giving  a  total  of  seven  types.  The  three  parameter  choice  made  in  this 
paper  is  justified  by  noting  that  Newton's  law  of  motion  relates  the  force  act¬ 
ing  on  a  vehicle  to  the  acceleration  input.  Therefore  as  far  as  vehicle  dynam¬ 
ics  is  concerned  there  are  three  stochastic  kinematic  quantities  to  be  obtained 
acceleration,  velocity  and  displacement.  This  suggests  a  three  parameter  sur¬ 
face  roughness  model  because  the  standard  deviations  of  velocity  a and  accel¬ 
eration  o  can  be  related  to  the  standard  deviations  of  the  slope  CT  and  cur- 

3  S 

vature  ac>  respectively,  of  the  terrain  elevation  profile  (Part  III).  There¬ 
fore  the  calculation  of  the  basic  kinematic  quantities  associated  with  the 
vertical  dynamic  response  of  vehicles  (o^,  a ,  Ofl)  requires  the  three  measured 
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roughness  quantities  o^,  and  a from  which  three  power  spectrum  parameters 
(C,  D  and  E)  can  be  determined. 

THREE  PARAMETER  MODEL  OF  DETRENDED  TERRAIN  ROUGHNESS  DATA.  This  section 
develops  the  formalism  and  mathematical  details  required  to  evaluate  the  power 
spectrum  of  a  measured  elevation  profile  from  the  RMS  values  of  the  elevation, 
slope  and  curvature  obtained  from  the  corresponding  detrended  elevation  pro¬ 
file.  This  is  done  for  each  of  the  five  types  of  power  spectra  described 
above. 

For  roughness  power  spectra  of  Types  1 ,  2  and  5  it  is  impossible  to  use 

values  of  a.,  a  and  a  obtained  directly  from  undetrended  data  to  calculate 
d  ’  s  c  J  m 

the  power  spectrum  coefficients  because  the  integral  /  P.dQ  diverges  (at  Q  =  0) 

o  d 

for  the  form  of  power  spectrum  given  in  equation  (12).  These  three  types  of 

terrain  roughness  must  be  handled  using  detrended  data  and  the  values  of  O^, 

o  and  a  for  detrended  data  can  be  related  to  integrals  of  the  form 
s  c 

J  P.  <jr2dO  which  converges.  For  roughness  spectra  of  Types  3  and  4  it  is 
o  a 

not  necessary  to  use  detrended  data  because  the  integrals  defining  CJ^,  Og 
and  are  defined  from  a  lower  cutoff  frequency  Q0  and  so  the  singularity  at 

(1  =  0  is  avoided  and  undetrended  data  can  be  used.  But  the  detrended  formalism 
can  be  applied  to  spectra  of  Types  3  and  4,  and  this  section  evaluates  the  in¬ 
tegrals  that  appear  in  the  mathematical  expressions  for  o^,  Og  and  (for  de¬ 
trended  data)  for  ail  five  types  of  terrain  roughness  power  spectra. 

For  the  power  spectrum  given  by  equation  (12),  the  values  of  P^,  Pg  and 

P  for  undetrended  data  are 
c 

P,  =  C$r2  +  DQ'3  +  E$r4  (14) 

a 

pg  =  (2n)2n2(arz  +  dq-3  +  eq*4)  (15) 

pc  =  (2n)4n4(ar2  +  or3  +  eq*4)  j^sl 06) 


The  form  for  the  slope  and  curvature  PSD  is  developed  in  Reference  1. 

The  necessary  integrals  for  the  detrended  scheme  of  the  three  parameter 
model  will  now  be  evaluated.  This  will  be  done  for  each  of  the  five  basic 
types  of  roughness  power  spectrum. 


je  1  Power  Spectrum 


The  variance  integrals  of  P^  and  Pg 
and  (15)  because  they  are  singular  for 


cannot  be  performed  directly  on  (14) 
fl  =  0.  In  order  to  calculate  C,  D  and 


E,  the  variance  of  the  detrended  displacement,  slope  and  curvature  profiles 
roust  be  used.  For  the  case  of  detrended  data  the  displacement,  slope  and 
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-  •  ***mu»,  ****..  ■ . 


curvature  power  spectral  densities  are  ,  ps4>"2  and  Pc<j>'2  respectively 

where  <p  is  defined  by  (7).  From  (14)  -  (16)  the  RMS  values  of  the  detrended 
terrain  displacement,  slope  and  curvature  are 


CTd  =  Vd  =  pJ~2d°  =  Cf4(X)  +  Df 2 (A)  +  Ef3(A) 


°s  =  Vs  =  „AR#'2dft  =  Cg,(A)  +  Dg2  (A)  +  Eg3(A) 


o2c  =  Vc  =  fPcr2dQ  =  Ch,  (A)  +  Dh2(A)  +  Eh3(A) 


(17) 

(18) 

(19) 


The  values  of  a2,  a2  and  02  are  represented  as  a  linear  combination 

of  integrals  where  the  f.(A),  g.(A)  and  h.(A)  are  given,  with  b  =  2rtA  and 
a  =  nAL,  as  111 


f  x  (A)  =  [n~2<r2 dQ  =  b4  f - 

J  J  (1  +  b2f 


b2n2) 


(20) 


f2(A)  =  /"n*30-2dQ  =  b  4f  — 

J  J  (i  +  b2 


b2fi2) 


(21) 


i(A)  =  f Q-4<t>-2dQ  =  b4  f  - — 

J  J  (1  +  b2 


b2n2) 


(22) 


gi (A)  =  (2n)s 


00 

f  / sin  a qV 

J  \  , a  ) 


♦-«dn  =  &P 

a* 


4  f  si 

J  0  + 


in2(afl)dO 


b2Q2) 


(23) 


g2(A)  =  (2n)' 


/  »-  (t) 


V2*!  = 

a 


4  f  fl  sin 

J  (1  + 


2(an)dn 

b202)  ^ 


(24) 
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g3(X)  =  {In)2 


%-*d0  =  &P- 


4  f  si°2 
J  n  + 


(aO)dfl 

(1  +  b2Q2)* 


(25) 


l (A)  =  (2/t)4  J  q2  (4^)V2dn  =  J 


(aQ)dQ  (26) 


b2n2) 


h2(X)  =  (271) 


*  / 0  (Hr)* 


♦-2dfi  = 

a’ 


/fl  sin4 
(1  + 


(aO)dfl 

b2n2")z 


(27) 


h3(A)  =  (2n) 


4  J  ^i^nj%-2dQ  =  (2n]V  j  sin! 


(aQ)dil 

b202) 


(28) 


Note  the  integrals  glt  g2 ,  hj,  h2  and  h3  diverge  where  a  =  0,  so  that  Os  and 

(Jc  diverge  for  AL  =  0.  Only  for  the  case  AL  f  0  are  a ^ ,  CTg  and  properly 

defined  by  infinite  integrals  when  Q  ■*  »  .  Also,  the  integrals  representing 
ct^  and  ct^  would  diverge  in  the  low  frequency  limit  if  the  detrending  factor 

0~2  were  not  inserted  into  these  integrals.  In  other  words,  whereas  AL  ^  0 
avoids  singularities  at  high  frequencies,  the  detrending  factor  <f>  2  avoids 
singularities  at  low  frequencies. 


The  values  of  the  integrals  in  (20)  -  (28)  are  evaluated  in  Reference  1 
by  complex  integration  using  the  contours  shown  in  Figure  2c,  and  have  the 
following  values 


II 

/"■i* 

VM 

(29) 

f,(A)  =  =r 

(30) 

f,u)  = 

(31) 

4 
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-  n3b  IV,  -2»/b\  .  a  -2a/b"| 

*«(w  ■ [2V1  ’  *  ;  +  be  J 

g2(M  =  Jr  [e2a/b  Ej  (2a/b)  +  e‘2a/b  E*(2a/b)j 


g3(X)  = 


rt3b3 


1  /.  -2a/b\  a  -2a/b] 

b  l1  ■ e  )  -  5 e  J 


h  ex'*  -  4n5fe 
hj(Aj  -  — r 


-aa/b  -2a/b 
J  e _  e _ 

8  8  '  2 


+  •  e-2a/b(l  -  I  e-2a/bj 


(32) 


(33) 


(34) 


(35) 


h2(A)  =  —r  |e2a/bE,(2a/b)  +  e‘ 2a/bE*(2a/b)  -  |  [e4a/bEx(4«/b) 

+  e‘4a/bE*(4a/b)]|  (36) 


h3(X)  = 


3  1  - 2a/b 

8  "  2  e 


/  1  -  2a/b\  a  -  2a/b  /.  1  -2a/b\ 

v  5  ) ' b  e  v "  2 e  ; 


(37) 


where  Et  (x)  and  E*(x)  are  exponential  integral  functions  which  are  tabulated 
in  the  literature.  The  exponential  integrals  are  defined  as  follows 


E  j  (x)  =  -Ei(-x)  =  /  ——  dt 
x 


00 


(38) 


E*(x)  =  Ei(x) 


■Jt 


dt 


(39) 


For  small  values  of  x  these  functions  have  the  following  series  expansions 
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(40) 


E  (x)  =  -y  -  log  (x)  +  x 
1  e 


x2  x3  x4  x5 
2! 2  3! 3  ’  4! 4  5! 5 


E* (x )  =  Y  +  loge(x)  +  x  +  2T2  +  3T3 


(41) 


where  y  =  Euler  constant  =  0.5772157. 

Type  2  Roughness  Spectrum 

Detrended  data  must  be  used  for  this  case.  The  integrals  defining  V,,  V 
and  are  (see  Figure  2b)  ° 


o 


2 

d 


or 


2 

s 


n 


2 

c 


0 


0 


o 


Pd<J>-2d()  =  CAf  1  (A,Q0)  +  DAf2(A,Q0)  +  EAf3(A,fi0) 


Ps<j)-2dn  =  CAgj  (A,fi0)  +  DAg2(A,00)  +  EAg3(A,fl0) 


Pc0~2dQ  =  CAhi(A,fi0)  +  DAh2(A,Q0)  +  EAh3(A,Q0) 


(42) 


(43) 


(44) 


where  the  integrals  Af^(A,n0),  Ag^(A,fi0)  and  Ah^(A,n0)  are  given  by 


An 


Af1(A,Q0)  =  b 4  J  - —  ■  -2  =  |  (o0  -  sin  80  cos  0O)  % 

J  (1  +  b2fi2)  2  '  ' 


3 


(45) 


Af2(A,n0)  =  b4 


^0 


fldn  b2  ■  2  a  *  b4Q§ 

2  -  T  sin  eo  ~  , 


(1  +  b2fi2) 


(46) 
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1  .1 


Af3(A,0o)  =  b4 


/“ 

J  o 


dn 


0  +  b2n2) 


-2  - 


bf 

2 


(e0+  sin  0O  cos  b4ft0  (47) 


where 


0O  =  tan-1 (bQ0) 


(48) 


02  sin2(afi)dfi 
(1  +  b2fi2) 


=  i(^)2b4  Lo(n0)  -  l[2a)  (Q0)  +  li28)  (Qo) 


(49) 


where 


Ln(fin) 


/ 


T(2a)  m  )  -  QS  sin  (2aQ0)  2fi0  cos  (2afin)  2  sin  (2afl0) 
*  '  O'  ?a  2  a 

(2a)  (2a)3 


42a)  (00) 


It 


=  2b2  <J|4(2 a)2n§  -  24l  Qa  cos  (2aO0) 

J  (2a)4 


+  (2a)4i)$  -  12(2a)2Qg  +  24 


3 


sin 


(2afl0)| 


(2a)’ 


Ag2  (A.f^o) 


Q  sin2  (aO)dQ 
(1  +  b2Q2 ) 


=  \  (jr)2*4  [woWo)  -  Wi2a)(n0)  ♦  w^2a)(n0) 


(50) 
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where 


Wo(fio)  =  ^2  0  “  b2fi§  +  b4^  ‘  b6fi§  +  b8fi§  "  **') 


(2a)  ,  _  Of,  sin  (2aQn)  cos  (2aft0)  _  _ 1 

i  (fio)  "  2a  ( 2a ) 2  (2a)2 


W^2a)  (fl0) 


2b2  < 


I[~3Qq 

6 

([(2a)2 

(2a)* 

cos  (2aQ0)  +  + 


2a 


6 

(2lP 


ij  «o  si 


sin  (2afio)i 


^83^1^0) 


si n2  (aQ)dO 
(1  +  b2Q2) 


=  |(^)2b4  H0(Q0)  -  HS2a)(n0)  +  H22a)(n0)  - 


(51) 


where 

H„<a„)  =  % (1  -  |  bznS  +  |  b"Hj  -  ‘  b6tlg  *  |  b»f>8  -  •••) 


h<2*>  «i„)  = 


I  i  .1  ) 


sin  (2aHQ_) 
2a 


2Qn  cos  (2aQ0)  2_ 

(li)7 


sin 


(2afi0) 
(TaF 


(52) 


Ahi (A, fig) 


Q2  s in 4  ( afi ) dfi 
(1  +  b2ft2)2 


L0(Q0)  -  2  [l(23)(Q0)  -  L^2a)(fi0)  4  •••] 

4  \  j^L i 4 a }  (n0)  -  44a)(Q0)  ♦  ii4a)(Q0) 


■]} 


where 


,(4a)  /n  x  sin  (4aft0)  .  2Qn  cos  (4aQn)  2  sin  (4a0o) 

Li  (»o)  -  -  5T  (4aT~  ‘  (4a 


l^4a)  (Q0)  =  2b2  |j^4(4a)2OH  -  24^  ^ 

♦  [(4a)40g  -  12(4a)2Qg  +  24^  J 


Ah  ? ( A , 0„ ) 


S2  sin4  (aU)d(}  (!>?) 

(1  +  b2fi2) 

W0(fl0)  *  2  j^wi2a)($}0)  -  wj2a)(00)  4  ••’] 

4  l  [wi43)(«o)  -  wj4a)(fl0)  4  -]} 


where 


u(4a ) (n  \  -  Op  sin  (4aQ0)  cos  (4aQ0)  1 

W|  (Un)  "  ”  4a  (4a)z  '  (4¥p 


w|4a)(fi0)  =  2b2< 


j  jil)*  '  (4^]  cos  (4aflo)  +  (4 f)*  +  -  (4773]  «o  sin  (4a00)| 


Ah3(A,00)  =  [~ 


/2n\4t.4  I  sin4  (aQ)dQ 

W  ] 


(54) 


(f  )V  1 1  H0(00)  -  2  [h(23)(00)  -  H^2a)(00)  +  •••] 

4  \  j^i4a)(Q0)  -  H^4a)(Q0)  + 


where 


Hj4a\s)o)  =  ?.n(4aQiL) 


44a)(Q0)  =  2b2 


9H  sin  (4af)Q)  2Q0  cos  (4aU0)  _  2  sin  (4aQQ)~| 

4a  (4a)7  (4a  )"7_  J 


Type  3  Roughness  Spec  t  rum 

Either  the  detrended  or  undetrended  procedure  can  be  used  for  this  case. 
The  integrals  defining  V^,  V  and  for  the  detrended  case  are  (see  Figure  2b) 


a 


2 

d 


a 

/ 


P  .0"2(U) 
d 


C  f  1  ( A  ,lio )  4  0f2(A,«o)  +  E  ( 3  ( A ,  1  ) 


(55) 


al  s  J  f>s^2*10  =  Cg,(A,«0)  4  Dg2(A,S20)  4  F.g3(A,U0)  (56) 

n0 


a2  =  j  Pc0'2dQ  =  Chj (A,Q0)  +  Dh2(A,00)  4  Eh3(A,fi0) 
flo 


(57) 


The  integrals  fj(X,Q0),  g^(X,Q0)  and  hj(X,ft0)  are  given  by 


f j (X,Q0)  =  b4 


00 

/n3~j 
O  +  b 


an 


?  =  f.(X)  -  Af . (X,Q0) 
b2ft2)  3  3 


(58) 


fin 


gjCA.fto) 


sin2  (afi)dfi  A  ^  \ 

- ^ —  =  g  (X)  -  Ag  (X,fi0) 

*  b2fi2)  J  J 


(59) 


fin 


h  (X 
J 


00 

’°o)  =  (r)^4  f  ~3_J ^ 

va '  j  a  ♦  b^2) 


(afi)dfi 


=  h  (X) 


Ah.(X,fi0) 


(60) 


fio 


Type  4J*ower  Spectrum 

Either  the  detrended  or  undetrended  scheme  can  be  used  for  this  case. 
The  integrals  defining  ,  V^_  and  (or  this  case  are  (see  Figure  2b) 


P  <r2dfi  =  Cf  ,  (X,U0tfi, )  ♦  l)f2(X,fi0,ft, )  +  E  f  3  ( X ,  fi0 ,  ft  j ) 


fio 


ft. 


°s  =  I  Ps*'2dft  =  Cg, (X, fio.fi,)  ♦  Dg2(X.fi0,fi,)  +  Eg3(X,fi0,fii) 


/ 


(61) 


(62) 
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n, 


(T2  =  l  P 

c  J  c 

no 


r2dfi  =  ChjCX.Qo.Qj)  +  Dh2(\,fio>n,)  +  Eh3(A,Q0,«i)  (63) 


The  integrals  f^(A,n0,Oi),  g^A.Qo.O!)  and  hjCA.Qo.n,)  are  given  by 


il. 


f j (A,Q0,n, ) 


/(l3~jdn 

(1  +  b2(l2 


b4  I  -----  —~2  =  Af.(A,n,) 

b2(l2 )  J 

Oo 


AfjCA.no) 


(64) 


n, 


g j (A,n0.n, )  = 


n„ 


sin2  (a(l)d(l 

h2n2)^ 


AgjfA.il, )  -  Agj(A,n0) 


(65) 


h  (A, n0,n,) 


r 

hn)\<  /  n3' 1  s,«« 

'  *'  J  (1  ♦  bs 


(jl7<K?  =  Ah  (A ,W,  )  -  Ah  .(A,00) 

b2«2 >  '  J 


(66) 


Type  5B  Power  Spectrum 

The  detrended  scheme  must  be  used  for  this  case.  The  integrals  defining 

V.,  V  and  V  are  (see  Figure  2b) 
d  s  c 


o 


2 

d 


pd<r2dn  + 


oo 


p()<r2dii 


(67) 


=  csf^A.no.n,)  +  DSfzfA.no.nji  +  E6f3(A,n0,n,) 
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(68) 


=  C6g, (A,ft0 i^i)  +  D6g2(X,Q0,fij )  +  E6g3(A,ft0.Q,) 


o 


2 

c 


P  0'2dfl  + 
c 


J 


P  $*2dft 
c 


(69) 


=  C6h,  (A,fi0.ft, )  +  D6h2(A,ft0.ft,)  +  E6h3(A,ft0  ) 


The  integrals  6f . (A,ft0,ft, ) ,  Ag.(A,fi0,ft,)  and  6h . ( A ,ft0 ,ft,  )  are  given  by 


6f.(A,ft0,ft,)  =  Af.(A,ft0)  +  f.(A,n,)  =  f.(A)  ♦  Af  (A,Q0)  -  Af  (A, ft, ) 
.J  J  J  J  J  ^ 


(70) 


6g:(A, 00.fi,)  =  Ag.(A,ft0)  +  gjU.fi,) 

J  J  J 


gj (A)  ♦  Agj(A,fi0)  -  AgjCA.fi,) 


(71) 


6h.(A,n0,fi,)  =  Ah.(A,«0)  +  h.CA.fi,)  =  h  (A)  +  Ah  (A,fi0)  -  Ah  (A, ft,)  (72) 
J  J  J  J  J  J 
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Three  Parameter  Model  of  Undetrended 
Terrain  Roughness  Data 


This  section  considers  the  use  of  undetrended  nonstationary  elevation 
profiles  to  determine  the  surface  roughness  power  spectrum.  If  the  terrain 
roughness  power  spectrum  has  E  <  0  as  in  cases  Type  3  and  Type  4  of  Figure  2b 
there  is  a  Lower  cutoff  frequency  fi0  for  the  power  spectrum  and  the  diffi¬ 
culties  associated  with  for  integrals  for  Q  ■*  0  do  not  arise.  For  this  case 
undetrended  roughness  data  can  be  used  to  determine  the  power  spectrum  coef¬ 
ficients  C,  D  and  E,  and  a  detrending  constant  \  does  not  enter  into  the 
calculations.  Types  1,  2  and  5  power  spectra  do  not  have  a  lower  cutoff  fre¬ 
quency  and  therefore  must  be  obtained  from  detrended  data. 

Type  3  Power  Spectrum 

For  a  Type  3  roughness  power  spectrum  that  exhibits  a  lower  frequency  cut¬ 
off,  the  integrals  expressing  0^,  a  and  o  for  undetrended  data  in  terms 
of  the  power  spectrum  coefficients  are  (see  Figure  2b) 


i  ■  /(< 

n« 


co-2  +  +  En-’ldfl  =  cf,(fi0)  +  Df2(u0)  +  Ef3(o0) 


Efi-4) 


(73) 


0 


2 

S 


(afi)d$l 


(74) 


=  Cg,(n0)  ♦  Dg2(ll0)  ♦  Eg3(Q0) 


c 


(afi)dfi 


(75) 


=  Ch,(fl0)  +  Dh2(fl0)  +  Eh3(Q0) 


where  a.,  a  and  a  are  obtained  from  undetrended  data, 
d’  s  c 
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1 


The  integrals  to  be  evaluated  are 


fi(flo) 


^2(^0) 


(76) 


(77) 

1 


f 3(^0) 


(78) 


K,(0„) 


sin2  (all)dfi 

'  0^“"" 


(79) 


82(^0 ) 


83(^0^ 


M«o) 


sin2  (  aQ )  df) 
0* 


sin2  (aft)dQ 

n*"" 


sin4  (an)d(l 

—  n7 


(80) 


(81) 


(82) 
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(83 


^2 (Go) 


W/  sin4  (afl)dQ 


113(^0) 


(8< 


The  integrals  WW.  faW.  •"<*  diV"8'  in  l0'“' 

wavelength  limit  Qo 

The  evaluation  of  these  integrals  is  done  in  Reference  1  and  yields  the 
following  results 


Mfio)  =  (f5)4  (is  'm  -  |  42,)  *  I  i34*>)  <92> 

ha(Oo)  =  (^)4  (5  sg  -  |  li!,)  *  |  li"1)  »3) 

where  the  I's  are  given  by 

42a)  =  +  2asi(2aQo)  (94) 

“0 


li2a)  =  +  2a2Ci (2af)0)  (95) 


li2a) 


cos_l|aM  .  L^CMa)  .  ^.cosjUafto)  .  4  a3si(2afto) 


(96) 


j^a)  =  cosJAaftft)  +  4asi(4ano) 
S/r 


(97) 


x(4a)  =  ££®_1^0fl)  .  ?a_sin_(4anfl2  +  8a2Ci(4afio)  (9g) 


▼  (^ 3 )  _  cos  (4attQ)  2a  sin  (4afl0)  8a2  cos  (4aflq)  32  1  n  v  (QQs 

14  "  3QS0  '  ~  3Q0  "3  SU4aWoJ  {  } 


and  where  sine  integral  and  cosine  integral  functions  are  given  by 
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sin  x 


si  (t) 


t 

/ 


dx  = 


-n2  +  t 


5 !  5 


(100) 


Ci(t) 


/ 


COS  X 
X 


dx  =  V  +  loget  - 


(101) 


where  y  =  Euler  constant  =  0.5772157.  This  completes  the  analytical  evalua¬ 
tion  of  the  integrals  fj(Qo),  gj(Qo)  and  h^  (fi0)  - 


Type  4  Power  Spectrum 

A  Type  4  roughness  power  spectrum  exhibits  a  spectral  window  having  lower 

and  upper  frequency  cutoffs  Q0  and  Qx  respectively.  The  integrals  defining 

O  ,  o  and  a  are  written  as  (see  Figure  2b) 

OS  c 

Of 

a2  =  S  (Cir2  +  or3  +  EQ'4)dQ  =  Cf,(Q0,Oi)  +  Df2(Q0,fli)  +  Ef3(00,fii)  (102) 

«o 


o 


2 

S 


Hi 

/  (CQ'2  +  DO'3  +  EQ'4)  sin2  (aQ)dQ 

Qo 

=  cg.(n0>ni)  +  Dg2(%,u1)  +  Eg3(ft0,(i1) 


(103) 


a2 

c 


0i 

f  (CQ'2 
Qo 


+  Dll' 3 


+ 


EQ*4)  sin4  (aQ)dQ 

=  Chi(Qo,Qi)  +  Dhz(Qo»Qi) 


+  Eh3(Qo,Qi) 


(104) 


where  o^,  Os  and  refer  to  undetrended  data,  and  where  the  integrals 
f.(Q0,Q,),  gj(Q0,Qi),  and  hj(Q0,Qi)  must  be  evaluated  analytically. 

By  writing  the  integrals  in  equations  (102),  (103)  and  (104)  as 

Qj  00  00 

/=/-/,  the  following  values  of  these  integrals  are  obtained. 

Qo  Q0  Qi 


4 


f^Qo.Qi)  =  f  ' Q0)  -  f j (Qi) 


(105) 
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gj (flo.ni) 

hj (Qq i^i ) 


gj (n0) 


h. (n0) 


(106) 

vn‘> 

(107) 

where  the  functions  f . (Q) ,  g.(Q),  and 
through  (93).  ^  J 


h . (Q)  are  given  by  equations  (85) 


Calculations  of  the  Parameters 
of  the  Roughness  Power  Spectrum 


This  section  gives  the  procedure  for  explicitly  calculating  the  power 
spectrum  coefficients  C,  D  and  E,  and  also  the  cutoff  frequencies  Qq  aQd  fli 
which  occur  in  Type  1  -  Type  5  power  spectra.  The  values  of  the  integrals 

f . (A) ,  g.(A),  h . (A) ,  and  Af.(A,Q0)>  Ag.(A,00),  and  Ah.(A,Q0)  f°r  the  de- 
J  3  1  J  J  1 

trended  case;  f^(fi0),  gj(Q0),  anfl  h^(Q0)  for  the  Type  3  undetrended  case; 

and  fj(Q0,Qj),  gj(Q0.^i)>  and  hjtfto.Qj)  for  the  Type  4  undetrended  case  have 

now  been  evaluated.  These  integrals  are  used  to  calculate  the  coefficients 
C,  D  and  E  (and  Q0  and  where  necessary )  that  describe  the  power  spectrum 
of  the  actual  terrain  elevation  profile. 

The  detrending  proceudre  can  be  applied  whether  or  not  there  is  a  lower 
cutoff  frequency  Q0,  and  therefore  this  procedure  can  be  applied  to  all  of  the 
five  power  spectrum  types  shown  in  Figure  2b.  The  detrending  procedure  must 
be  applied  to  power  spectra  of  Types  1,  2  and  5  because  these  cases  have  pos¬ 
itive  values  of  power  spectrum  in  the  limit  D  -»  0.  For  Types  3  and  4  power 
spectra  either  the  detrended  or  the  undetrended  formalism  can  be  used.  First 
the  calculation  of  C,  D  and  E  for  all  five  types  of  terrain  roughness  will  be 
done  using  the  detrended  scheme,  and  then  C,  D  and  E  will  be  calculated  for 
spectral  types  3  and  4  using  the  undetrended  scheme. 

De*  rended  Scheme 


Type  1  (C  >  0,  D  >  0,  E  >  0),  Figure  2b. 

The  three  simultaneous  equations  (17)  -  (19)  yield 


V  f2(A)  f 3 ( A ) 
V”  g2(M  g3(A) 
V®  h2(A)  h3(A) 

DET(Aj 


fi(M  v.  f3(A) 
gitt)  g3(A) 
h, (A)  Vj  h3 (A) 

DET(A) 


(108) 
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fx(A)  f2 (A)  V 

1 

f i (A)  f2(A)  f3(A) 

gt(A)  g2 (A)  V“ 

DET(A)  = 

gi (A)  g2(A)  g3(A) 

hi (A)  h2(A)  V® 

h i (A)  h2 (A)  h3(A) 

DET(A) 


(109) 


which  give  C,  D  and  E  in  terms  of  the  measured  variances  V,,  V  and  V  of 
detrended  data.  s  c 

Type  2(C<0,  D  <  0,  E>0),  Figure  2b. 

The  solution  of  the  three  simultaneous  equations  (17)  -  (19)  give 
the  power  spectrum  coefficients  as 


C  = 


V  Af2(A,Q0)  Af3(A,Q0) 
V°  Ag2(A,fi0)  Ag3(A,Q0) 
Vc  Ah2(A,00)  Ah3(A,fi0) 

deta(a;qo) 


Af,(A,£l0)  V  Af3(A,Q0) 
Agi(A,fi0)  V“  Ag3(A,Q0) 
Ahi(A,Q0)  Vsc  Ah3(A,Q0) 

DETA(AVQq) 


(110) 


E  = 


Af i (A,Q0)  Af2(A,Q0)  V 
Agi(A,Q0)  &g2(^>Ho)  v 
Ahj (A,fi0)  Ah2 (\,Q0)  V* 

_____  __ 


DETA(A,Q0) 


Af i (A,Q0) 
Ag  j  (A  ,Q(>) 
Aht  (A,Qo) 


Af2 (A ,Q0) 
Ag2(A,n0) 
Ah2(A,Q0) 


Af3(A,fi0) 

Ag3(^>^o) 

Ah3(A,Q0) 


(HI) 


and  the  equation  for  fl0  as 


-D  -  VP2  -  ACE 
2C 


(112) 


These  four  equations  determine  C,  D,  E  and  Q0. 

Type  3  (C  >  0,  D  >  0,  E  <  0),  Figure  2b. 

The  solution  of  the  three  simultaneous  equations  (17)  -  (19)  give  the 
following  expressions  for  the  power  spectrum  coefficients 


A75 


V  f2 (A,fi0)  f3(A,O0) 
v  g2(\,Q0)  83^1^0) 
V®  h2(A,Q0)  h3(A,Q0) 

DET(A.n^) 


fiCX.flo)  V. 

8i(A,00)  V"  g3(A,Q0) 
hj (A,Q0)  V®  h3(A,Q0) 

DETCX.n'o) 


(113) 


f1(A,Q0)  f2(A,fl0)  V 
gi(A,fi0)  g2(^.Oo)  Vd 

hi (A,Q0)  h2 (A,fi0)  Vc 
DET(A,nol 


DET(A,fi0) 


f 1 (A,ft0)  f2 (A,00)  f3(A,fi0) 
gi(A,flo)  82 (X )  83(A,00) 
hj (A,fi0)  h2 (A,Q0)  h3(A,Q0) 


(114) 


and  the  following  equation  for  Q0 


«o 


-D  +  VD2"  -  4CE 
2C 


(115) 


These  four  equations  determine  the  four  unknowns  C,  D,  E  and  ft0 .  The  vari¬ 
ances  V„  V  and  V  refer  to  data  detrended  with  the  constant  A. 
d  s  c 

Type  4  (C  <  0,  D  >  0,  E  <  0),  Figure  2b. 

The  three  simultaneous  equations  (17)  -  (19)  yield 


vd 

f 2  (A  ,Q0  ,$1! ) 

f3(A,n0,5ii) 

f i (A ,Q0 ,fii ) 

vd 

f3(X,flo»^i) 

vd 

g2  (A,fi0  , x  ) 

83 (X,flo >^1 ^ 

8 1 (A .Qq  >^1 ) 

vd 

83 (X ,fio ) 

Vs 

c 

h2 (A ,n0 , n 1 ) 

h3(A,Q0,$li ) 

-  D  = 

hj  (A,ilo  «0i ) 

Vs 

c 

h3 (A ,Q0 ) 

DET(A,Q0,fit)  DET(A,Q0 ) 


(116) 


fi(A,n0,fi,)  f2(X,ilQ,Qi)  V 
g,(A,n0)n,)  g2(A,Q0,n1 )  v 
h^A.flo.ni)  MA.no.n,)  vc 
DET(A,n0,Q7) 


DET(A,n0,ni) 


f  1  (a  ,n0  ) 

81 (A,Oo*^t ) 
h  1  (A  ,Q0 . flj  ) 


f2 (A,n0 ,o, ) 
g2(A,Q0,Qi) 
h2 (A ,n0 ,Qi ) 


f3 (x ,n0 ,0i ) 

g3 (x ,n0 ) 

h3 ( A ,Q0 ,Qi ) 


(117) 


.*  '  (S 


AO-AllO  109  ARMY  RESEARCH  OFFICE  RESEARCH  TRIANGLE  PARK  NC  F/6  12/1 

TRANSACTIONS  OF  THE  TWENTY-SEVENTH  CONFERENCE  OF  ARMY  MATHEMATI— ETC f U) 
JAN  82 

UNCLASSIFIED  ARO-82-1  NL. 


and  the  following  equations  for  the  bandwidth 


Oo 


-D  +  VDZ  -  4CE 
2C 


(118) 


«t 


-D  -  VP2  -  4CE 
2C 


(119) 


These  five  equations  determine  the  five  unknown  power  spectrum  parameters  C, 
D,  E,  Q0  and  . 

Type  5B  (C  >  0,  D  <  0,  E  >  0) ,  Figure  2b. 

The  three  simultaneous  equations  (17)  -  (19)  yield 


V,  ®f2 (A,Q0 >di )  ^f^A^^fij) 

v“  fig^A,^,^)  6g3(X,fi0,fli) 
V®  6h2(X,Q0,fli)  6h3(A,n0,n,) 

DET(X,fi0,Oi) 


fif^A.fio.nj)  V  6f3(A,n0,fii) 

6gl(A,n0,fii)  \  6g3(A,00>fi1) 

6h1(A,fi0,fi1)  V*  6h3(A,fi0,fi1) 
DET(A,Q0,n1) 


(120) 


SfjtA.Qo.Qj)  SfaCA.Qo.O!)  V 

6gl(A,fi0,fli)  6g2(A,fi0,«i)  V° 
6hx (A,fi0 )  6h2(A,n0,n1)  V® 

DET(A,ft0.n7) 


DET(A,Q0,Qi ) 


6f i (A,Q0 ,fij ) 
^8i(^»Ho>Hi) 
6hj (A,Qq  ) 


6f  2  (A,Qq  ) 
6g2 (^>^0 ,fii ) 
6h2 (A,n0 ,Q1 ) 


6f3(A,Qo»^i) 

^83(^*^o>Hi) 

^h3(^*Ho>^i) 


(121) 


The  equations  for  Q0  and  fli  are 


% 


-D  -  VP2  -  4CE 
2C 


(122) 


-D  +  JD2  -  4CE 
2C 


(123) 


These  five  equations  determine  C,  D,  E,  f20  and  . 
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For  the  detrended  scheme  the  values  of  a,,  a  and  a  are  obtained  from 

d’  s  c 

data  measured  at  intervals  of  AL  and  detrended  with  a  factor  X.  As  such  cr^, 
a  and  a  represent  data  that  have  been  conditioned  in  order  that  the  theoreti¬ 
cal  determination  of  C,  D  and  E  can  be  accomplished  by  equations  (17)  -  (19). 
The  expressions  for  <$>  2  and  sin  (afl)/aO  that  occur  in  the  right  hand  sides  of 
equations  (17)  -  (19)  account  for  the  detrending  factor  X  and  the  measurement 
interval  AL,  so  that  in  principle  the  coefficients  C,  D  and  E  are  independent 
of  the  intervals  of  data  measurement  or  the  detrending  technique,  and  reflect 
the  actual  roughness  condition  of  the  terrain.  It  is  clear  then  that,  as 
written  in  equation  (14)  through  (16),  describes  actual  surface  roughness, 
while  and  still  contain  a  factor  containing  the  arbitrarily  selected 

value  of  AL.  But  AL  can  be  set  to  zero  at  this  point  of  the  calculation  to 

obtain  the  values  of  P  and  P  for  the  actual  terrain. 

s  c 

This  concludes  the  calculation  procedure  of  the  power  spectrum  coeffi¬ 
cients  C,  D  and  E  from  detrended  elevation  profile  data. 

Undetrended  Scheme 

Only  Type  3  and  Type  4  power  spectra  can  be  handled  using  undetrended 

data . 


Type  3  (C  >  0,  D  >  0,  E  <  0) ,  Figure  2b. 

For  a  Type  1  power  spectrum  the  undetrended  elevation  profile  can  be 
used,  and  the  power  spectrum  coefficients  are  determined  by 


V.  f2(fl0)  fa^o) 
v  82 (°o)  83(^0) 
V*  h2(Q0)  h3(00) 

DET(Q0) 


fi(fio)  V  f3(fi0) 
81 (fio)  V®  g3(fi0) 
h,(fi0)  V*  h3(Q0) 

DETCQ^) 


ft  (fio)  f2(^  V 
81 (fio)  82 («o)  V® 
hx(fto)  h2(«0)  V® 

“  DET T%) 


DET(fio)  = 


ft (fio)  f 2 (fio)  f3(fio) 

81 (fio)  82(fio)  83(fio) 

hi (fio)  h2(fio)  h3(Oo) 


(124) 


(125) 


and  the  following  equation  for  fi0 


fio 


-D  +  VD2  -  4CE 
2C 


(126) 


These  four  equations  determine  the  four  unknowns  C,  D,  E  and  Qq  that  describe 
a  Type  3  power  spectrum.  The  variances  V^,  Vg  and  refer  to  undetrended 
elevation  profile  data. 


■»% 
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For  detrended  elevation  profile  data  all  five  spectral  types  will  have  a  domi¬ 
nant  frequency.  An  approximate  expression  that  gives  the  dominant  wavelength 

of  detrended  elevation  data  in  terms  of  a.  and  a  is 

d  s 


1_ 

% 


a. 

=  271 

a 

s 


(132) 


This  expression  is  affected  by  the  detrending  process. 


Numerical  Analysis  of  Terrain 
Elevation  Data 


A  numerical  study  was  done  to  determine  the  types  of  terrain  roughness 
power  spectra  that  are  associated  with  actual  terrain  areas,  and  to  determine 
their  basic  frequency  content.  Computer  program  RRFN  (Reference  1)  was  devel¬ 
oped  to  calculate  values  of  ,  Og  and  from  a  measured  elevation  profile. 

The  computer  program  RRFN  performs  the  following  specific  functions: 

a.  It  detrends  the  measured  elevation  profile  for  some  choice  of 
value  of  the  detrending  parameter. 

b.  It  calculates  the  standard  deviations  of  displacement,  slope 
and  curvature  for  the  detrended  and  undetrended  elevation 
profile. 

Computer  prgram  TERR  (Reference  1)  was  developed  to  calculate  the  rough¬ 
ness  power  spectra  from  the  values  of  a^,  and  that  are  supplied  by  com¬ 
puter  program  RRFN.  The  computer  program  TERR  contains  all  the  integrals  and 
mathematical  functions  that  appear  in  Part  II.  Computer  program  TERR  performs 
the  following  specific  functions: 

a.  It  calculates  the  power  spectrum  parameters  C,  D  and  E  and  cutoff 
frequencies  Q0  and  Oj  from  detrended  values  of  o^,  Og  and  o  for 
spectral  Types  1  through  5,  and  from  undetrended  values  of  8^, 

Os  and  for  spectral  Types  3  and  4. 

b.  It  calculates  the  frequency  dependence  of  all  five  types  of 
terrain  roughness  power  spectra. 

The  elevation  profiles  of  100  terrain  sites  were  examined,  and  values  of 

Oj,  and  Oc  were  calculated  using  computer  program  RRFN  with  a  detrending 

constint  A  =  10  ft.  These  values  of  a.,  a  and  a  were  used  as  input  for  com- 

d’  s  c 

puter  program  TERR  to  calculate  the  values  of  the  power  spectrum  coefficients 
C,  D  and  E  and  the  associated  cutoff  frequencies  Qq  and  Qj  that  describe  the 
spectral  characteristics  of  the  actual  terrain.  The  results  appear  in  Table  2. 
The  values  of  C,  D  and  E  that  appear  in  this  table  were  calculated  using  the 
detrended  data  formalism. 
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The  results  in  Table  2  show  that  the  signs  of  the  coefficients  C,  D  and  E 
can  be  positive  or  negative  and  the  terrain  sites  can  be  separated  into  the 
five  spectral  classes  described  earlier  and  shown  in  Figure  2b.  The  frequency 
of  occurrence  is  shown  in  Figure  2d  which  indicates  that  spectral  Types  3,  4 
and  5  are  the  most  common  spectral  types. 

Figures  in  Reference  1  show  typical  elevation  profiles  that  correspond  to 
the  five  types  of  roughness  power  spectra.  These  figures  tend  to  support  the 
conclusions  that  can  be  drawn  from  Figure  2b,  namely:  that  Types  1  and  2  tend 
to  contain  mainly  long  wavelengths  (20-60  ft)  of  relatively  large  amplitude, 
Types  3  and  4  tend  to  have  a  roughly  sinusoidal  pattern  of  medium  sized  ampli¬ 
tudes  with  medium  sized  wavelengths  (5-10  ft),  while  Type  5  contains  a  high 
frequency  component  (wavelength  less  than  5  ft)  of  relatively  small  amplitude. 

The  frequency  of  occurrence  of  spectral  types  shown  in  Figure  2d  probably 
depends  on  the  type  of  terrain  selected  for  this  study  in  the  sense  that  all  of 
the  areas  selected  were  test  sites  used  for  the  operation  of  vehicles.  Other 
types  of  terrain,  such  as  may  be  encountered  in  macroroughness  studies  like 
the  elevations  measured  across  a  valley,  may  produce  a  somewhat  different 
occurrence  frequency  diagram.  The  lengths  of  the  elevation  profiles  used  for 
this  study  were  generally  300  ft.  The  selection  of  different  profile  lengths 
may  also  change  the  frequency  occurrence  diagram. 

It  was  shown  that  spectral  Types  3  and  4  exhibit  a  lower  cutoff  frequency 
flo  and  it  is  therefore  possible  to  calculate  the  values  of  the  power  spectrum 
coefficients  C,  D  and  E  using  undetrended  elevation  profile  data.  Table  3 
gives  values  of  C,  D  and  E  calculated  for  Type  3  power  spectra  by  both  the 
detrended  and  the  undetrended  formalisms.  The  values  of  C,  D  and  E  pre¬ 
dicted  by  both  methods  are  essentially  equal,  as  they  should  be  since  they 
refer  to  the  natural  terrain  roughness  and  their  values  should  be  independent 
of  the  method  of  calculation. 

The  relationship  of  the  values  of  0g  and  with  the  values  of  0^  appears 

to  be  different  for  each  of  the  five  classes  of  terrain  roughness.  The  rela¬ 
tionship  is  shown  in  Figures  3a  and  3b  where  it  is  seen  that  there  is  some 
tendency  for  the  data  to  fall  into  distinct  groups.  Type  5  has  the  highest 
values  of  Og/od  and  due  to  the  high  frequency  component  associated  with 

this  spectral  type.  Types  1  and  2  have  the  lowest  values  of  these  ratios  be¬ 
cause  they  contain  dominant  low  frequency  components. 

Figures  3c  through  3e  give  the  dependence  of  the  values  of  0^,  0g  and 
on  the  choice  of  detrending  parameter  A.  The  values  of  0^  decrease  rapidly 
with  A  1 ,  while  the  values  of  0g  and  decrease  more  slowly.  The  relatively 

slow  variation  of  0  and  0  with  A  1  indicates  that  these  two  quantities  are 

associated  with  theShigher  frequency  components  of  the  terrain  profile,  while 

o,  is  associated  with  the  lower  frequencies, 
d 

The  values  of  the  spectral  coefficients  C,  D  and  E  immediately  give  the 
roughness  power  spectra  for  the  terrain  displacement,  slope  and  curvature  as 
given  by  equations  (14)  -  (16).  The  basic  forms  of  P^(Q),  Pg(n)  and  Pc(ft) 
are  shown  in  Figures  4a  through  6e  for  spectral  Types  1  through  5. 


PART  III:  GEOMETRY  AND  KINEMATICS  OF  THE  VEHICLE  - 
GROUND  CONTACT 


Introductory  Remarks 


In  the  previous  parts  of  this  paper,  terrain  roughness  was  described  in  a 
manner  independent  of  the  geometrical  characteristics  of  an  operating  vehicle. 
But  the  degree  of  roughness  of  a  terrain  area,  as  measured  by  the  dynamic  re¬ 
sponse  of  an  operating  vehicle,  will  depend  on  the  geometry  of  the  vehicle- 
ground  contact  areas.  Therefore  the  terrain  roughness  description  introduced 
earlier  in  this  paper  must  be  generalized  to  include  the  effects  of  the  geom¬ 
etry  of  the  ground  contact  area. 

Two  kinds  of  quantities  can  be  distinguished  in  vehicle  dynamics  problems 
input  and  output  variables.  By  input  variables  are  meant  all  quantities  mea¬ 
sured  or  defined  at  the  soil-vehicle  contact  points.  Output  quantities  are 
all  quantities  measured  or  defined  at  points  on  the  vehicle.  A  theoretical 
prediction  of  the  output  dynamical  response  of  a  vehicle  requires  an  under¬ 
standing  of  interaction  of  the  geometry  of  the  vehicle  with  the  geometry  of 
the  ground  surface  because  this  interaction  will  produce  a  terrain  roughness 
power  spectrum  that  includes  the  effects  of  the  terrain-vehicle  contact  geom¬ 
etry.  This  terrain-vehicle  power  spectrum  serves  as  the  input  for  calcula¬ 
tions  of  the  dynamical  response  of  a  vehicle.  This  part  of  the  paper  calcu¬ 
lates  the  input  power  spectra  for  realistic  vehicle-ground  contact  geometries. 


Input  Power  Spectra  for  Single 
Point  Contact  with  the  Ground 


This  section  derives  the  power  spectra  associated  with  the  vertical  veloc 
ity  and  acceleration  of  a  point  which  is  constrained  to  move  along  a  specified 
elevation  profile  with  a  constant  horizontal  speed.  This  is  done  by  first 
calculating  the  standard  deviations  of  the  vertical  velocity  and  acceleration 
of  the  point  in  terms  of  the  standard  deviations  of  the  slope  and  curvature. 

The  standard  deviations  of  the  vertical  velocity  and  vertical  accelera¬ 
tion  of  a  point  that  follows  the  contours  of  the  surface  displacement  profile 
are  calculated  as  follows 
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where  o 

v 

a 

a 

v 

a 

u 


standard 

contact 

standard 

contact 

vertical 

vertical 


deviation  of  vertical  velocity  of  wheel-soil  point  of 

deviation  of  vertical  acceleration  of  wheel-soil  point  of 

velocity  of  wheel-soil  point  of  contact 
acceleration  of  wheel-soil  point  of  contact 


horizontal  velocity  of  vehicle  = 

1  At 


Equations  (133)  and  (134)  are  valid  foe  both  de trended  and  undetrended 
data.  However,  they  are  valid  only  for  small  values  of  slope,  i.e.  for  the 
case  when  the  curvature  is  essentially  equal  to  the  second  derivative. 

Therefore  the  RMS  values  of  the  slope  and  curvature  immediately  determine 
the  RMS  values  of  vertical  velocity  and  vertical  acceleration  experienced  by  a 
point  travelling  over  an  elevation  profile  at  a  constant  horizontal  speed. 

This  is  done  by 


Ov  =  uOs  (135) 

aa  =  u2oc  (136) 

If  the  point  travelling  along  the  surface  elevation  has  an  associated  mass, 
the  standard  deviation  of  the  power  delivered  to  this  mass  is  approximately 
given  by 


ct  =  mo  o  =  mu 3a  a  (137) 

p  a  v  s  c 

where  =  standard  deviation  of  power 
m  =  mass  of  point 

Although  the  values  of  o  and  o  are  of  some  interest,  they  cannot  be 
used  directly  to  calculate  the  corresponding  RMS  values  of  output  velocity  and 
acceleration.  The  calculation  of  these  output  quantities  requires  the  input 
power  spectra. 

The  power  spectral  density  functions  for  input  displacement,  slope,  cur¬ 
vature,  vertical  velocity,  and  vertical  acceleration  for  a  point  contact  will 
not  be  calculated.  The  PSD  functions  are  expressed  in  terms  of  the  spatial 
frequency  Q  or  the  time  frequency  f  that  are  related  as  follows 

0  =  -  (138) 

u 
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where  f  -  time  frequency.  The  PSD  functions  are  defined  as  follows 


CTd  =  /  Pd(n)<t'  2(ifi  =  /  Pd(f)<t>  2<lf 


(139) 


°l  =  f  Ps(A)0  dQ  =  f  P^(f)<t.  2df 


(140) 


°l  =  /  Pc(fi)0  2do  =  f  p;(f)(t>  2df 


(141) 


°v  =  /  PV(Q)*  dQ  =  /  p;(f)0  2df 


(142) 


“  2  00  2 

al  =  f  Pa(«)<f  dn  =  /  p^(f )0  df 


(143) 


where  P  -  power  spectrum  of  input  velocity  and  P  =  power  spectrum  of  input 

V  3 

acceleration.  Equations  (138)  through  (143)  can  be  used  to  determine  the 
power  spectra  in  terms  of  the  time  frequency. 

From  (133),  (134)  and  (138)  through  (143)  it  follows  that 


py(n)  =  u2  ps  (n) 


(144) 


Using  (138)  it  is  clear  that 


P .(G)  =  u4  P  (fi) 

3  C 

(145) 

P^(f)  =  u'1  Pd(Q) 

(146) 

p’(f)  =  u*1  pg(n) 

(147) 

p;(f)  =  u-1  Pc(0) 

(148) 
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(149) 


p;(f)  =  u'1  py(fl)  =  uPs(fi)  =  u2  p;(f) 

P'(f)  =  u-1  P  (0)  =  u3P  (0)  =  u4  P’(f)  (150) 

3  3  C  C 

A  summary  of  the  one  point  power  spectra  is  given  as  follows.  Let 


4»(0)  =  Cfi*2  +  Dfi*3  +  EQ-4 

(151) 

*©  *  <?)2  *  D(f)3  *  E(!)4 

(152) 

then 

Pd(Q)  =  «Kn) 

(153) 

P'(f)  =  u-1  =  u-1  Pd(fi) 

(154) 

Ps(fl)  =  (2nQ)2  Pd(0) 

(155) 

p;<«  =  (¥)!  pd(f> 

(156) 

P  (0)  =  (2 nft)4  P.(Q) 
c  d 

(157) 

p.(f)  =  (2M)4  p.(f) 

(158) 

P  (Q)  =  (2miQ)2  P.(Q) 
v  a 

(159) 

P;(f)  =  (2nf )2  P^(f) 

(160) 

P  (fl)  =  (2uuQ)4  P.(B) 

a  d 

(161) 

P'(f)  =  (2nf )4  P’(f) 
a  a 

(162) 

Table  1  gives  the  units  of  the  various  power  spectra. 
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Input  Power  Spectra  for  a  Two 
Point  Contact  with  the  Ground 


The  power  spectra  for  the  case  of  two  contact  points  with  the  ground  can 
be  obtained  by  using  the  spectral  window  functions  given  in  equations  (15)  and 
(16).  The  various  kinematic  and  terrain  roughness  power  spectral  are  then  given 
by2*  4 


Pd(fi)  =  <K0) 

(163) 

P^(f)  =  =  u'1  P 

(164) 

Ps(0) 

2  Vn) 

(165) 

P;(f)  = 

^2nfj2  J’sin  (af/u)J 

2  p;<» 

(166) 

Pc(Q) 

=  (2nd)4  [sin 

4  pd<°> 

(167) 

p;(f>  = 

/2nf\4  [sin  (af/u)"l 

4  p;<f) 

(168) 

V  u  /  L  af/u  J 

pv(h) 

=  (2nufl)2  [sin 

r  pdw) 

(169) 

p;(f)  = 

:  (27tf)2  r«in  ^f/U) 
L  af/u 

r  ■d(,) 

(170) 

pa(Q) 

=  (2nufl)4  [sin  £an) 

r  pd(n> 

(171) 

p;(f)  = 

(2nf),  [siSjgHsf 

r  pi(f> 

(172) 

where  a  =  nL  and  L  =  distance  between  the  two  contact  points.  The  one  point 
power  spectra  given  in  equations  (153)  through  (162)  are  regained  by  taking 
a  =  0  in  equations  (163)  through  (172),  i.e.,  the  spectral  window  functions 
have  a  unit  value  for  the  case  of  one  point  of  contact. 
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Spectral  Window  Functions  for  Vehicles 


The  calculations  of  the  input  power  spectra  for  vehicles  requires  a  knowl¬ 
edge  of  the  spectral  window  functions  for  vehicles.  The  slope  and  curvature 
spectral  window  functions  were  introduced  in  the  roughness  power  spectrum  cal¬ 
culations  to  account  for  the  finite  interval  of  measurement  of  the  ^’evation 
profile.  The  same  situation  arises  for  a  vehicle  operating  on  a  terrain  site. 
When  the  absorbed  power  or  vertical  acceleration  is  measured  at  the  driver's 
seat,  the  surface  roughness  is  indirectly  being  measured.  But  now  the  sam¬ 
pling  of  the  elevation  profile  is  being  done  by  the  wheels  of  a  truck  or  the 
track  of  a  tank,  and  two  physical  situations  must  be  considered.  First,  the 
sampling  is  done  with  finite  contact  lengths  and  second,  there  may  be  several 
unequal  intervals  of  measurement  as  in  the  case  of  varius  distances  between 
the  wheels  on  one  side  of  a  truck  running  over  an  elevation  profile.  Both  of 
these  physical  situations  must  be  described  to  calculate  the  spectral  window 
functions  for  vehicles. 


The  spectral  window  functions  can  be  obtained  by  averaging  over  all  pos¬ 
sible  two-point  intervals  along  the  areas  of  contact  with  the  ground.  The 
two-point  contact  spectral  window  functions  for  the  slope  and  curvature  are 
given  by  equations  (15)  and  (16).  Single  and  multiple  contact  areas  must  be 
considered  for  the  averaging  process  using  equations  (15)  and  (16). 


Single  Contact  Area 

For  the  case  of  a  single  contact  area,  such  as  produced  by  one  wheel  or 


by  a  tank  track,  the  spectral  window  functions  are  calculated  by  integrating 
equations  (15)  and  (16)  over  all  two-point  contact  positions  as  shown  in 


Figure  7a  with  the  result  that 


n4  [nfl(x  -  y) 1 
[nfl(x  -  y) ]* 


dx  dy 


(174) 


where 

asw^  =  slope  spectral  window  function  for  single  contact  area 
asw  ^  =  curvature  spectral  window  function  for  single  contact  area 
T^  =  length  of  contact  area  in  the  direction  of  vehicle  motion 
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These  spectral  window 
following  values  for  small 


functions  are  evaluated 
values  of  OT^ 


in  Reference 


1  and  have  the 


asw<2>(TL)  =  1  +  a2(fiTL)2  +  a4(OTL)4  +  a6(«TL)6  +  ...  (175) 

asw<4>  (TL)  =  1  +  M^)2  +  M^)4  +  p6(QTL)6  +  ...  (176) 


where 


7T2 

0,2  =  '  18 

(177) 

*  27x4 

0,4  675 

(178) 

n6 

0,6  ~  8820 

(179) 

».  =  -  r 

(180) 

+  75 

(181) 

R  -  17nS 

P6  "  13230 

(182) 

These  expressions  are  valid  for  0  <  1/T^,  and  are  therefore 
approximations . 

low  frequency 

For  large  values  of  QTj  (high  frequency)  these  spectral 
have  the  following  asymptotic  values 

window  functions 

a  sw  (^1  'v  — - — 
asw 

(183) 

a  s  w  (4 1  'v  — — — 
asW  3QTl 

(184) 
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The  spectral  window  functions  for  the  case  of  a  single  contact  area  are  shown 
in  Figure  7b. 


Multiple  Contact  Areas 

The  calculation  of  the  spectral  window  functions  for  a  multiple  contact 
area  geometry,  such  as  is  produced  by  the  wheels  of  a  truck,  is  accomplished 
by  integrating  equations  (15)  and  (16)  over  all  two-point  contact  positions 
as  shown  in  Figure  7c,  with  the  result  that 
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where 

ASW(2)  =  slope  spectral  window  function  for  a  truck 
ASW(4)  =  curvature  spectral  window  function  for  a  truck 
N  =  number  of  wheels  on  one  side  of  a  truck 
=  position  of  wheel  i 
L.  =  position  of  wheel  j 
,r)j  =  integration  variables 

In  equations  (185)  and  (186)  it  is  assumed  that  all  wheels  of  the  truck  are 
the  same  size.  The  truck  spectral  window  functions  are  normalized  by  the  fac¬ 
tor  (N  +  N!/2)T2  to  give  a  unit  value  if  the  truck  dimensions  were  shrunk  to 
zero  size  to  produce  the  case  of  a  one  point  contact. 


The  truck  spectral  window  functions  defined  by  equations  (185)  and  (186) 
are  evaluated  in  Reference  1  for  the  three  types  of  wheel  geometries  shown  in 
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Figure  7d.  For  this  evaluation  it  is  assumed  that  the  wheel-ground  contact 
5  equal  to  the  tire  ra 

a.  Four  wheel  truck 


length  is  equal  to  the  tire  radius,  T.  =  TD  where  T_  =  tire  radius. 
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b.  Six  wheel  truck 
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c.  Eight  wheel  truck 
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where  L..  =  distance  between  wheels  i  and  j.  Figure  7e  shows  typical  averaged 
slope  and  curvature  spectral  window  functions  for  a  four  wheel  truck. 


Equations  (187)  through  (192)  show  that  the  truck  spectral  window  func¬ 
tions  introduce  the  relevant  geometrical  characteristics  of  the  wheel-ground 
contact,  including  wheel  spacing  and  tire  radius.  Equations  (175)  through 
(184)  show  that  the  relevant  geometrical  quantity  for  track-laying  vehicles  is 
the  track  length  in  contact  with  the  ground.  All  these  equations  can  be  easily 
generalized  to  the  case  of  half-track  vehicles. 


Contact  Length  Filter 


A  vehicle  will  not  respond  to  the  high  frequency  components  of  a  terrain 

elevation  profile  because  the  finite  contact  length  of  a  tire  or  a  track  with 

the  ground  tends  to  filter  out  these  frequencies.  For  instance  a  track  of 

length  T.  will  filter  out  all  wavelengths  shorter  than  Tt/2,  while  on  a  smaller 
L  la 

scale  a  tire  of  radius  TR  will  filter  out  wavelengths  shorter  than  T^/2.  The 

situation  is  shown  in  Figure  8a. 

A  low  pass  filtering  action  due  to  the  finite  contact  length  with  the 
ground  is  physically  plausible  and  necessary,  but  a  rigorous  theoretical  deri¬ 
vation  of  the  form  of  this  filter  has  not  been  developed.  In  this  report  it 
is  assumed  that  the  filter  is  of  the  exponential  type 


-F(fi,TL) 


(193) 


where  several  forms  of  the  filter  function  F(Q,Tj )  can  be  selected. 

Two  forms  of  the  function  F(Q,T| )  were  investigated  in  this  report 


a  a  T. 

F(Q,T,  )  =  a  —  QT.  =  a  --  ~ 
1  °s  L  °s  \i 


F(0,T(  )  =  P(11TL)2 


(194) 
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where  =  Q  1  =  spatial  wavelength.  For  the  form  appearing  in  equation  (194) 
which  is  linear  in  T^,  it  was  found  that  a  spatial  frequency  factor  °c/as 
had  to  be  inserted  to  account  for  the  dominant  frequencies  of  the  terrain. 

Only  in  this  way  was  the  parameter  a  found  to  have  a  constant  value  indepen¬ 
dent  of  terrain  site  and  track  length. 

The  values  of  a  and  p  were  determined  empirically  from  experimental  ab¬ 
sorbed  power  data  for  trucks  and  track  laying  vehicles  (see  Part  V)  and  are 
equal  a  =  118.8  in.  (for  detrended  values  of  O  and  a  ),  or  =  123.2  in.  for 

undetrended  values  of  o  and  a  )  and  B  =  1.4.  The  form  of  the  filter  func- 

s  c 

tion  given  by  equation  (194)  appears  to  describe  the  absorbed  power  data  some¬ 
what  better  than  does  the  form  in  equation  (195),  so  that  all  further  calcula¬ 
tions  in  this  report  were  done  using  the  filter  function  represented  by 
equation  (194).  Figure  8b  shows  a  typical  exponential  filter  expressed  in 
terms  of  OT^. 

The  filter  functions  can  also  be  written  in  terms  of  the  time  frequency 
using  equation  (138)  as 


F(f )  =  a 
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where  t  =  T^/u  =  time  delay  for  transit  of  the  vehicle-ground  contact  length. 

Figure  8c  shows  a  typical  exponential  filter,  given  by  equation  (196),  ex¬ 
pressed  in  terms  of  the  time  frequency. 

INPUT  POWER  SPECTRA  FOR  VEHICLES.  Taking  the  spectral  window  functions 
and  the  low  pass  contact  length  filter  in  account  and  treating  vehicles  as 
rigid  bodies  gives  the  following  expressions  for  the  input  roughness  power 
spectra  and  the  input  kinematic  power  spectra  for  wheeled  vehicles: 
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(202) 


-F  (4) 

P  (Q)  =  (2nun)4e  ASW  P.(Q) 
a  1  d 

where  P..,P.,P.,P.  and  P  .  =  input  vehicle  power  spectra  for  displace- 

dl  SI  Cl  VI  ai  r  r  r 

ment,  slope,  curvature,  vertical  velocity  and  vertical  acceleration  respec¬ 
tively.  These  equations  are  valid  for  track  vehicles  with  ASW  and  ASW  ^ 
replaced  by  asw  and  asw  (4)  respectively. 

Equations  (198)  through  (202)  show  that  the  input  kinematic  power  spectra 
for  vehicles  are  related  to  the  terrain  roughness  power  spectrum  that  has  been 
adjusted  for  vehicle  geometry.  The  input  kinematic  power  spectra  would  de¬ 
scribe  the  motion  of  a  vehicle  if  it  were  totally  rigid.  The  actual  vehicle 
response  is  calculated  as  a  joint  effect  of  these  input  kinematic  power  spec¬ 
tra  and  a  transmission  function  which  accounts  for  the  impedance  of  the  ve¬ 
hicle.  The  following  Part  IV  develops  the  transmission  function. 
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PART  IV:  DYNAMIC  MODELS  FOR  MOVING  VEHICLES 


Introductory  Remarks 


It  is  of  value  to  vehicle  design  engineers  to  be  able  to  predict  the  ver¬ 
tical  dynamic  displacement,  velocity  and  acceleration  at  a  point  on  a  moving 
vehicle  and  ultimately  to  predict  the  power  absorbed  by  the  driver.  To  do 
this,  the  dynamic  response  of  a  vehicle  to  rough  terrain  must  be  known.  The 
dynamic  response  of  a  vehicle  can  be  described  by  a  transmission  function.14'16 

Because  vehicles  undergo  pitching  and  rolling  motions  as  well  as  vertical 
motion  (heave),  the  power  absorbed  by  the  driver  will  depend  critically  on  his 
location  relative  to  the  center  of  mass  of  the  vehicle.  It  is  important  to  be 
able  to  separate  and  determine  the  contributions  to  the  absorbed  power  due  to 
the  surface  roughness,  the  internal  dynamics  of  the  vehicle,  and  the  location 
of  the  driver.  The  driver  location  variable  appears  in  the  pitching  motion 
transmission  function. 

This  paper  uses  simple  linear  viscoelastic  spring  models  to  describe  the 
dynamic  response  of  a  vehicle.  It  is  known  that  linear  viscoelastic  models  do 
not  adequately  describe  the  dynamic  properties  of  vehicles  because  the  vehi¬ 
cles  contain  nonlinear  springs  and  dashpots,  and  Coulomb  damping  in  addition 
to  viscoelastic  damping.  The  linear  viscoelastic  models  introduced  here  serve 
as  a  simple  expedient  way  to  evaluate  the  roughness  power  spectrum  method. 

The  transmission  functions  developed  will  be  used  in  Part  V  to  calculate 
the  power  absorbed  by  the  driver  using  a  power  spectrum  method.  The  absorbed 
power  calculation  requires  the  output  acceleration  power  spectrum  at  the 
drivers  seat,  and  this  can  be  calculated  using  a  transmission  function. 


Vertical  Motion  Transmission  Functions 


Single  Mass 
Vertical  Motion 

The  output  power  spectrum  of  a  mechanical  or  structural  system  is  related 
to  the  input  power  spectrum  through  the  transmission  function  for  the  system. 
Figure  8d.  The  transmission  function  of  a  dynamical  system  is  generally  a 
complex  number  whose  imaginary  part  is  a  measure  of  the  damping.  For  a  linear 
system  the  output  power  spectrum  is  given  by 


P’(f)  =  |T| 2  P!(f) 
o  '  1 


(203) 


where  P°(f)  =  output  power  spectrum 
T  =  transmission  function 
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|T|  =  magnitude  of  transmission  function 
P!(f)  =  input  power  spectrum 

Mechanical  transmission  functions  generally  come  in  two  forms,  one  relating 
output  displacement  to  input  force,  and  the  other  relating  output  displacement 
to  input  displacement. 

If  the  input  to  a  linear  spring  system  is  a  force  and  the  output  is  a 
displacement  we  have 

Pio  *  | TdF  | 2  PFi  (204) 


where  P^o  =  power  spectrum  of  the  output  displacement 

T^j,  =  transmission  function  relating  input  dynamic 
force  to  the  output  dynamic  displacement 

Pp^  =  power  spectrum  of  the  input  force 
The  transmission  function  for  this  case  is4 
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where  k  =  spring  constant 

f  =  Jk/m/2n  =  natural  frequency 
£  =  Cp/(2Vkm)  =  damping  ratio 
m  =  effective  mass 
Cp  =  damping  constant 
f  =  frequency 

For  application  to  vehicle  dynamics  a  more  useful  transmission  function 
is  that  which  relates  output  displacement  to  input  displacement.  The  output 
power  spectrum  of  displacement  is  then  given  by 
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where  =  transmission  function  relating  the  input  dynamic  displacement 

to  the  output  dynamic  displacement 

=  power  spectrum  of  input  displacement 
The  transmission  function  for  this  case  is  given  by4 
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where  a  =  2£/f^.  It  is  easy  to  show  that  the  velocity-velocity  transmission 

function  and  the  acceleration-acceleration  transmission  function  satisfy  the 
following  conditions 


(212) 


where  T 

vv 

T 

aa 


transmission  function  relating  input  velocity  to  output 
velocity 

transmission  function  relating  input  acceleration  to 
output  acceleration 


Therefore  only  the  displacement-displacement  transmission  function  needs  to 
be  considered  for  vehicle  dynamics  problems. 


An  important  property  of  the  transmission  function  is  its  value  for  zero 
frequency 


Tdd(f  =  0)  =  1 


(213) 


This  corresponds  to  a  simple  translation  of  whole  dynamic  system,  so  that  the 
static  output  displacement  equals  the  static  input  displacement.  Note  also 
that  |Tdd|2  t~2  while  |T^j.|z  ■*  f4  in  the  high  frequency  limit.  The  trans¬ 
mission  function  for  a  vehicle  running  over  rough  terrain  will  depend  on  the 
vehicle  speed  because  of  the  relation  f  =  ufl.  In  particular,  the  value  of 
|  Td(j  | 2  for  the  single  degree  of  freedom  model  is  obtained  from  equation  (210) 

to  be 
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(214) 


_ 1  +  o2u2Q2 _ 

(1  -  u2Q2/f2)  +  a2u2fl2 

Note  that  for  u  =  0  the  transmission  function  has  the  value  of  =  1. 

Double  Mass 
Vertical  Motion 

Vehicles  generally  exhibit  two  resonance  peaks  -  one  associated  with  the 
vertical  motion  of  the  body  (M  Hz)  and  the  other  with  the  vertical  motion  of 
the  wheel  suspension  system  (M5  Hz).  A  displacement-displacement  transmis¬ 
sion  function  for  a  two-mass  system  is  therefore  required  to  accurately  de¬ 
scribe  the  dynamic  response  of  a  vehicle  moving  over  rough  terrain.  The  deri 
vation  of  the  tv-mass  transmission  function  is  given  in  Reference  1,  and  is 
as  follows  ''Figure  9a) 
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where  ui  =  2nf 

CD  =  damping  constant  for  vehicle  body 

D 

Cy  =  damping  constant  for  wheel  suspension  system 
Mg  =  mass  of  vehicle  body  =  Wfi/g 
My  =  mass  of  wheels  =  Wy/g 
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kD  =  spring  constant  of  vehicle  body 

D 

k^  =  spring  constant  of  wheel  suspension  system 

It  appears  that  track  laying  vehicles  can  be  adequately  described  by  a 
single  mass  transmission  function,  while  wheeled  vehicles  generally  require  a 
double  mass  transmission  function  to  describe  their  vertical  motion.  Typical 
vertical  motion  transmission  functions  for  tanks  and  trucks  are  shown  in 
Figure  9b.  The  dynamical  parameters  for  several  track  laying  vehicles  are 
given  in  Table  4,  and  for  several  trucks  in  Tables  5  and  6. 


Combined  Pitching  and  Vertical  Motion 
Transmission  Function 


Because  a  vehicle  operating  on  rough  terrain  has  a  pitching  motion,  the 
values  of  the  power  absorbed  by  the  driver  are  expected  to  depend  on  the  geo¬ 
metrical  location  of  the  driver  relative  to  the  center  mass.  The  pitching 
motion  of  a  vehicle  can  be  described  by  a  transmission  function.  This  section 
calculates  the  displacement-displacement  transmission  function  for  a  combined 
pitching  and  vertical  mode  of  motion.  The  model  used  for  this  calculation  is 
shown  in  Figure  9c,  and  consists  of  a  rigid  rod  representing  the  vehicle  body 
that  is  supported  by  two  damped  springs  at  each  end. 

The  equations  of  motion  for  this  model  are  the  following  coupled  linear 
differential  equations14 


mx  +  kjX(  +  t^xj  +  k2x2  +  C2x2  =  k  j  r)  l  +  C  j  rj  i  +  k2n2  +  C2r|2  (221) 

J0  -  Li  [kjX]  +  CjXjl  +  L2  [  k2x2  +  C2x2]  =  -l-ilkjOi 

+  CiHi  I  +  L2 [ k2r|2  +  C2r)2 1  (222) 


where 


m  =  mass  of  vehicle 

x  =  vertical  acceleration  of  center  of  mass 
kt  =  equivalent  spring  constant  of  front  support  of  vehicle 
Xi  =  vertical  displacement  of  front  support  of  vehicle 
Ci  =  equivalent  damping  of  front  support  of  vehicle 
Xj  =  vertical  velocity  of  front  support  of  vehicle 
k2  =  equivalent  spring  constant  of  rear  support  of  vehicle 
x2  =  vertical  displacement  of  vehicle  body  directly  above  rear  wheels 
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C2  =  equivalent  damping  constant  of  rear  wheels  and  suspension 
x2  =  vertical  velocity  of  truck  body  directly  above  rear  wheels 
r)t  =  elevation  of  ground  surface  at  front  wheels 
r| j  =  rate  of  change  of  r)j  due  to  passing  vehicle 
r) 2  =  elevation  of  ground  surface  at  rear  wheels 
n2  =  time  rate  of  change  of  (]2  due  to  moving  vehicle 
J  =  moment  of  inertia  about  pitch  axis  through  center  of  mass 
Li  =  distance  from  front  of  vehicle  to  center  of  mass 
L2  =  distance  from  rear  of  vehicle  to  center  of  mass 

The  solution  of  the  coupled  differential  equations  is  given  in  Refer¬ 
ence  1,  and  is  given  in  the  form  of  a  transmission  function.  The  displacement- 
displacement  transmission  function  is  given  for  a  point  in  front  of  the  center 
of  mass  and  for  a  point  behind  the  center  of  mass  as  follows 


«)  *  (a) 

(223) 

2  2 

U?)  *  (c!) 

(224) 

where 

Tp  =  displacement-displacement  transmission  function  for  a  point 
a  distance  z  in  front  ot  the  center  of  mass 

Tg  =  displacement-displacement  transmission  function  for  a  point 
a  distance  z  behind  the  vehicle  center  of  mass 

z  =  distance  from  center  of  mass  at  which  the  motion  is  to  be 
calculated 

and  where 


=  R  -  zS  (225) 

il  =  T  -  zU  (226) 

=  R  +  zS  (227) 

il  =  T  +  zU  (228) 


4<)9 


(229) 
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R  =  (ZjW,  +  Z2W2)/(wi  +  W2) 

S  =  (X,U,  +  X2u2)/(ui  +  U2)  (230) 

T  =  (Z2Wj  -  ZtW2)/(wi  +  W2)  (231) 

U  =  (X2U,  -  U2Xi)/(lJi  +  U2)  (232) 

Zi  =  «A(d  -  Jut2)  -  ujaBg  -  bpA  +  u)hpfi  (233) 

Z2  =  ag(d  -  Jut2)  +  u«Ag  -  bPB  -  u)hPA  (234) 

Wj  =  (k  -  mut2)(d  -  Jut2)  -  uu2Cg  -  b2  +  ut2h2  (235) 

W2  =  utC(d  -  Jut2)  +  u>g(k  -  mtu2)  -  2utbh  (236) 

=  PAW,  -  PgW2  -  bZ,  +  uthZ2  (237) 

X2  =  PBW,  +  PaW2  -  bZ2  -  uthZj  (238) 

U,  =  W,(d  -  Jut2)  -  utgW2  (239) 

U2  =  utgWj  +  W2(d  -  Jut2)  (240) 

aA  =  kj  +  k2  cos  (u>L/u)  +  utC2  sin  (utL/u)  (241) 

Cfg  =  utCj  -  k2  sin  (u>L/u)  +  utC2  cos  (utL/u)  (242) 
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=  L2(k2  cos  (uiL/u)  +  uC2  sin 

(ioL/u)  ]  -  Ljkj 

(243) 

(3  =  L2[ujC2  cos  (wL/ti)  -  k2  sin 

B 

(u»L/u)]  -  ioCjLj 

(244) 

L  :  Lj  ^  L*2 

(245) 

b  =  k  2^2  ~  k  ^  L  j 

(246) 

d  =  k j Lf  +  k2L| 

(247) 

h  —  l  2^*2  “  C  i  L  i 

(248) 

g  =  ‘lL'i  +  C2l^ 

(249) 

c  =  c,  +  c2 

(250) 
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II 

J* 

(251) 

The  derived  transmission  function  can  be  used  to  calculate  the  motion  of 
a  vehicle  at  any  position  along  the  length  of  the  vehicle  relative  to  the  cen¬ 
ter  of  mass.  In  this  way  a  predict  ion  of  the  dependence  of  the  power  absorbed 
by  a  driver  on  his  location  relative  to  the  center  of  mass  can  be  made.  Fig¬ 
ure  9d  shows  a  typical  transmission  (unction  for  the  combined  vertical  and 
pitching  modes  of  motion. 
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PART  V:  ABSORBED  POWER  AND  VEHICLE  RESPONSE 


Introductory  Remarks 


Quantities  often  measured  for  a  vehicle  moving  over  rough  terrain  are  the 
power  absorbed  by  the  driver  and  the  vertical  acceleration  at  the  drivers  seat. 
The  power  absorbed  by  the  driver  is  the  energy  dissipated  as  heat.  It  repre¬ 
sents  the  energy  lost  due  to  vibration  damping  in  the  human  body.  Absorbed 
power  is  a  physiological  concept  that  has  been  developed  as  a  measure  of 
driver  fatigue  on  prolonged  exposure  to  vehicle  induced  vibrations.7  It  has 
been  found  empirically  that  the  maximum  power  that  a  driver  can  absorb  and 
still  function  reasonably  is  six  watts.  Therefore  it  is  of  importance  to  be 
able  to  estimate  the  vehicle  speed  at  which  six  watts  of  power  is  being  dissi¬ 
pated  by  the  driver.  The  six  watt  speed  clearly  depends  on  internal  vehicle 
characteristics,  the  location  of  the  driver  relative  to  the  center  of  mass  of 
the  vehicle,  and  the  surface  roughness. 

Two  methods  are  used  to  obtain  the  six  watt  speed.  The  first  is  a  formal 
power  spectrum  method  of  calculating  the  power  absorbed  by  the  driver  which 
includes  a  consideration  of  vehicle  dynamics.  The  second  is  a  regression 
analysis  of  the  six  watt  speed  measured  for  vehicles  operating  different  types 
of  terrain.  The  power  spectrum  method  introduces  the  terrain  roughness  and 
vehicle  geometry  through  the  power  spectra  described  in  Parts  II  and  III,  and 
the  vehicle  dynamics  through  the  transmission  functions  introduced  in  Part  IV. 
The  regression  analysis  uses  directly  the  detrended  values  of  CT^,  CTg  and  to 

describe  the  terrain  roughness,  the  track  length  or  tire  radius  to  describe 
the  vehicle  geometry,  and  the  dimensionless  Froude  numbers  to  describe  the 
dynamical  characteristics  of  vehicles. 


Output  Power  Spectr a  and  Vehicle  Response 


It  will  be  shown  subsequently  that  the  calculation  of  the  absorbed  power 
and  total  power  of  the  driver  requires  the  output  acceleration  and  velocity 
power  spectra.  The  power  spectra  of  the  vertical  motion  of  a  point  on  a  ve¬ 
hicle  can  be  obtained  from  equation  (208)  and  equations  (198)  through  (202)  to 
be 


The  vehicle 
pendence  on 


do 


vo 


<«>  = 

(252) 

(Q)  =  (2mifl)2|Tdd|  VFASw(2)Pd(Q) 

(253) 

r 

(Q)  =  (2mh2)4  |Tddj  e  ASW(4>Pd(fi) 

(254) 

directly  in  equations  (253)  and  (254), 

but  the  de- 

the  vehicle  speed  is  also  indirectly  introduced  through  the 


502 


transmission  function,  as  for  instance  in  equation  (214).  The  corresponding 
power  spectra  expressed  in  terms  of  the  time  frequency  are  obtained  using 
equation  (154)  to  be 

Pio(f»  =  tTdd|2-'Fpi(f)  <255) 

P'  (f)  =  (2/tf)2  |T  .  .1  2e"FASW<2>  P'  (f)  (256) 

vo  |  da|  a 

P'  (f)  =  (2nf)4  IT  .  .|2e"1-ASW<4>P' (f)  (257) 

ao  |  dd |  d 

The  standard  deviations  of  the  vertical  displacement,  velocity,  accelera¬ 
tion  and  absorbed  power  at  a  point  on  the  vehicle  can  be  calculated  from  inte¬ 
grals  of  the  output  power  spectra,  given  by  equations  (252)  -  (254),  over  the 
frequency  ranges  of  the  five  basic  types  of  roughness  power  spectra.  Equa¬ 
tions  (252)  -  (254)  show  that  P^q  and  Pvq  diverge  for  f  =  0  (or  Q  =  0) .  This 

is  identically  the  same  problem  that  was  encountered  in  the  roughness  models 
of  Parts  I  and  II  where  it  was  shown  that  P^(Q)  diverge  for  Q  =  0.  Therefore 
the  same  difficulties  that  appear  in  the  roughness  models  of  spectral  types  1, 
2  and  5  appear  in  the  vehicle  response  problem.  Equations  (254)  and  (257) 
show  that  PaQ(Q)  and  P^  (f)  are  not  divergent  for  Q  =  0,  corresponding  to  the 

situation  that  Pc(ft)  is  not  divergent  for  II  =  0  as  described  in  Part  II. 

The  divergent  integrals  resulting  from  the  calculation  of  the  RMS  values 
of  the  output  vertical  displacement  and  velocity  can  be  evaluated  in  inserting 
a  filter  function  similar  to  that  defined  in  equation  (6).  Thus  the  following 
integration  factor  can  be  used 


r 2 


_  (2/Tv1n)4 

[l  +  (2ny1fi)zl 


(258) 


where  y1  =  filter  constant.  This  integration  factor  is  not  necessary  for  the 
calculation  of  absorbed  power  because  this  calculation  involves  only  the  ac¬ 
celeration  power  spectrum. 

The  standard  deviations  of  the  \ehicle  displacement,  velocity  and  acceler 
ation  are  given  by 
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vo 


/ 

/ 


pd<j«i)r2<in  =  /  p^0(f)r2<if 
pvow)r2  dn  =  /  p;o(nr2df 


(259) 

(260) 
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o2  -  /  P  (Q)dQ  =  J  P’  (f)  df 

an  An  <  an 


The  integrals  in  equation  (259)  through  (261)  are  evaluated  only  in  the  re 
gions  for  which  the  power  spectra  are  positive. 

Absorbed  Power  and  Six  Watt  Sneed  Calculated 


by  Power  Spectrum  Method 

The  absorbed  power  is  related  to  the  vertical  acceleration  of  the  driver 
(at  the  drivers  seat)  and  is  defined  in  terms  of  the  vertical  acceleration 
power  spectrum  as  follows6 


A  =  J  H2(f)P*  ( f ) d  f  =  f  A ' ( f , u)df 
P  *b‘  a  ao'  P 


where 


Ap  =  absorbed  power  (watts) 


Ha(f)  =  human  factor  function  |ywatts/ (ft/sec2  jj 


P’  (f)  =  output  vertical  acceleration  power  spectrum  at  the  location  of 
the  drivers  seat 

A'(f,u)  =  absorbed  power  spectral  function 
The  human  factor  function  Ha(f)  is  empirically  determined  and  has  the  form  of 
a  band  pass  filter.6  This  function  appears  in  Figure  9e. 

The  frequency  dependence  of  the  absorbed  power  is  given  by  equa¬ 
tions  (254),  (257)  and  (262)  as 

A  (fi.u)  =  (2mi«)4  I T.,|2e"FH2ASW(4>P.(Q)  (263 

p  I  d(i[  a  d 

A ' ( f , u )  =  (2nf)4|T,,|2e"FH2ASW(4>P'(f)  (264 

p  I  <1d|  a  d 

where  A  (Q,u)  =  uA'(f,u).  Equations  (262)  and  (264)  show  that  five  basic 

quantities  enter  into  the  absorbed  power  calculation,  and  these  depend  on  the 
vehicle  dynamics,  vehicle  geometry,  driver  location  and  terrain  roughness: 

a.  transmission  function 

b.  low  pass  filter  associated  with  the  ground  contact  length 


c.  human  factor  function 


d.  curvature  spectral  window  function  for  vehicle 


e.  power  spectrum  of  terrain  elevation 


The  roughness  power  spectrum  is  given  by  the  three  parameter  model,  and  refers 
to  actual  terrain  described  by  the  parameters  C,  D  and  E  of  Part  II. 

Because  the  functions  T,  ,  and  H  that  appear  in  equations  (263)  and  (264) 

dd  a  _j- 

are  intrinsically  functions  of  the  time  frequency  f,  while  the  functions  e 

and  ASvM4)  are  intrinsically  functions  of  the  spatial  frequency  ft,  it  follows 

from  f  =  uft  that  the  absorbed  power  given  by  equation  (262)  always  depends  on 

the  vehicle  speed.  The  six  watt  vehicle  speed  is  obtained  from  the  absorbed 

power  equation  (262)  by  taking  A^  =  6  watts. 

It  should  be  pointed  out  that  the  absorbed  power  dissipated  by  the  driver 
is  not  the  same  as  the  total  power  associated  with  the  kinetic  and  potential 
energies  of  the  motion  of  the  driver.  The  RMS  value  of  the  total  power  de¬ 
livered  to  the  driver  is  given  by 


a 

po 


P  (Q) P  (Q)dft 
vo  ao 


(265) 


where 


ct  =  RMS  value  of  total  power  ol  driver 
po 

Wp  =  weight  of  driver 

A  comparison  of  the  experimental  values  of  absorbed  power  with  values 
predicted  by  the  numerical  integration  of  equations  (262)  and  (264)  are  shown 
in  Figures  10a  through  11c  for  a  series  of  track  laying  vehicles.  Figure  lid 
gives  a  comparison  between  predicted  and  measured  values  of  the  six  watt  speed 
for  track  laying  vehicles.  A  similar  procedure  for  trucks  appears  in  Fig¬ 
ures  12a  through  12d. 


Linear  Regression  Prediction  of  the  Six  Watt  Speed 

The  six  watt  speed  is  the  vehicle  speed  at  which  the  driver  is  absorb¬ 
ing  six  watts  of  power;  it  is  a  measure  of  ride  quality.  A  high  value  for 
the  six  watt  speed  means  a  smooth  ride,  and  a  low  value  means  a  rough  ride. 

The  value  of  the  six  watt  speed  depends  on  both  terrain  and  vehicle 
characteristics . 

For  the  purpose  of  the  design  and  testing  of  vehicles,  it  is  important  to 
have  a  simple  expression  for  the  six  watt  speed  giving  its  dependence  on  ter¬ 
rain  roughness  parameters  and  on  vehicle  parameters.  In  this  way  the  results 
of  vehicle  tests  conducted  at  different  terrain  areas  with  different  types  of 
vehicles  can  be  compared,  and  an  evaluation  of  design  changes  can  be  made. 

The  vehicle  parameters  describe  the  geometry  and  internal  dynamics,  while  the 
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terrain  parameters  describe  the  displacement,  slope  and  curvature  of  an  eleva¬ 
tion  profile. 

Values  of  the  six  watt  speed  for  several  vehicles  have  been  measured  for 
a  number  of  terrain  sites  where  elevat ion  profiles  have  been  determined.  The 
regression  analysis  given  here  represents  the  six  watt  speed  as  simple  powers 
of  the  terrain  roughness  parameters  and  the  vehicle  parameters.  This  analysis 
is  valid  only  if  the  six  watt  speed  is  a  monotonica 1 ly  increasing  or  decreas¬ 
ing  function  of  the  chosen  parameters.  It  was  found  that  the  vehicle  dynamics 
parameters  k,  m  and  C  could  not  be  successfully  brought  into  the  regression 
analysis,  and  therefore  only  terrain  roughness  and  vehicle  geometry  were 
considered . 

A  regression  analysis  incorporating  k,  m  and  C  could  not  be  accomplished 
because  the  dependence  of  the  six  watt  speed  of  these  parameters  could  not  be 
represented  by  a  simple  power  law.  The  dependence  on  the  vehicle  weight,  for 
example,  was  found  to  be  either  direct  or  inverse  depending  on  the  choice  of 
the  resonance  frequency  or  the  damping  ratio  as  a  basic  vehicle  dynamics 
parameter;  both  choices  gave  essentially  the  same  quality  of  fit  to  the  mea¬ 
sured  six  watt  speeds.  This  suggests  that  the  dependence  of  the  six  watt 
speed  on  the  vehicle  weight  is  more  complicated  than  a  simple  power  law.  In 
fact,  the  six  watt  speed  is  expected  to  initially  increase  with  the  vehicle 
weight  producing  a  smoother  ride,  and  then  decrease  with  additional  weight 
giving  a  rougher  ride  due  to  hitting  the  bump  stops. 

It  is  possible  to  find  a  direct  correlation  between  the  six  watt  speed, 
the  three  terrain  roughness  descriptors  O^ ,  and  for  detrended  data,  and 

the  vehicles  parameters.  Both  wheeled  vehicles  and  track  laying  vehicles  were 
considered  for  this  study. 

Track  Laying  Vehicles 

Seven  mathematical  forms  were  chosen  for  the  regression  analysis  of  the 
six  watt  speed  for  track  Laying  vehicles.  They  are  as  follows: 


.  a 
u6  =  Aad 

(266) 

u6  =  ACT^ 

(267) 

u6  =  AO* 

(268) 

“•  =  Ao“ 

(269) 

(270) 

506 


(271) 


“6 


“6 


A <r“  aP  T?  J? 
a  s  c  L  L 


(272) 


where 

u6  =  six  watt  speed  of  vehicle 

°d’  °s>  °c  =  values  of  displacement,  slope  and  curvature,  respec¬ 
tively,  of  a  detrended  elevation  provile  (A  =  10  ft) 

=  track  length 
J  =  jounce  length 

L 

The  coefficients  in  equations  (2b6)  through  (272)  were  obtained  by  fit¬ 
ting  these  equations  to  measured  six  watt  speeds.  Eight  track  laying  vehicles 
were  used  in  this  analysis,  I.EO  2AV,  M60  A1 ,  ATR,  SMI,  AISV,  HIMAG-5,  MICV  and 
the  M113.  The  six  watt  speed  was  measured  for  these  vehicles  for  a  total  of 
twenty-four  terrain  sites.  The  dimensions  of  the  quantities  shown  in  equa¬ 
tions  (266)  through  (272)  are  chosen  to  be  as  follows:  |u6]  =  mph,  [o^]  =  in, 
[CTs]  =  1,  [ctc]  =  in.’1,  [Tj  =  in.  and  [JJ  =  in.  d 

This  data  combined  with  a  library  regression  computer  program  gave  the 
following  results  for  the  six  watt  speed  and  the  coefficient  of  fit  (cf): 


_  23.55 

u6  -  ct0TSTJ 


cf  =  0.29 


9.62 

u6  -  air:im 


cf  =  0.02 


47.2 

ug  -  'o.zn 


cf  =  0.04 


0.393  T° • 874 
UC,  = - -TT.  8T5 - 


cf  =  0.70 


(266a) 


(267a) 


(268a) 


(269a) 
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u6 


(270a) 


3.33  J°-98 
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Tnnr-  - 

d 


cf  =  0.82 


1.324  T° • 289  J0761 
u6  =  ^T73W7  - 


(271a) 


cf  =  0.84 


0  944  o0-708  T0-412  J0-672 
s  L  L 

u6  -  .  20  JO  . 407 - 

d  c 

cf  =  0.86 


(272a) 


Equations  (266a)  through  (268a)  show  that  the  detrended  displacement 
is  the  relevant  terrain  roughness  parameter  for  track  laying  vehicles,  while 
and  Oc  play  secondary  roles.  Equations  (269a)  through  (27la)  show  that  the 
jounce  length  is  the  primary  vehicle  parameter  for  track  laying  vehicles 
while  the  track  length  plays  a  secondary  role.  The  best  fit  to  the  mea¬ 
sured  six  watt  speed  data  is  given  by  equation  (272a)  with  all  parameters  in¬ 
cluded,  but  the  fit  is  not  much  better  than  given  by  equation  (270a)  with  only 
the  two  parameters  and  J^.  A  comparison  between  the  experimental  six  watt 
speed  and  those  predicted  by  equation  (272a)  is  shown  in  Figure  13a. 

When  the  vehicle  dynamics  parameters  k,  m  and  C  are  eventually  brought 
into  the  expression  for  u6 ,  they  should  be  entered  as  nondimensional  parameters 
in  the  form  of  the  damping  ratio  and  the  Froude  numbers.17 

Wheeled  Vehicles 

Seven  mathematical  forms  were  chosen  for  the  analysis  of  the  six  watt 
speed  for  wheeled  vehicles.  They  are  expressed  in  terms  of  the  tire  radius 
(T^)  and  wheel  base  length  0'Wg)  as  follows: 


u6  =  Ao“  (273) 
u6  =  AoJ  (274) 
u6  =  AqP  (275) 
u6  =  Ao“  l£b  (276) 
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(277) 


u6  =  Aag  Tr 


“«  1  <  4  tr 

-  -  <  "f  4  * 


(278) 


(279) 


The  coefficients  in  equations  (273')  through  (279)  were  obtained  by  fit¬ 
ting  these  equations  to  measured  six  watt  speeds  for  trucks.  Five  trucks  were 
used  in  this  analysis:  PAC-CAR,  TARADCOM-HMTT,  10  ton  (8x8)  -  Cargo  truck  A; 
DRAGON  WAGON,  10  ton  (8x8)  -  Cargo  truck  B;  GERMAN  MAN,  10  ton  (8x8)  -  Cargo 
truck  C;  M656,  5  ton  (8x8);  M520E1  GOER,  8  ton  (4x4);  and  the  Czeckoslovakian 
TATRA  813. 

A  library  regression  routine  (MULFIT)  was  used  to  analyze  the  six  watt 
speed  data  for  these  five  trucks,  and  gave  the  following  results  for  the  six 
watt  speed  and  the  coefficient  of  fit  (cf): 
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d 

cf  =  0.38 
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cf  =  0.31 


0.789 

u6  -  ^0'.995 


(275a) 


cf  =  0.62 


nO . 996  | 1 .4 
S  WB 


cf  =  0.76 


s  R 


cf  =  0.80 


(276a) 


(277a) 


cf  =  0.80 


317.7 


wB 


(278a) 


509 


u6  = 
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Equations  (273a)  through  (275a)  show  that  the  detrended  slope  crg  is  the 

significant  terrain  roughness  parameter  for  wheeled  vehicles,  while  a  and 
play  subordinate  roles.  The  best  fit  to  the  measured  six  watt  speeds  of 
wheeled  vehicles  is  given  by  equation  (279a)  with  all  variables  included,  but 
this  fit  is  not  much  better  than  shown  in  equation  (277a)  with  only  two  param¬ 
eters  CTg  and  T^.  A  comparison  between  the  experimental  values  of  the  six  watt 
speed  and  those  predicted  by  equation  (279a)  is  given  in  Figure  13b.  The 
relatively  poor  agreement  shown  in  Figure  13b  suggests  that  an  alternative  ve¬ 
hicle  parameter,  such  as  the  jounce  length,  is  required  to  obtain  a  better 
correlation  between  measured  and  predicted  six  watt  speeds  for  wheeled 
vehicles . 

Dimensional  Analysis 

Dimensional  analysis  uses  relationships  between  nondimensional  quanti¬ 
ties  which  remain  valid  irrespective  of  the  scale  of  the  physical  system.17 
The  procedure  is  to  calculate  a  set  of  relevant  dimensionless  parameters  for  a 
physical  system.  For  this  study  the  physical  system  is  a  vibrating  vehicle 
moving  over  rough  terrain. 

The  Froude  numbers  for  a  physical  system  are  given  by17 


1099  o0-475  a0-942 

(279a) 

as  lwb  ]r 
0.82 


i  = 


MV2 

FI, 


(280) 


where  £,  =  Froude  number,  M  =  characteristic  mass,  V  =  characteristic  speed, 
F  =  characteristic  forces  operating  in  the  system,  and  L  =  characteristic 
length . 

The  Froude  numbers  associated  with  a  linear  harmonic  oscillator  are 


V2 


fRL 


(281) 


t  -  MV2  MV 
42  ~  CVL  CL 


(282) 


where  f^  =  resonance  frequency  of  vehicle,  K  =  spring  constant  of  vehicle,  and 
C  =  damping  constant  of  vehicle.  Because  the  resonance  frequency  of  a  vehicle 
is  a  directly  measurable  quantity,  equation  (281)  is  used  as  the  appropriate 
Froude  number  and  therefore  the  appropriate  dimensionless  parameter  for  repre¬ 
senting  the  six-watt  speed  for  vehicles  is 
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(283) 


For  wheeled  vehicles  the  characteristic  lengths  would  be  the  tire  radius  and 
wheelbase  length.  The  other  dimensionless  parameter  for  a  vibrating  system  is 
the  damping  ratio 


£n  =  ~  (284) 

A  third  parameter  that  was  examined  is  the  ratio  of  jounce  length  to  ground 
contact  length 


k  =  Jl/TL  <285) 

For  a  vibration  problem  it  is  the  vehicle  mass  M  =  W/g  that  enters  (281) 
through  (284)  not  the  vehicle  weight.  Dimensionless  parameters  such  as  W/ (KL) 
and  W/(CV)  are  inappropriate  for  a  vibration  problem.  The  correct  dimension¬ 
less  parameters  equivalent  to  (283)  are  MV/(CL)  and  CV/(KL).  This  can  be  seen 
from  the  extreme  case  of  zero  gravity  where  g  =  0  and  W  =  0  but  M  =  some  fixed 
value;  in  this  case  vibrations  can  still  occur.  On  the  other  hand  for  a 
statics  problem,  such  as  deformation  ol  a  solid  (vehicle)  under  the  action  of 
gravity,  it  is  the  weight  and  not  the  mass  that  enters  the  appropriate  dimen¬ 
sionless  parameters. 

Terrain  roughness  has  been  described  by  the  three  parameters  O ^ 
and  a  .  Within  this  description  the  terrain  roughness  dimensionless  param¬ 
eters  are 
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A  combination  of  these  parameters  that  was  examined  is 

a 

f  =  -  — 

^R  a  a, 
c  d 


(288) 


A  number  of  dimensionless  relationships  were  developed  with  corresponding 
coefficients  of  fit  from  data  for  eight  track  laying  vehicles,  and  are  as 
follows 


1  =  0.011  28  (289) 
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cf  =  0.74 


Equation  (292)  shows  an  insignificant  dependence  on  the  ratio  of  jounce 
length  to  track  length.  A  comparison  of  measured  values  of  u6/(f^T^)  with 
those  values  is  shown  predicted  by  equation  (291)  is  shown  in  Figure  13c. 
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PART  VI:  CONCLUSIONS 


CONCLUSIONS .  This  paper  generalizes  the  method  of  characterizing  the 
ground  surface  displacement  profile  by  a  one  parameter  power  spectrum  of  the 
form  Cfi'2.  A  three  parameter  model  of  the  power  spectrum  of  the  terrain  dis¬ 
placement  profile  data  is  introduced  in  such  a  manner  that  the  additional 
parameters  will  more  accurately  describe  the  contribution  of  the  long  wave¬ 
lengths  to  the  surface  roughness,  and  will  describe  the  cases  where  periodici¬ 
ties  are  present  in  the  terrain  such  .is  in  the  case  of  plowed  fields. 

The  three  roughness  power  spectrum  parameters  are  used  to  calculate  the 
power  spectra  and  standard  deviation  values  of  the  vertical  displacement,  ve¬ 
locity,  acceleration  and  power  absorbed  by  the  driver  for  a  vehicle  operating 
on  rough  terrain.  A  comparison  of  theoretical  and  experimental  results  was 
made . 

The  theoretical  and  experimental  studies  of  terrain  roughness  and  dynamic 
vehicle  response  yields  the  following  conclusions: 

a.  A  three  parameter  power  spectrum  model  can  be  used  to  classify 
terrain  roughness  into  five  basic  types  which  adequately  de¬ 
scribe  natural  and  manmade  terrain  features  including  periodici¬ 
ties  (Parts  I  and  II). 

b.  The  three  parameters  of  the  roughness  power  spectrum  can  be  de¬ 
termined  from  the  standard  deviations  of  the  displacement,  slope 
and  curvature  of  a  detrended  elevation  profile,  but  in  some 
cases  undetrended  data  can  be  used  (Part  II). 

c.  The  power  absorbed  by  the  driver  of  a  vehicle  depends  on: 

(1)  the  human  factor  function  relating  absorbed  power  to  the 
acceleration  power  spectrum,  (2)  the  vehicle  transmission  func¬ 
tion  that  describes  the  internal  dynamics  of  a  vehicle,  (3)  the 
low  pass  ground  contact  length  filter  that  describes  the  filter¬ 
ing  effect  of  a  track  or  wheel,  (4)  the  vehicle  spectral  window 
functions  that  introduce  the  geometry  of  the  vehicle-ground  con¬ 
tact,  and  (5)  the  three  parameter  roughness  power  spectrum  that 
introduces  surface  roughness  (Parts  III',  IV  and  V). 

d.  The  six  watt  speed  for  track  laying  vehicles  can  be  related  by  a 
regression  analysis  to  the  vehicle  geometry  and  the  three  rough¬ 
ness  descriptors  a^,  Gg  and  for  detrended  data.  The  signifi¬ 
cant  terrain  roughness  parameter  for  track  laying  vehicles  is 

O.,  while  for  wheeled  vehicles  it  is  o  (Part  V). 
d  s 
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Table  1 

Units  of  the  Power  Spectra 


c 

in . 

D 

dimensionless 

E 

in.  ~x 

PdW> 

in .  3 

p'(f) 

in.2  sec 

P  (0) 

in.3  sec*2 

V 

P'  (f) 

in.2  sec"1 

V 

P  (Q) 
a 

in.3  sec*4 

p’  (f) 

a 

in.2  sec*3 

p  (fi) 

s 

in . 

P'(f) 

s 

sec  *! 

P  (0) 
c 

in .  “1 

P'(f) 

in.'2  sec 

c 

316 
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Table  4 

namical  Parameters  of  Track  Vehicles 


Vehicle 

Type 

Weight 

lb 

Spring  Constant 
lb/in. 

Damping  Constant 
lb  sec/in. 

M113A1 

24,200 

6,060 

3110 

MICV 

43,000 

8,400 

720 

AISV 

2,940 

300 

80 

HIMAG-5 

79,910 

10,000 

400 

LEO  2AV 

111,000 

15,750 

8000 

M60  A1 

106,000 

20,000 

8000 

Track  Length 

_ in. 

105 

150 

50.25 

168 

188.3 

171 
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Table  5 

Dynamical  Parameters  for  Trucks 


Wheel  Assembly 


Vehicle  Type 

Weight 

lb 

Body 

Spring 

lb/in. 

Damping 
lb  sec/in. 

Weight 

lb 

Spring 

Constant 

lb/in. 

Damping 
Constant 
lb  sec/in. 

PAC-CAR 
TARADCOM-HMTT 
10  ton  (8x8) 

46,179 

4718 

830 

5131 

75,490 

830 

DRAGON  WAGON 

10  ton  (8x8) 

44,136 

4509 

822 

4904 

72,150 

822 

GERMAN  MAN 

10  ton  (8x8) 

47,610 

4864 

887 

5290 

77,829 

887 

M656 

5  ton  (8x8) 

23,040 

2354 

250 

2560 

37,664 

250 

M520E1-GOER 

8  ton  (4x4) 

41,400 

2500 

1000 

.. 

Table  6 

Geometrical  Properties  of  Trucks 


Tire 

Radius 

l12 

1*13 

1*14 

L23 

L24 

1‘34 

Vehicle  Type 

in. 

in . 

in . 

in. 

in . 

in. 

in. 

PAC-CAR 

TARADCOM-HMTT 

10  ton  (8x8) 

26 

58 

190 

248 

132 

190 

58 

DRAGON  WAGON 

10  ton  (8x8) 

26 

58 

202 

260 

144 

202 

58 

GERMAN  MAN 

10  ton  (8x8) 

23.75 

65.5 

209.5 

275 

144 

209.5 

65.5 

M656 

5  ton  (8x8) 

22 

56.25 

147.75 

204 

91.5 

147.75 

56.25 

M520E1-G0ER 

8  ton  (4x4) 

34.5 

235 

-- 

-- 

-- 

-- 

-- 
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AN  ASYMPTOTIC  THEORY  OF  DEFLAGRATIONS  AND  DETONATIONS 

A.  K.  Kapila 

Department  of  Mathematical  Sciences 
Rensselaer  Polytechnic  Institute 
Troy,  New  York  12181 


ABSTRACT .  Combustion  waves  propagating  through  a  reactive 
gas  are  studied  in  the  plane,  one-dimensional  geometry.  An 
asymptotic  theory  is  developed  which  yields  the  steady  structures 
of  the  waves  in  a  simple,  analytical  form.  The  theory,  based  on 
the  limits  of  small  heat  release  and  large  activation  energy, 
covers  all  possible  deflagrations  and  detonations  except  those 
strong  detonations  that  are  far  removed  from  the  Chapman -Jouguet 
point . 

I.  INTRODUCTION  A  satisfactory  mathematical  treatment  of 
the  def lagration-to-detonation  transition  (DDT)  is  not  yet 
available,  not  even  for  the  planar,  one-dimensional  situation. 

In  order  to  study  the  transient  process,  it  would  be  particular¬ 
ly  convenient  if  the  steady  wave  structures  were  available  in  a 
simple,  analytical  form,  amenable  to  further  analysis.  The 
object  of  this  paper  is  to  construct  such  a  steady  description 
of  the  plane  waves  by  means  of  an  asymptotic  analysis  of  the 
governing  equations. 

The  subject  of  steady,  plane  combustion  waves  is  an  old  one 
[1] .  Previous  work  most  relevant  to  the  present  study  is  that 
of  Bush  and  Fendell,  who  employed  large  activation-energy  asymp¬ 
totics  to  compute  the  structure  of  slow  deflagrations  [2]  and 
Chapman- Jouguet  detonations  [3] .  In  contrast,  we  present  wave 
structures  for  arbitrary  Mach  numbers.  Since  our  aim  is  to 
obtain  analytical  results,  potentially  useful  for  the  DDT  anal¬ 
ysis,  we  employ  the  additional  approximation  of  low  exothermicity 
It  restricts  the  study  to  low-amplitude  or  weakly  nonlinear  waves 
but  produces  explicit  analytical  solutions  for  all  possible  de¬ 
flagrations  and  detonations,  except  strong  detonations  far  from 
the  CJ  point. 

II.  EQUATIONS  OF  MOTION.  In  a  reference  frame  attached  to 
the  wave,  the  equations  of  reactive  gas  dynamics,  for  plane  one¬ 
dimensional  flow,  are 


T"  -  T'  +  — -  (1  +  v)p*  +  (y-l)M^v’^  +  aw  =  0  ,  (lb) 
p  +  v-  T  +  pv  =  0  ,  (lc) 
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i  V  -  V  -  „  -  0  , 

w  =  —  — — -  exp 

M  1  t  v 
o 


E 

1  +  T 


p  +  v+  pv  =  0  . 


(ld) 

(le) 


(If) 


This  dimensionless  system  has  been  obtained  by  choosing,  as  char¬ 
acteristic  quantities,  the  diffusion  length,  the  wave  speed,  and 
the  upstream  (cold-boundary)  values  of  pressure,  temperature_and 
density.  The  dimensional  pressure  p  is  given  by  p  =  pQ(l  +  P)  * 

where  po  is  the  upstream  pressure,  so  that  p  measures  the  dimen¬ 
sionless  deviation  from  upstream  pressure.  Similar  remarks  apply 
to  p,  the  density  deviation,  and  T,  the  temperature  deviation. 

The  gas  velocity  is  given  by  v,  while  Y  is  the  reactant  mass 
fraction.  The  dimensionless  parameters  appearing  in  the  equations 
are  Mq,  the  mach  number  of  the  wave;  Le,  the  Lewis  number;  a,  the 

heat  of  reaction;  D,  the  Damkohler  number  and  E,  the  activation 
energy.  Prime  denotes  differentiation  with  respect  to  the  spatial 
coordinate  £.  Equation  (If)  will  henceforth  be_eliminated  from 
explicit  consideration  since  it_merel£  defines  p.  The  remaining 
equations  are  to  be  solved  for  p,  T,  v  and  Y  under  the  boundary 
conditions 


p  =  T  =  v  =  0,  Y  =  1  at  ^  (2a) 


d<()/df;  =  0  for  4)  =  p ,  T ,  v  and  Y,  at  z,  =  00  .  (2b) 


The  mach  number  M  is  also  to  be  determined.  The  cold-boundary 

difficulty  is  dealt  with  by  invoking  the  notion  of  a  flame  holder, 
which  may  be  assumed  to  supply  the  gas  at  a  prescribed  temperature 
Ti  ( >0 )  at  the  location  r,  =  0 .  However,  we  prefer  to  retain  the 

doubly  infinite  domain  -<*>  <  c,  <  °°,  but  introduce  the  mathematical 
essentials  of  a  flame  holder  by  specifying  that 


who  for  c,  <  0  ,  T (0)  =  Ti  >  0  ,  (3) 

and  that  p,  T,  v,  Y  and  their  first  derivatives  are  continuous  at 

?  =  0. 
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One  might  have  expected  the  cold-boundary  difficulty  to 
have  been  obviated  in  the  face  of  the  limit  E  -*■  °°.  However, 
that  happens  only  when  the  limit  E  -*■  00  serves  to  limit  the 
reaction  to  a  thin  zone.  Such  is  not  the  case  here,  as  we 
shall  see. 

III.  HUGONIOT  RELATIONS.  Evaluation  of  eqns .  l(a-e)  at 
£  =  00  yields  the  Hugoniot  relations  which  specify  the  final 
state  of  the  system  for  a  given  Mq  [1] .  The  final  state  cor¬ 
responds  to  a  deflagration  or  a  detonation.  Provided  that  Mq 
satisfies 


(1  -  M2)  >  2a  (Y  +  1)M2  , 


(4) 


each  corresponds  to  two  final  states,  given  by 
p  1-M2 

_  t'oo  O 

vot  =  ~  j 

yM  (y+l)M 

'  o  o 

* 

Here  the  +  (-)  sign  corresponds  to  strong  (weak)  waves.  In  (4), 
equality  corresponds  to  the  CJ  ( Chapman- Jouguet)  points.  At  these 
points. 


2a(y+l)M 


1- 


(1-M2)2 


2  1  " 

°) 


(5) 


M 


o 


+ 


1  + 


a (y+1) 

1, 

"2 

+ 

a  (y+1) 

2 

2 

(6) 


where  the  upper  (lower)  sign  corresponds  to  the  upper  (lower)  CJ 
point.  For  deflagrations,  (4)  implies  0  <  Mq  £  while  for 

detonations,  1  <  M  <  M  . 

o .  o 


IV.  THE  LIMITS  E  •>  ”,  a  -*■  0 .  We  characterize  the  largeness 
of  activation  energy  by  setting 


E  =  1/e  ,  e  -*■  0, 


(7) 


and  consider  a  distinguished  limit  in  which 


a  =  eg  ,  g  =  0(1) . 


(8) 


The  terms  weak  and  strong  refer  to  the  strength  of  the  wave  rela¬ 
tive  to  its  strength  at  the  corresponding  CJ  point.  Both  weak  and 
strong  waves  can  have  low  amplitudes. 
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For  M  -  1  =  0(1),  (8)  reduces  (5),  for  the  weak  waves,  to 


v  =  - 


implying  that  the  wave  strength,  measured  by,  say  pro  (pressure 
jump  across  the  wave)  is  0(e).  For  strong  waves,  (5)  reduces 
to 


v  =  - 


2 (1-M“ 
__ _ c 

(Y+1)M^ 


i.e.  the  wave  strength  is  0(1).  At  the  CJ  points,  (6)  becomes 


1  ±  [ *2  eg  (y  +  1)1 


whence  (5)  assumes  the  form 


v  =  - 


(»)" 


showing  that  the  CJ  wave  strength  is  0(e)  . 

The  above  reduction  implies  that  the  only  waves  not  access¬ 
ible  to  a  small  amplitude  theory  are  those  strong  deflagrations 
and  strong  detonations  that  are  far  away  from  the  CJ  points. 
However,  strong  deflagrations  are  disallowed  by  structure  consid¬ 
erations  [1].  Therefore,  the  near-CJ  waves  and  all  weak  waves 
are  within  the  realm  of  the  weakly  nonlinear  theory  although 
different  analyses  are  required  to  describe  them  since  the  wave 
strengths  are  0(e)  in  one  case  and  0(/ej  in  the  other. 

For  the  sake  of  brevity,  calculations  are  presented  only  for 
deflagrations  away  from  the  CJ  point,  and  even  then,  most  of  the 
details  are  omitted.  For  additional  details  and  computations  for 
other  waves,  the  reader  is  referred  to  [4], 

V.  DEFLAGRATIONS  AWAY  FROM  THE  CJ  POINT:  1  -  M2  =  0(1) 
_ o _ 

Since  the  weak  waves  have  0(1)  strengths ,  it  is  convenient  to 

introduce  new  variables  as  follows: 


p  =  ep,  v  =  ev,  T  =  eT 
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while  Y  remains  unchanged.  We  also  let 

=  e  T.  .  (14) 

We  shall  find  that  the  wave  structure  consists  of  three  main 
zones:  an  induction  zone  Rj  in  which  T  undergoes  an  o(l)  change, 

an  explosion  zone  Rg  in  which  T  changes  by  an  0(1)  amount,  and  a 

completion  zone  Rc  in  which  T  again  undergoes  an  o(l)  change  to 

approach  its  final,  downstream  value.  We  shall  also  find  that  in 
most  of  the  wave,  the  dominant  balance  is  convective-reactive. 

We  now  discuss  each  zone,  in  turn. 

Induction  Zone  R^ 


This  zone  is  found  to  consist  of  two  parts.  In  the  first,  £  =  0(1). 
Eqn.  (le)  shows  that  the  reaction  term  w  is  exponentially  small, 

2 

since  d/Mq  is  0(1).  Therefore,  we  employ  the  expansions 


T  =  6T^  +  . . . ,  p  =  Sp^  +  . . . ,  v  +  5v^  + 


Y  =  1  +  6Yl  +  ...  (15) 


where 


(16) 


We  also  take  the  ignition  temperature  to  be 


Ti  - 4  Tn 


(17) 


When  the  above  expansions  are  substituted  into  (la-e)  and  the 
boundary  conditions  (2a)  applied,  we  obtain  the  solution 


0,  5  <  0  , 


(1-  e  ‘Sc-0O  ,  c  >  0  , 

0  M 


T,  = 


d7  eC,  i,  <  0  , 


+  +  r  -  IZi 

M  Y 


2JL. 


Y  62(1+6)M2 


r  C  >  o  , 


(18) 


(19) 
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(20) 


and  recognize  that  for  x  =  0(1) ,  the  diffusive  terms  in  the  set 
(la-e)  become  exponentially  small  when  compared  with  the  convective 
terms.  The  dominant  balance  is  convective-reactive  and  the  appro¬ 
priate  expansions  are 
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•  •  •  / 


•  •  •  / 


*  •  •  9 


P  “  £  Px  + 


v  =  t  + 


Y  =  1  +  cY1  +  .  .  .  .  (25) 


These  expansions,  when  substituted  into  (la-e)  and  subjected  to 
matching  with  the  solution  (18-21),  lead  to  the  solution 


6T 


-Tl  = 


1°° 


P1  =  Tl°°  Y1  =  ln  vi  =  Ti-pi 


(26) 


where 


(27) 


From  (22)  we  recall  that  T^,  anc^  therefore  X,  is  positive  if 

0<  M^<  1/y  and  negative  if  1/y  <  <  1 .  Therefore,  the  above 

solution  becomes  singular  at  x  =  1/X  for  X  >  0  and  at  x  =  00 
for  X  <  0.  This  singularity  is  reminiscent  of  thermal  runaway 
in  ignition  problems,  and  is  therefore  dealt  with  in  much  the 
same  way  as  the  explosion  analysis  employed  there  [5,6]. 


Explosion  Zone  Rg 


The  new  spatial  coordinate  0  appropriate  for  this  zone  is  defined 
by  the  nonlinear  scaling 


0  =  -  e  £n  (1-Xx)  ,  a  ><  0  for  X  ><  0 , 
and  we  seek  the  expansions 


(28) 


T  =  T  +  eT,  + .  .  .  ,  P  =  P  +  »;p.  +  .  .  .  ,  v  =  v  +  ev,  +  .  .  .  ,  Y  =  Y  +  eY..  +.  .  . 
ol  iCo  l  ol  o  1 

(29) 

Substitution  into  (la-e)  followed  by  matching  with  region  Rj  yields 
the  solution 


Also,  we  get 


(31) 


T  =  o2  -  in  (1-  =^_) 
1  1® 


with  similar  expressions  for  and  Y^ .  As  a 

(30)  show  that 


Tl»'  e^ns- 


T 

o 


T 


1®' 


P 


P1 


1® 


i.e.  the  leading  terms  in  the  expansions  (29)  approach  the  down¬ 
stream  values  specified  by  the  Hugoniot  conditions.  However, 

(31)  shows  that  (and  similarly,  p^,  v^  and  )  is  logarith¬ 
mically  singular  at  a  =  T^m.  This  singularity  is  smoothed  out 
in  the  completion  zone,  discussed  below. 


Completion  Zone  Rc 


The  cases  T.,  >0  and  T,  <0  need  to  be  treated  separately;  we 

oo  1 00 

shall  only  consider  the  former.  We  employ  the  transformation 


o  -  Tloo  -  t  in  (-n/c) 

and  observe  that  the  new  variable  n  -*•  -00  as  e  -►  0 ,  o<  T^ro  fixed. 
Also,  we  seek  the  expansions 


T  =  Tl^  +  eT2  +  .  .  .  ,  p  =  Pi^  +  cp2  +  .  .  .  ,  v  =  vioo  +  ev2  +• 


.,  y=cy2  + 


The  by-now-familiar  procedure  yields 


T2  =  T2a)  +  T  , 


yM 


p2  = 


YM^-1 


<T2co  +  Plcc  Vlco  +  ' 


v2 


-1 


2  ,  <T2~  +  Ploo  vi»  +  ' 


YMo  1 


Y2  =  *  f 


1“ 
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where  x  is  given  inplicitly  by 


/T 

-1 


-T, 


2°° 


<n-no> 


nQ  being  an  integration  constant.  It  can  be  shown  that  as  n  ->  <*>. 
x  •>  0  exponentially,  so  that  T^i  P2 ,  v2  anc^  Y2  aPProach  their 

downstream  values. 

This  completes  the  analysis  of  deflagrations  away  from  the 
lower  CJ  point.  The  corresponding  profiles  for  T,  p,  v  and  Y 

2  2 

are  displayed  in  Fig.  1  (for  Mq  <  1/y)  and  Fig.  2  (for  Mq  >  1/y) 

on  the  (exponentially  large)  x-scale.  The  profiles  are  all  mono¬ 
tonic  in  Fig.  1,  and  the  net  temperature  change  across  the  wave 
is  positive.  The  deflagrations  displayed  in  Fig.  2  exhibit  a  net 
temperature  drop  across  the  wave.  The  temperature  now  decreases 
monotonically ,  except  in  the  first  part  of  the  induction  region 
where  it  has  an  exponentially  small  maximum. 


VI.  OTHER  WAVES.  Weak  detonations,  weak  and  strong  detona¬ 
tions  near  the  upper  CJ  point,  and  deflagrations  near  the  lower 
CJ  point  can  all  be  analyzed  in  an  analogous  manner.  We  only 
present  the  corresponding  profiles  here,  referring  the  reader  to 
[4]  for  details.  Away  from  the  CJ  point,  the  profiles  of  a  weak 
detonation  are  shown  in  Fig.  3.  Our  analysis  also  yields  an 
explicit  formula  for  the  weak-deflagration  wave  speed.  Near-CJ 
weak  detonations  resemble  Fig.  3,  except  that  the  wave  strength 
is  now  0(/F) .  Similarly,  near-CJ  deflagrations  resemble  Fig.  2. 
Fig.  4  shows  the  temperature  profile  of  a  near-CJ  strong  detona¬ 
tion.  We  observe  the  familiar  ZND  structure,  consisting  of  an 
adiabatic  shock  followed  by  a  fast  deflagration. 


VII.  FINAL  REMARKS.  A  final  remark  regarding  the  structure 
of  deflagrations  needs  to  be  made.  Our  analysis  is  based  on  the 
assumption  that  Mq  =  0(1) .  Then,  the  deflagrations  are  not 

isobaric,  and  their  structure  is  essentially  convective-reactive, 
as  obtained  here.  By  contrast,  the  reactive-diffusive  structure, 
obtained  for  example  in  [2],  rests  on  the  assumption  the  Mq  <  <  1 , 

i.e.  the  waves  are  essentially  isobaric.  In  our  terminology,  the 
wave-speed  formula  computed  in  [2]  reduces  to 


.,2  2c2Le 

M  =  - t — 

o  2 


D  exp  [- 


1  +  rg 


(32) 
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By  contrast,  our  formula  (23),  in  the  limit  M  -*-0,  takes  the 
form  ° 


Mo  =  D  exP(_E) 

i 

where  is  now  the  actual,  dimensionless  temperature  of  the 

flame  holder  (rather  than  an  c  perturbation  of  the  upstream 
temperature).  In  order  to  compare  the  above  two  results,  it 
is  necessary  to  interpret  TV  as  the  0(1)  flame  temperature. 

We  then  observe  that  M  decreases  as  T.  increases,  as  it  should, 

o  1 

and  that  with  TV  -  1  taken  to  be  0(1),  both  (32)  and  (33)  yield 
the  same  leading-order  result 


REFERENCES 


1.  F.  A.  Williams,  Combustion  Theory,  Addison  Wesley  (1965). 

2.  W.  B.  Bush  and  F.  E.  Fendell,  Asymptotic  analysis  of 
laminar  flame  propagation  for  general  Lewis  numbers.  Comb. 
Sci.  Tech.  1  (1970),  pp .  421-428. 

3.  W.  B.  Bush  and  F.  E.  Fendell,  Asymptotic  analysis  of  the 
structure  of  a  steady  planar  detonation,  Comb.  Sci.  Tech. 

2  (1971) ,  pp.  271-285. 

4.  A.  Kapila,  B.  J.  Matkowsky  and  A.  vanHarten,  An  asymptotic 
theory  of  deflagrations  and  detonations  (1981),  to  appear. 

5.  A.  LinSn  and  F.  A.  Williams,  Theory  of  ignition  of  a  reac¬ 
tive  solid  by  constant  energy  flux.  Comb.  Sci.  Tech.  2 
(1971) ,  pp.  91-98. 

6.  A.  K.  Kapila,  Dynamics  of  ignition,  SIAM  J.  Appl .  Math.  39^ 
(1980),  pp.  21-36. 


544 


COMPARISON  TECHNIQUES  FOR  SOME  COMBUSTION  MODELS 


Jagdish  Chandra 
U.  S.  Army  Research  Office 
Research  Triangle  Park,  NC  27709 

and 

Paul  Wm.  Davis 

Worcester  Polytechnic  Institute 
Worcester,  MA  01609 


In  this  paper  we  present  a  brief  survey  of  applications  of  the  theory  of 
differential  inequalities  to  several  problems  arising  in  combustion  theory.  A 
main  tool  employed  is  a  comparison  theorem  for  systems  of  nonlinear  parabolic 
differential  equations  [2],  Another  analytical  approach  which  is  exploited  in  a 
significant  way  is  a  constructive  procedure  for  solution  of  nonlinear  initial 
boundary  value  problems  associated  with  such  systems  of  partial  differential 
equations.  In  this  "system  doubling"  technique  [5],  the  solution  to  the  non¬ 
linear  problem  is  constructed  by  a  monotone  iterative  scheme.  The  iterates  in 
this  scheme  are  obtained  by  solving  a  linear  system  of  partial  differential 
equations  twice  the  size  of  the  original  problem.  The  initial  iterates  are 
upper  and  lower  solutions  (in  some  appropriate  sense)  of  the  original  problem 
and  are  shown  to  be  bounds  themselves  on  the  solutions  constructed  by  the  mono¬ 
tone  iterations. 

Both  approaches  arc  intuitively  appealing  because  the  mathematical  arguments 
have  convincing  physical  parallels.  Consider,  for  example,  the  consumption  of  a 
reactant  at  dimensionless  concentration  and  temperature  c(x,t)  ando(x,t) 
respectively: 


(1) 

ct 

=  kAc  - 

■  cmf(o) 

(2) 

°°  t 

=  AO  + 

6cmf  (e) 

(3) 

e(x,t) 

=  0  , 

cjx,t)  =  o  ,  xOfl 

(4) 

e(x,o) 

=  0  , 

c(x,o)  =  1  ,  xC  . 

Here  k  is  the  material  diffusion  (inverse  Lewis  number),  m>o  the  order  of  the 
reaction,  the  characteristic  thermal  diffusion  time  (DamkOhler  number),  A  the 
chemical  heat  release  rate  (Frank-Kamenetski i  parameter),  c  inverse  activation 

energy,  and  the  Arrhenius  kinetics  f(o)  =  exp ( .  A  is  the  Laplacian  opera 

tor  on  the  region  w,  containing  the  reactant  and  the  subscript  v  denotes  dif¬ 
ferentiation  normal  to  the  boundary  Ml  of  s:. 
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Consuming  reactant  at  the  zero  temperature  rate  should  yield  upper  bounds  on 
both  reactant  concentration  and  temperature  (because  excessreactant  is 
available).  Indeed,  it  is  shown  in  [3]  that  any  solution  (c,e)  of 


(5) 

Ct  >  kAc  - 

cm 

(6) 

oet  >  kAO  + 

65^(0) 

(7) 

0(x,t)  >  o  , 

cv(x,t)  >  o  ,  xOfi 

(8) 

o(x,o)  >  o  , 

c(x,o)  >  1  ,  xCS/ 

is  an  upper  bound  on  the  exact  solution  (c,n)  of  (l)-(4).  For  example,  we 
obtain  rigorously  from  one  such  solution  of  (5)- (8)  that 


0(x,t)  <  (s/o)e^E 

(Finite  activation  energy  guarantees  finite  maximum  temperature.) 

Further  application  of  the  comparison  ideas  of  [2]  also  show  relationships 
among  important  parameters  in  the  complete  model  (1 )- (4 ) ,  the  Semenov  approxima¬ 
tion  (no  spatial  dependence;  k=o  in  (1),  AO  replaced  by  -o(t)  in  (2)  and  (3) 
eliminated),  and  the  Frank-Kamenetski i  approximation  (stationary  approximation 
given  by  o  =  A0  +  6f(0),  0(x)  =  o  on  3ft  and  neglect  the  consumption  of  the 
reactant).  The  temperatures  and  (reasonably  defined)  critical  values  of  the 
heat  release  parameter  <5  are  ordered  from  smallest  to  largest  as: 

Frank-Kameneski i  approximation  at  infinite  activation  energy  ( e=o,  the  classical 
F-K  value  <5Crith  Frank-Kameneski i  approximation  at  finite  activation  energy, 

the  complete  model  (l)-(4).  In  particular  cases,  these  relations  have  been 
observed  previously  in  numerical  and  asymptotic  calculations.  The  infinite 
activation  energy  induction  times  of  both  the  complete  model  (l)-(4)  and  the 
Semenov  approximation  are  bounded  below  by  the  adiabatic  induction  time  o/S. 

One  may  also  obtain  decay  rates  and  global,  nonlinear  stability  estimates 
[4].  To  illustrate  the  results  obtained  in  [4J  ,  consider,  for  the  sake  of 
simplicity,  m=l.  We  then  have 


o  <  c(x,t)  <  e_t 


o  <  n(x,t)  <  4>(x)o"St/,°, 

where  o  <  6  •-  min(n.p^),  ^  is  the  smallest  eigenvalue  of  the  Laplacian  on  fi 
subject  to  the  temperature  boundary  condition,  and  <t>  solves 

A<t  +  841  =  -6f(«>) 

subject  to  the  temperature  boundary  condition  as  well.  These  bounds  illustrate 
the  interaction  between  thermal  diffusion  and  reactant  vessel  geometry  through 
the  ratio  6/a  as  well  as  the  global  asymptotic  stability  of  the  burned  state 
c=o,  0=o  without  unnecessary  restrictions  on  parameters  like  6  [1].  Other 
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bounds  in  [4]  show  the  role  of  the  order  of  reaction,  for  example,  reactant  is 
consumed  in  finite  time  vrfien  o<m<l. 


Finally,  some  work  in  progress  indicates  that  the  "system  doubling"  tech¬ 
nique  introduced  in  [5]  may  be  coupled  with  multi-scale  asymptotic  methods  to 
provide  rigorous  analyses  of  certain  oscillatory  flame  phenomena.  For  example, 
an  Isothermal,  autocatalytic  scheme  with  a  long  history  [6,7,9], 


external 
A  +  X  — 
X  +  Y  — 
A  +  Y  — 


di f fusion  - 

J — - +  2X 

— - ►B  +  2Y 


A 


exhibits  oscillations  in  the  intermediates  X  and  Y.  Here  A  is  the  initial 
reactant,  B  is  the  final  product  and  k-j ,  i = 1 , 2 , 3  are  the  reaction  rate 
constants.  One  choice  of  scales  yields  the  model 

(9)  a'(t)  =  -e(x+y)a  +  en(l-a) 

(10)  x'(t)  =  k(a-y)x 

(11)  y'(t)  =  k-!(x-a)y,  '  = 

where  c  =  /fc“k2  /k2  «■],  k  =  (k1/k3)1/2=0(l )  and  the  diffusion  parameter  n=0(l). 


An  asymptotic  analysis  of  equations  (9)- (11)  shows  a,x,y  decaying  to  steady- 
state  values  determined  by  n  at  0(1)  and  oscillations  in  x,  y  at  0(e).  The  fre¬ 
quency  of  these  oscillations  increases  as  a  decreases  to  its  0(1)  steady-state 
value;  the  x  and  y  oscillations  are  90°  out  of  phase  (with  y  leading)  with  mean 
values  and  amplitudes  determined  by  k  and  the  value  of  a  to  0(e).  Oscillation 
in  a  appear  at  0(e2);  their  phase  and  amplitude  relative  to  those  of  x  and  y  are 
determined  soley  by  k. 

Preliminary  calculations  suggest  that  the  equations  defining  the  terms  in 
the  asymptotic  expansions  for  a,  x,  and  y  which  are  obtained  from  the  usual 
solvability  conditions  of  the  multi-scale  formalisms,  can  be  recast  as  a 
"doubled  system"  to  provide  the  necessary  bounds  that  rigorously  confirm  the 
asymptotic  character  of  the  formal  series.  What  is  more  interesting  is  that 
these  ideas  appear  to  be  equally  well  suited  for  treatng  a  class  of  physically 
more  significant  thermokinetic  models  associated  with  hydrocarbon  autoignition 
[8].  These  results  will  be  presented  elsewhere. 
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A  GENERALIZED  BURGERS  EQUATION  FOR  PLANE  WAVES 
IN  A  COMBUSTIBLE  ATMOSPHERE 


J.  F.  Clarke 

Aerodynamics,  Cranfield  Institute  of  Technology 
Bedford,  MK43  OAL,  England 

ABSTRACT.  When  small  amplitude  plane  waves  propogate  through  an  ambient  combustible 
atmosphere  that  is  undergoing  a  spatially  homogeneous  adiabatic  thermal-explosive  event  their  first -order 
behaviour  is  shown  to  be  governed  foi  early  limes  by  a  Ituigers  equation  whh  some  additional  terms. 

These  terms  specifically  describe  effects  due  to  atmospheric  heating  and.  most  significantly,  to  perturbation 
of  the  Arrhenius  chemical  reaction  rate  factor.  This  latter  influence  is  responsible  for  amplification  of  the 
wave  system.  Some  approximate  analytical  solutions  are  found  for  two  cases:  (i)  it  is  shown  how  this 
phenomenon  interacts  with  both  classical  acoustic  damping  due  to  diffusion  and  modulations  due  to 
progressive  ambient  heating  in  acoustic-amplitude  signals:  (ii)  for  larger  amplitude  signals  the  fitting  of 
discontinuous  frozen  shock  waves  by  a  modulated  equal  areas  rule  allows  for  the  assessment  of  non-linear 
wave  behaviour  in  the  presence  of  chemical  amplification. 

Finally  it  is  shown  that  when  chemical  amplification  rates  become  large  the  wave  system  becomes 
dispersive  in  character,  is  still  amplified,  and  almost  certainly  propagates  signals  in  both  spatial  directions. 
The  general  situation  described  in  the  paper  is  relevant  to  studies  of  deflagration-to-dctonation-wave 
transition. 

1.  INTRODUCTION.  Burgers  equation  was  originally  constructed  to  display  in  the  most 
direct  possible  way  the  balance  between  non-linc.ir  convection  and  diffusion  in  plane  wave  systems  in 
certain  types  of  atmosphere.  .Subsequently  laghthill  (1956)  showed  that  its  utility  as  a  model  equation  is 
strongly  reinforced  by  the  fact  of  ns  proving  to  be  a  piopcr  first  approximation  in  a  scheme  of  rational 
approximations  for  problems  of  plane  wave  evolution 

The  transition  from  deflagration  to  detonation  in  combustible  mixtures  must  involve  strong 
coupling  between  gas  dynamics  and  exothermic  chemical  processes  and  il  is  therefore  interesting  to 
enquire  if  there  is  not  sonic  equation  that,  in  the  spirit  of  the  original  Burgers  equation,  incorporates  all 
of  the  simplest  elements  of  the  crucial  physical  processes  in  such  a  way  as  to  tcvcal  the  essence  of  their 
interactions  in  some  well  set,  first -order  fashion. 

It  will  he  assumed  that  the  ambient  atmospheie  is  spatially  uniform  and  undergoing  a  single  n-th 
order  irreversible  combustion  reaction  with  Arrhenius  activation-energy  kinetics.  This  atmopshere's  flow 
velocity  is  uniformly  equal  to  zero  and  its  density  is  then-lore  fixed  at  the  constant  value  p  In  view  of  the 
ambient  chemical  activity  and  the  usually  large  values  ol  activation  energy  the  atmosphere  will  be  under¬ 
going  a  self-healing  process  that  will  be  initially  slow  but  which  will,  after  an  induction  time  interval  t(,  run 
away  into  a  rapid  explosive  event  that  raises  the  initial  ambient  pressure,  p  asymptotically  dose  to  a  final 
value  p  in  a  very  brief  interval  of  time.  The  mass  fraction  of  the  ambient  reactant  material  will  diminish 
fiont  its  initial  value  of  q^.  (he  value  of  q  (t)  when  t  -  o.  towards  zero;  i.c.  the  reactant  is  ultimately  all 
consumed. 
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Tin-  adiabatic  tbcimal-explosive  even  I  lliat  iias  just  been  described  is  now  presumed  to  be  spaliail) 
IK-rlurhcd  by  tlic  movement  ol  a  piston,  beginning  at  lime  I  -  o  from  its  initial  position  at  x  -  o.  There  will  be 
a  value  af  (f>  <>f  the  sound  speed  in  the  ambient  atmosphere  that  changes  with  time  as  the  ambient-explosive 
events  proceed.  The  subscript  f  denotes  the  important  fact  till  it  is  the  frozen  sound  speed  (c.g.  Clarke  & 
McChesney,  1976)  that  is  required  here.  The  disturbances  produced  by  movement  of  the  piston  will  not 
only  create  velocities  u  -  u(x.  l)  in  the  gas  itself  but  will  also  perturb  af  so  that  its  local  value  becomes 
=  af(x.,t).  The  characteristic  curves  in  the  x,  I  plane  for  a  I  of  "diffusion-free”  and  hence  first-order 
conservation  equations  are  well  known  to  be  given  by 

dx 

—  =  u  i  a 

dt  f 

In  particular  those  undiffused  wavelets  that  propagate  in  the  dncction  ol  x-positivc  will  he  labelled 
with  the  parameter  0  ,  whose  precise  definition  can  awail  subsequent  developments.  For  the  present  it  is 
sufficient  to  note  that 


(=).  *  * 


It  is  advantageous  to  non-dimcnsionalisc  the  system  of  conservation  and  othet  equations,  using 
p.  .  p.  af(i| ,  afo.  and  q^  as  measures  of  densities,  pressuies,  velocities  and  mass-fractions,  respectively:  is  the 
natural  scale  for  the  time  and  a^  .tj  performs  the  same  service  lot  distance.  It  the  activation  energy  parameter 
c  is  defined  so  that 

f  =  P  /pF  . 

Ol/  I  A 

where  F  is  the  Arrhenius  activation  energy,  the  induction  lime  I  can  be  written  in  the  form 
A  ! 


(e  6){nW/>q  |(p  /p  .)  -  \)\ 

'  1  Ol  Olll/  Ol  1 


where  W  is  the  molecular  weight  ot  the  reactant  ami  p  is  the  pic-exponential  factor  (with  dimensions  of 
icciprocal  time). 

Foi  various  reasons  U  is  slightly  inure  convenient  to  use  yt  ,  where  y  is  the  ratio  of  the  frozen 
specific  heats  of  the  gas  mixture,  rather  than  itself  (note  that  y  is  assumed  constant)  in  the  non-dimensional- 
t  sa  t  lor  is  described  above.  All  of  the  diffusive,  that  is  to  say,  viscous,  hcat-conduction  and  mass-diffusion,  terms 
in  the  set  ol  dimensionless  conservation  equations  now  appear  with  l/Rc  as  a  multiplier,  where  Re  is  a 
Reynolds  number,  defined  by 


Re  r  VfoiV^  • 


i 


wlicic  ij.  is  lt:c  initial  ambient  value  ol  (lie  dynamic  viscosity  coefficient.  The  group  of  terms  r\  j yp^a* 
(hat  appears  in  (4)  is  roughly  of  the  order  of  the  mean  molecular  collision  interval.  It  is  a  fair  estimate  for 
simple  reactions  to  say  that  this  time  is  coinpaiablc  with  />  '  .  the  reciprocal  of  the  pre-exponential  factor, 
whence  a  guide  to  the  size  of  Re  is  provided  by  the  relation 


Re  -  l]P  =  e(c,/c)/jW|(pom/po.)  -ll{  . 


The  last  result  in  (S)  follows  from  (3)  and  the  decision  to  examine  only  the  first -order  reaction  case,  n  =  1. 
Table  1  gives  some  typical  values  of  the  quantities  Re  and  t(  for  three  r  values;  the  numbers  in  parentheses  give 
the  appropriate  power  of  10 


Table  I 


1/C 

25 

30 

35 

Re 

2.4(7) 

3.0(9) 

3.8(11) 

t  ,sec 

2.4(  2) 

3.0(0) 

3.8(2) 

by  which  to  multiply  the  number  that  precedes  them. 

The  piston  speed  is  given  in  the  form 

u  =  oD'lT/o)  ,  6. 

P 

so  that  the  boundary  condition  is 

u(oJD(T/o),  1)  -  aD'(T/o)  ,  7 

where  D  is  the  piston  displacement  function  and  D’  is  its  derivative,  the  piston  speed  function.  T  is  the 
dimensionless  time,  u  is  the  dimensionless  gas  velocity  (0  =  Q(x,  1 )  in  general)  and  o  is  an  amplitude  and 
"frequency”  parameter.  It  will  subsequently  be  supposed  that 

a  <  1  8. 

It  is  useful  to  define  a  dimensionless  wavelet -like  coordinate  i-  as  follows: 

0$  =  T-  x  9. 

liquations  ( I )  &  (9)  translate  into 

,~U_ar„"‘r  ;  ,0- 
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when:  a  is  the  dimensionless  perturbation  to  the  dimensionless  ambient  frozen  sound  speed.  Note  that 


I 


The  derivative  can  usefully  be  chosen  to  be  of  order  unity,  at  least  in  the  neighbourhood  of  the 
piston  face.  Indeed,  integration  of  (10)  followed  by  the  decision  to  make 

P  =  T/o  when  x  -  a3  D(T/o)  11a. 

gives 

I 

0(t  -p+  oD(P))  =  /  |1  -  ti'  -  afi(?>  a’f)  aT  ,  Mb. 

o/3 

where  u,  are  functions  of  (3  and  T  and  the  integration  is  taken  at  fixed  /3.  Then 

.  1 

tfi  =  ifoW*  +  +u'  13T  .  12. 

op  ^  p 

On  the  piston  face  the  integral  vanishes;  it  will  be  presumed  that  p  -derivatives  of  af  and  u  arc  well  behaved 
and  0(a),  then  is  indeed  of  ordei  unity  there,  because  a^  is  ol  this  order  and  the  perturbation  Sj.  is 
small  in  view  of  (8).  Note  that  tp  may  vanish  locally  when  the  integral  in  ( 1  2)  is  positive  and  0(o). 

2.  PERTURBATION  EQUATIONS.  If  all  of  the  appiopriate  dimensionless  conservation 
equations,  including  proper  account  of  the  diffusive  effects,  are  transformed  into  versions  which  have 
P&  1  as  the  independent  variables  one  can  now  propose  the  asymptotic  developments 


\p  ~  0\l/Ul(P  1)  , 

t  =  u,p,  p,  a, 

13. 

q  "  o*  q* 1  *(/3,l  ) 

14 

in  the  limit  as  o  -»  o  with  (3.1  fixed.  Note  that  q  is  the  dimensionless  perturbation  to  the  ambient 
dimensionless  reactant  mass  traction  q<(.  The  system  of  equations  contains  other  parameters  than  o,of 
course,  notably  e  and  Re,  as  well  as  local  dependent  variable  (actors  such  as  ^  and  P0  |  •  The  complete 
problem  is  quite  complicated;  fullei  details,  as  well  as  discussion  ol  several  items  outside  the  scope  of  the 
present  paper,  have  been  given  by  Clarke  ( |d8l ).  l  or  the  present  it  is  adequate  to  observe  that,  on  the 
general  supposition  that  (p  and  *  1  pu1  do  not  behave  in  an  extreme  way  (the  meaning  of  "extreme”  will 
shortly  become  clear)  the  proposed  limit  leads  to  the  following  equations  foi  p* 1  \  p1 1  \  q*1  *  and  u*1  , 
provided  that 


o/€  -  o(l ) 


15. 
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where 


where 


«#’  =  -  i<t  '){p/0i;o)7PllT  u‘*>  . 
=  l(Poni/P0j)  -  1  !  : 


(i)  , 

u  =  {  A(T) 


1  a'1  , 

2  fo  foT 


>  (I)  2  (1) 

| »  1 1*0/2.  /(„)„ 


-  !>i 

<i>  p,  c 


lha.b. 


17a. 

17b. 

18. 

19. 


and  tjo,  A(j  arc  the  dimensionless  dynamic  viscosity  and  thermal  conductivity  in  the  ambient  atmosphere'. 
Pr  is  the  Prandtl  number, 

p'-hvA.  20 

and  C)f  is  the  frozen  specific  heat  at  constant  pressure  (assumed  constant  here).  Also 

a<t,  -  i  |<T  - "i^  +  |  l  P  t  >  o  .  2i. 

Note  that  in  the  ambient  atmosphere 

~Pol=exP|Ln  '  )|q“  .  22. 

Po 

Thus  A(T)  at  least  begins  front  the  value  unity  at  time  I  =  o.  since  it  is  necessary  to  have 


7P  (o)  =  I 


q  (o)  =  I 


23. 


Observing  that  6o  is  the  classical  diffusivity  of  sound  it  is  also  important  to  note  the  role  of  the  scale  factor  ^ 
in  the  last,  diffusive,  term  in  ( 18).  Since,  as  remarked  at  the  end  of  the  Introduction,  can  become  small  as 
time  progresses  it  is  clear  that  the  diffusive  effects  may  become  large  for  arty  values  of  the  product  o3  Re.  The 
vanishing,  or  near-vanishing,  of  is  a  purely  local  effect  that  is  associated  with  the  existence  of  shock  waves  and 
it  will  be  convenient  to  deal  with  this  behaviour  in  a  particular  approximate  way,  as  will  be  outlined  below  in 
Section  4. 

Meanwhile,  it  is  evident  that  when  o3  is  small  enough  to  make  o3  Re  of  order  unity,  the  diffusive  terms 
must  be  retained  in  ( 1 8)  under  all  circumstances.  In  terms  of  the  coordinate  a,  defined  by 


-T  T 

o  a  =  o£  +  J  a  (T  )d?  -  T  =  /  a  <T)df 

n  o  to 


24. 
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and  signifying  by  its  value  the  location  ot  any  purely  acoustic  (/croamplitudc)  wavelet  in  the  lime -dependent 
ambient  atmosphere,  (18)  can  be  written  in  the  form 


where 


.  <i> 


7(T+1)u,l,u<-i)  =  {  A(T)  -  ^(Ina  )  }  u<U  +  AoWJl 

-  «  J  III  | 


25. 


A(T) 


-=  I  K/°' 


Re 


26. 


and  u 


tit 

T 


in  (25) signifies  the  derivative  taken  at  fixed  z. .  as  opposed  to  fixed  3  (lb). 


Equation  (25)  is  the  augmented  version  of  Burgers  equation  that  we  have  been  seeking,  albeit  under  the 

strict  observance  of  the  ordering  in  (15).  When  the  ambient  atmosphere  is  chemically  inert  the  coefficient  of 

vanishes  and  A(T)  becomes  a  constant;  the  result  is  the  original  Burgers  equation.  The  existence  of  chemica) 

activity  in  the  atmosphere  introduces  the  term  in  u(*  which,  via  its  dependence  on  A(T).  displays  the  direct 

significance  of  perturbation  of  the  (Arrhenius)  chemical  rate,  as  well  the  effect  of  atmospheric  heating  through 

the  term  -  ^(ln  a  )  . 

i  to  T 

Unlike  the  original  Burgers  equation,  (25)  does  not  seem  to  have  a  linearising.  Cole-Hopf  type  of 
transformation.  Sonic  approximate  analytical  solutions  will  he  sought  in  the  sections  to  follow  that  provide 
reasonably  compact  illustrations  of  the  physical  processes  that  the  equation  describes.  The  case  e  =  0(o)  has 
been  examined  by  hoth  Blythe  (  1978)  and  Clarke  (1978,  1970,  198 1 )  but  will  not  be  dealt  with  here. 


3.  ACOUSTIC  WAVES.  With  the  assumption  that  the  amplitude  of  the  input  from  the  piston  is 
small  by  an  amount  additional  to  the  0(a)  scale  requi.cd  by  (6)  it  is  possible  to  linearise  (25).  For  example,  if 
one  makes 


DV f/o)  =  M  cxp(iwl  in) 
where  M  is  a  constant  such  that 


27. 


M  <  1 


28. 


equation  (25)  can  he  approximated  by 


•Ot,  .  . ,  .  Hi 

uT  +  a  ( I  ) u  _ 

T  to  \ 


...,,-<lt  ,  -Ml  (II  .03  (II 

A<  I  )u  +o  A(1  )u  .  u  =  a,  u 

x  X  fit 


29. 


That  is  to  say  the  non-linear  term  in  (25)  is  formally  banished  by  replacing  the  original  o-» o  limit  by  o-*-o  and 
M—o  together.  Note  that  (29)  is  now  written  in  terms  of  differentiations  at  fixed  x  and  fixed  T,  which  are  not 
individually  0(  1 )  opetations.  It  is  not  hard  to  see  that  they  are  in  fact  0(o  '  )  operations  whence,  recognising 
this  and  defining  a  pair  of  ‘fast’  variables  Tf,  xf  via 
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o  J  ~  1  .  ii  x(  =  X 

equation  (29)  becomes 


K 


'  “fo<T>“<x,)  f  =  o  |  A(T)u 


"»  +  Au(,) 

Vf 


30. 


31. 


where  the  terms  in  |  i  brackets  are  now  0(1)  in  the  limits  o~*o,  M  -*o.  It  is  now  sensible  to  propose  a  solution  of 
(31 )  in  the  form 

uU>  ~  exp{^0(x.l)|^onA  (*,T)  32. 

that  will  be  valid  away  from  the  wavehead  at  x  =  3  .  The  amplitude  and  phase  functions.  A^  and  0,  depend  upon 
the  ‘slow’  variables  x,T  and  allow  for  the  initially  slow  changes  due  to  self-heating  that  take  place  in  the  adiabatic 
theimal-explosive  atmosphere.  Substitution  of  (32)  into  (29)  shows  that  A  and  Aj  must  satisfy  the  equations 

o°  i  {«  +  a  (T)W.  | A  =  0  :  33. 

1  T  fn  x  •  o 


i{e  +  a  (T)0.  }a  +  A 

'  1  to  x  ’  I  ol 


a  (l )  A 

fo  o 


--  j  A(T)  -  «!  A(T)}  A  34. 

1  X  9  o 

It  follows  afier  a  few  manipulations  that  a  good  approximation  lor  u*1’  suitably  far  behind  the  wavehead  (e.g. 
x<1  -  0(o) )  is 


u<1)  ~  m(v*,Ao(T’|  exp  {iw <t>/o\ 

i  T  ~  -  /  j  .1  _  _ 

-  exp  |  f  AtT)dT  -  [w/a  <0)1  /  A(T)dl  J 

Vs  '  I”  -j, 


35. 


w’here  0  is  defined  by 

_T  __  _ 

x  -  /  a  (  I  id  I  36. 

'0  fo 

Furthermore  the  phase  0  must  be  given  by  w0  whence  the  local  wavenumber  k  and  local  frequency  w  arc  given 
hy 

-0.  =  w/af>(0)  =  k  .  37. 
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<-) 


WJ  ( 
to 


"A 


iK 


respectively. 


For  the  given  harmonic,  constant  amplitude,  input  from  the  piston  at  x  =  0  the  consequent  situation  is 

now  clear.  The  self-heating  of  the  ambient  explosive  atmosphere  makes  a  1 1  i>a  t0t .  since  0<T  ,  and  there  is  a 

in  lo  fo  til 

small  amplitude  reduction  of  u  as  a  result  (see  the  |]  bracket  term  in  (35 1;  note  from  ( I6a,b)  that  p  hasa 

related  term  [a,  (0)  a,  (T)l  *  3  and  p  '*  a  term  |a  (0)/ a3  (T)] 1  3 ).  Titc  lines  of  constant  phase  on  an  x  —  T 
fo  fo  lo  /  lo 

diagram  follow  paths  dictated  by  the  time-varying  ambient  sound  speed  a  (1 ),  since  (dx/d'l  ),  has  this  value 

fo  <p 

(see  (36)).  The  diffusive  effects  lead  to  the  classical  type  of  amplitude  reduction,  that  goes  like  expK  —  k3  x)  where 
k3  is  defined  in  (37)  and  x  is  a  weighted  average  distance,  as  can  he  seen  from  the  last  teim  in  (35)  together  with 
(36).  Finally  there  is  the  chemically-induced  term,  involving  the  function  A(  I )  (sec  (35)  and  (21)),  which  leads 
to  an  amplification  of  the  input  disturbance.  It  can  he  shown  that  this  term  may  easily  overwhelm  the  diffusive 
damping  and  the  atmospheric  heating  effect,  so  that  the  whole  disturbance  grows  will)  dislancc  from  the  input 
piston  at  least  for  sufficiently  small  local  wavenumbcis  oi,  more  crudely,  values  of  w.  The  local  wavenumber  k 
decreases  from  one  wavelet  to  another(see(37))but  remains  fixed  on  a  given  wavelet,  while  the  local  frequency  w 
also  changes  with  time  (see  (38)  ).  These  results  should  be  compared  with  those  found  by  Toong  and  his  co¬ 
workers.  The  most  recent  of  their  papers  is  by  Ahottsiefl  &  Toong  ( 1681 )  and  contains  references  to  numerous 
earlier  works;  briefly,  the  amplification  cflect  is  broadly  confirmed,  partly  through  a  rather  different  theory  that 
postulates  k  ~  constant  at  the  outset  and  looks  lot  growth  or  decay  ol  wave  amplitude  with  time  and  partly,  and 
most  importantly,  by  a  series  of  ingenious  experiments  in  a  reacting  mixture  ol  hydrogen  and  chlorine  that  is  very 
like  the  theoretical  model  considered  here. 


4.  NONLINEAR  SMALL  DISTURBANCES.  When  o’  is  large  enough  to  make  o3Re— 00  in  the 
limit  as  o-o  the  diffusive  terms  in  (18)  become  negligible  away  from  regions  where  £  is  small  The  latter 
condition  only  occurs  in  association  with  the  appearance  of  shock  waves  and  one  can  allow  for  the  latter  in  a 
satisfactory  approximate  way  by  fitting  an  appropriate  frozen  (i.e.  fixed  q)  Rankinc  Hugomot  shock  wave  into 
the  I icld.  as  will  be  described  below.  The  solution  of  ( 1 8)  minus  its  diffusive  terms  is 


u  =  cj(0)  f(T)  . 

36 

9(0)  I)'(0j/l(o0)  , 

40. 

f(T)  s  af'|/3(T)exP{/ A(f)dfj 

41 

the  solution  (39)  —  (41 )  satisfies  condition  (6),  since  0  is  equal  to  ! /a  on  the  piston  path.  It  then  also  follows 
from  (9)  &  (I  lb)  that 


558 


X 


4: 


i  i 

H(0i  >  J  a  tsids  4  ,ol7  4  l)g(0)J  Ustds 


00  op 

11(0)2  /  a  tstds  +  ^0(7  +  l)g(0)(  fisids  -  o'  1X0)  .  40. 

o  fo  '  11 

and  these  Iasi  two  formulae  give  the  proper  first  estimate  of  the  fixed  —  0  wavelet  shape  on  the  x,  1  plane. 

Any  fixed  —  q  shock  di  scout  utilities  that  may  be  required  to  make  the  field  described  by  (0‘>>  (4.1) 

single-valued  in  it,  I  space  will  be  weak  and  therefore  will  bisect  the  angle  between  any  pair  of  fixed  -  0  wavelets 
that  meet  on  the  shock  path  x  =  xs(T).  If  0,  7  arc  the  relevant  values  of  0  ahead  of,  and  downstream  of,  the 
shock  respectively  the  bisection  condition  can  be  written  as 

(S  "  x  )  +  (x  -  x  )  -  o  ,  44. 

s  '0=0,  s  1  0  =  05 

where  £  is  the  time  derivative  of  x  and  x  is  found  fioni  (42)  with  0  fixed  (at  either  3, 01  0,  «'f  course), 
s  si  1  * 

Substitution  of  (42)  into  (44)  leads  to  a  relationship  between  0((  I )  and  0,(1)  that  can  be  integrated  to  give 

[B(0j)  B(0,)||g(0:)  +  9(0,  >) 

h  , 

~  2  j  qts)B  tstds  .  45. 

0. 

which  is  an  "equal  areas”  rule  (c.g.  Whitham,  1^74  Section  2*8 )  modulated  to  take  account  of  the  fact  that  the 
piston  launches  disturbances  into  an  atmosphere  whose  character  is  changing  steadily  with  lime.  It  is  proper  to 
neglect  the  last  two,  ()(o2 ).  terms  on  the  right  hand  side  of  (4.1)  in  general.  When  the  atmosphere  is  inert, 

5  =  1 ,  A  =  O  and  f  =  I  ;  then  B(0)  =  o0,  g(0)  =  L>’(0)  and  (45)  reduces  to  the  classical  equal  areas  rule.  The 

same  is  approximately  true  if  the  piston  launches,  say.  a  single  short  pulse  of  disturbance  into  the  explosive 
atmosphere ;  e.g 

n’(0|  =  M  sin  w  0  ;  O  ^  0  ~  tr/w'  :  46. 

()  0  <  O  ,  rr/w  <  0  . 

wheie  M  and  w  ate  both  0(1)  quantities  now.  The  shock  strength  m  terms  of  the  value  of  11”' downstream  of 
the  wave,  namely  u(2' can  be  shown  to  be  given  by 

u*;1  *  uti>,02oi,i » 


I 

Mf(T){l  -  2(j(7+  l)Mw/ ftsids)'1!3  2 
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( Remember  that  u*1*  (0(  ( I  >.  I )  O  hv  virtue  ol  i-lt.|.)  Suite  ft  i )  exceeds  unity  for  I  ()  in  the  explosive 
atmosphere  the  shock  forms  at  the  leading  edge  of  the  pulse  slightly  earlier  than  the  classical  inert  atmosphere 
formation  time  of  (sec  (47)) 

T,h  -  2/(7+ t)Mw  .  48. 

If  the  pulse  duration  in  real  time  is  very  short  compared  with  oMrrt  (  then  a  shock  will  form  before  the  ambient 
explosive  event  takes  place. 

The  .  xistcnce  of  the  term  f(T)  in  the  numcratm  in  (47)  is  significant  and  points  directly  to  the  strong 
amplification  of  the  shock  that  can  arise  from  perturbation  of  the  ambient  reaction  rate.  The  direct  sensitivity 
of  ft!)  to  activation  energy  is  evident  through  ( 2 1 ). ( 72)  and  (4 1 ) .  the  larger  the  value  of  F.  the  smaller  is  the 
value  of  (  and  the  larger  is  the  value  of  Ad)  in  general.  Oilier  illustrations  of  the  present  and  related  results  have 
been  given  by  the  waiter  (Clarke.  1478,  1474  .also  l4g|  for  mote  details  of  the  picscnt  analysis). 

1  he  results  ol  this  and  tire  previous  Section  make  it  deal  lhai  small  dist urhances  ol  acoustic  or  greater 
amplitudes  will,  in  a  general  way.  be  at  least  sustained  by  their  influence  on  the  ambient  reaction  rate  and.  more 
probably  than  not.  will  actually  giow  significantly  in  amplitude,  at  least  during  the  early  stages  ol  ambient 
exothermic  activity.  Tor  times  closer  to  ambient  thermal  runaway  than  those  implicit  in  the  decision  to  treat 
A(T).  or  equivalently,  p  ^  jt  as  Of  I )  in  the  o  -*  o  limit  (see  Section  ?  ,  prior  to  ( 1 5 1)  the  analysts  must  he 
modified,  as  shown  tn  the  next  Section. 

5  THE  BREAKDOWN  OE  UNIDIRECTIONAL  PROPAGATION  Still  under  the  general 
requirement  that  o/e  is  o(  1 )  it  is  evident  ( ftom  (  )  (4 1 ).  lot  example,  fot  the  higei  amplitude  waves)  that 

(du*  ‘Vdl  fj  will  cease  to  be  (X  I  )  when  Ad)  moves  out  ol  this  order  class.  Breakdown  ol  the  asymptotic 
scheme  for  the  estimation  of  u(l)  occurs  only  through  this  fact,  since  it  can  easily  be  shown  that  fdu(,l/d/3)l  will 
not  behave  m  the  same  way 

Details  of  the  necessary  revisions  of  the  theory  aie  rather  lengthy,  and  will  not  be  lulls  described  here. 
Suffice  it  to  say  (hat  one  must  now  use 

<l)  - 

u  -  ou  (T.p)  49. 


together  with 


(i)  .  ti)  ti) 

P  -  op  .  p  -  op  .  q  -  oq 
c  e  c 


50a,  b.  c 


V 


(all  functions  with  a  subscript  — e  are  functions  of  t  and  0).  where  t  is  a  new  tune  variable,  namely 

or  -  T-T  .  51. 

n 
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and  1  is  a  fixed  time  defined  in  the  following  way.  Writing 

6  2  i  —  l/rp  s- 

O 

“2 

the  factor  A(T)  can  be  expressed  in  the  form  (see  (21 ) and (22)  and  drop  the  term  proportional  to  ea^) 

AtTi  =  y(>  1  K1  -B)Jq%xp{B/e }  53. 

Tlicn.  with 

B  ~  -flno+eB  -  b  +  <  B  .  54. 

AtTi  is  0(  l/o)  because  b  is  roughly  in  the  range  0.3  to  0.4  for  typical  e  and  o  values.  B* 1  *  is  hypothesised  to  be 

(X 1 )  as  0-»o.  The  time  T  is  now  given  hv  the  relation 
b 

s  1  -  ’Ap/V  =  b  •  55- 


with  x  defined  by 


T  -  X  =  o£  -  T  +  o(r  -  x) 

h 


and  defined  so  that 


til  m 

P  v* 

CXI  T 


it  can  he  shown  that  the  potential  satisfies  the  equation 


a  1  t 

(»'  -  a.  v  >  -  iU,*  -  -  a  if  ) 

TT  It'  X  X  7  TT  )  It  n 


5b. 


57a.  b 


5K. 


where 


12  ( I  b)‘  (  I  hr  (  1  .  59. 

ol> 

b  h/(T0)"|(l  h)2  {(I  Bm)  (I  h)  ’{”  .  60 

and  B  is  the  value  of  B  when  f>  is  equal  to  p  Tlie  particular  form  of  12  anscs  Irom  the  fact  that  if  B  has 

the  form  (54)  then  c-*o  as  o-*o  is  essential  if  h  is  to  be  0(1 ).  evaluation  of  I)’ '*  under  these  circumstances 
shows  that  it  is  equal  to  -  In  (I  Ht)  and  the  particular  form  of  12  in  (59)  is  a  consequence.  There  is  an 
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implication  ihai  solutions  of  (58)  may  bieak  down  as  r  -»  l>  ,  it  lot  no  oilier  reason  Ilian  die  lad  H  anil  hence 
p  will  noi  be  properly  described  in  such  circumslances. 

I* 

The  matching  conditions  for  u  require 

u‘"(r-  “>.0)-u'"<T  ,  ft)  =  K(P)fdb»  ■  f>l 

where  the  last  result  follows  from  (39).  As  r  -*■  —  il  -*  o.  and  (58)  i evens  to  the  wave  equation  for  propagation 
at  the  fixed  frozen  isentropic  sound  speed  a  =  a,  (T  t.  Thus  the  ‘early’  stages  of  motion  in  the  t  time  scale  are 
simply  an  acoustic-like  continuation  of  the  wave  system  at  time  .since  r  like  intervals  of  time  arc  relatively 
brief,  non-linear  correction  is  relegated  to  second-order  significance  within  them.  As  t  increases,  D  becomes 
positive  and  the  right-hand  side  of  ( 5K )  begins  to  assume  significance  Evidently  ( 5X)  is  describing  a  simple 
hierarchical  wave  system  (Wlniham,  1 074 ,  th.  1  I ).  The  motion  is  dis|x.-tsivc.  with  wave  speeds  between  the  frozen 
isentropic  value  a^  and  the  frozen  isothermal  value  v/ y  .  Because  the  relaxation  ftequency  Ji  ill  (58)  &. 
(59)  ts  positive,  the  wave  system  is  unstable  and  the  waves  will  he  amplified  from  the  source-like  character  of 
the  right-hand  side  of  (58)  and  the  need  to  obey  conditions  like  (61 )  for  all  0  (or.  equivalently,  x)  at  some 
‘fixed’  r(  —  ~  “>)  it  ts  highly  probable  that  waves  of  b>>th  families,  piopagating  along  x  >  o  and  x<  o,  arc 
generated.  It  is  very  significant  that  |>crturhations  in  q  have  been  promoted  in  the  present  r  time  intervals  to 
first  order  size  (sec  (50c) )  from  the  second  order  size  that  they  had  originally  (see  (14)) 

Thus  (58)  is  describing  the  way  in  which  lirsl-oidcr  chemical  activity  is  participating  in  the  wave- 
propagation  processes,  and  chemical  heat  release  tan  riot  prcler  to  generate  waves  of  one  particular  class,  it  must 
produce  waves  of  both  classes 
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DEFLAGRATION  TO  DETONATION  TRANSITION 
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ABSTRACT.  Transition  from  plane  steady  deflagration  to  plane  steady 
detonation  is  examined  in  one  particular  case,  related  to  the  ignition  of  a 
combustible  mixture  at  the  closed  end  of  a  tube.  Two  conjectures  are  made: 
a  deflagration  of  strength  0(6),  where  6  is  the  heat  release,  requires  a 
disturbance  0(6'4)  to  make  it  evolve  into  a  detonation;  and  the  outcome  of 
a  shock  overtaking  a  deflagration  is  an  overall  steady  detonation  with  oscill¬ 
atory  structure.  Some  doubt  is  cast  on  the  first  conjecture. 

I.  INTRODUCTION.  In  spite  of  the  long  history  of  deflagrations  and 
detonations,  the  transition  of  the  former  into  the  latter  (DDT)  still  lacks 
a  theory.  Progress  has  foundered  on  such  questions  as  the  adequacy  of  a  lam¬ 
inar  description,  which  have  only  complicated  the  issues.  In  dealing  with 
detonation  structure  per  se,  Oppenheim  &  Rosciszewski  [5]  dismissed  these 
questions  by  assorting  that  "only  a  thorough  understanding  of  the  so-called 
"laminar"  wave  structure  can  provide  proper  basis  for  the  assessment  of  the 
effects  of  turbulence  and  other  time  dependent  and  multidimensional  phenomena 
that  may  accompany  the  detonation  process". 

The  first  steps  in  the  case  of  DDT  are  simple  descriptions  of  steady 
plane  deflagrations  and  detonations,  the  emphasis  being  on  simple.  Detonations 
have  now  been  treated  by  l.u  6  l.ud ford  [4]  and  deflagrations  by  Stewart  &  Ludford 
[9],  (The  deflagrations  concerned  are  "fast",  not  just  those  obtained  by  the 
so-called  combustion  approximation  (9]  where  the  Mach  number  is  vanishingly 
small).  Here  we  move  on  to  the  transition  question  and  immediately  find  that 
the  subject  is  too  general  to  treat  in  its  entirety.  The  object  of  this  paper 
is  to  isolate  the  mathematical  problem  involved  in  one  particular  plane  tran¬ 
sit  ion . 

IT  . _ HUGONIOT  DIAGRAM  FOR  6  <<  1 .  The  most  promising  line  of  attack 

assumes  that  the  heat  release  is  small:  for  steady  deflagrations  and  detona¬ 
tions  the  formulas  are  then  particularly  simple  [6],  involving  no  more  than 
exponential  functions.  One  is  immediately  led  to  a  conjecture  about  transitions 
in  general,  suggested  by  a  simple  property  of  the  Hugoniot  diagram  (Fig.  1)  to 
be  der ived  next . 

The  density  p,  velocity  u  and  p.essure  p  on  the  two  sides  of  a  defla¬ 
gration  or  detonation  (treated  as  a  discontinuity)  must  satisfy 
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Not  all  of  the  hyperbola  is  physically  acceptable.  Those  parts  on  which 
density  or  pressure  is  negative  must  be  excluded,  as  must  that  part  to  the 
right  of  the  vertical  and  above  the  horizontal  through  the  point  1  (since  vel¬ 
ocities  are  imaginary).  The  discontinuities  corresponding  to  the  remaining 
parts  AC  and  DF  are  detonations  and  deflagrations,  respectively.  The  point  B 
divides  the  detonations  into  strong  (above)  and  weak  (below),  while  E  divides 
the  deflagrations  in  the  same  way  (right  and  left) .  Analysis  of  the  reaction 
zone  within  the  discont inuity  shows  that  strong  deflagrations  do  not  exist  and 
that  weak  detonations,  unlike  strong  ones,  only  exist  for  special  reaction  rates 
accordingly  BC  and  EF  are  drawn  dashed  to  indicate  their  exclusion  from  the 
subsequent  discussion. 

We  are  left  then  with  the  strong  detonations,  together  with  the  so-called 
Chapman-Jouget  (C-J)  detonation  corresponding  to  the  point  B,  and  the  weak 
deflagrations,  together  with  the  so-called  C-J  deflagration  corresponding 
to  the  point  E.  At  both  the  upper  and  lower  C-J  points  (B  and  E)  the  vel¬ 
ocity  of  the  discontinuity  relative  to  the  burnt  gas  is  equal  to  the  speed  of 
sound  there.  As  A  is  approached,  the  velocity  of  the  discontinuity  becomes 
infinite  while  at  D  it  is  zero.  For  g  <<  1,  the  hyperbola  comes  to  a  dis¬ 
tance  0(8)  from  the  point  1;  hence,  both  the  upper  and  lower  C-J  points  are 
0(8^)  away,  the  simple  property  of  the  Hugoniot  diagram  mentioned  earlier. 

If  the  initial  deflagration  is  steady,  corresponding  to  the  point  2f, 
and  the  final  detonation  is  also  steady,  corresponding  to  2t ,  then  the  tran¬ 
sition  involves  a  change  0(8-0.  It  is,  therefore,  natural  to  conjecture  that, 
to  effect  the  transition  from  a  steady  deflagration  to  a  steady  detonation,  at 
least  a  threshold  disturbance  0(8-0  must  be  applied.  This  conjecture,  which 
Matkowsky  claims  to  have  made  first,  will  be  examined  later;  here  we  merely 
note  that  it  explains  why  no  detonation  was  produced  in  the  quasi-steady  theory 
of  Stewart  &  l.udford  [10]. 

III.  SHOCK- INDUCED  TRANSITION.  The  object  is  to  focus  current  discussion 
of  transitions  by  considering  a  specific  problem  in  which  a  deflagration  evolves 
into  a  detonation  under  the  action  of  an  external  disturbance.  The  problem  is 
derived  from  a  standard  example  of  DOT  which,  in  its  original  mathematical 
form,  has  the  transition  process  suppressed.  We  refer  to  the  ignition  of  a 
reaction  mixture  in  a  tube  closed  at  one  end.  When  ignition  is  supposed  to 
occur  at  the  end  wall  itself,  a  C-J  wave  propagates  away,  immediately  fol¬ 
lowed  by  a  centered  rarefaction  wave  (Courant  &  Friedrichs  [3]).  The  transi¬ 
tion  is  eliminated  by  this  mathematical  idealization. 

To  obtain  a  transition  problem  without  introducing  complications  associ¬ 
ated  with  a  more  realistic  description  of  the  ignition  process,  the  mixture  is 
supposed  to  be  ignited  with  the  end  opened,  so  that  a  steady  deflagration  wave 
propagates  down  the  tube.  The  end  is  subsequently  closed  or,  more  generally, 
moved  with  constant  velocity.  The  (uniform)  backward  motion  of  the  burnt  gas 
behind  the  deflagration  is  incompatible  with  the  motion  of  the  end  wall;  the 
resultant  shock  wave  overtakes  the  deflagration  wave  and  produces  transition 
(Fig.  2). 
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Figure  2.  Outcome  of  a  sufficiently  strong  shock  . . 

overtaking  a  def  lagrat  ion  /WWl *  The 
1  ines »»«»"•  represent  a  detonation 
and  contact  discontinuity,  respectively. 


Figure  2  applies  if  the  wall  velocity  is  sufficiently  large;  from  the 
collison  emerges  a  detonation  wave  together  with  a  contact  discontinuity  and 
a  back  shock.  More  precisely,  we  assert  that  such  a  collection  of  disconti¬ 
nuities  forms  a  consistent  description:  the  detonation  wave  satisfies  the 
equations  (1,2),  with  p^  >  p>,  the  back  shock  satisfies  the  same  conditions 
with  B  ”  0,  and  the  contact  discontinuity  has  velocity  and  pressure  continuous 
across  it.  The  consistency  of  the  description  does  not  mean  it  is  correct,  how¬ 
ever:  the  transition  question,  i.e.,  whether  the  collision  results  in  the  con¬ 

figuration  shown,  remains. 

The  transition  problem  associated  with  such  a  collision  can  now  be  posed 
(cf.  Fig.  3a):  given  initial  conditions  corresponding  to  a  shock  wave  approach¬ 
ing  a  steady  deflagration  wave,  determine  the  ultimate  conditions.  The  appro¬ 
priate  distance  and  time  scales  for  analyzing  the  problem  are  not,  of  course, 
those  used  in  Figure  2  but  the  much  smaller  ones  based  on  thermal  diffusivity 
(blowing  up  the  region  ringed  in  that  figure).  Before  making  a  second  conjecture, 
about  these  ultimate  conditions,  we  shall  examine  the  configuration  in  Figure  2 
more  carefully,  with  a  view  to  shedding  more  light  on  the  first  conjecture. 
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Figure  3.  Collision  process  for  g  <<  1:  (a)  initially 

shock  overtakes  deflagration;  (b)  ultimate 
oscillatory  structure  of  detonation  (conjectured) 

Numerical  calculations  were  made  for  S  =  .5;  the  results  are  believed 
to  be  typical.  Instead  of  prescribing  the  reaction  properties  of  the  mixture 
and  calculating  the  Mach  number  M  of  the  deflagration  discontinuity,  M  was 
taken  to  be  .2  (which  is  less  than  the  Chapman-Jouget  value  for  the  8  as¬ 
sumed).  The  main  result  is  shown  in  Figure  4,  where  the  dashed  curve  (corre¬ 
sponding  to  weak  detonations)  is  to  be  discarded.  The  conf  igi..  at  ion  of  Figure 
2  then  leads  only  to  the  curve  QR,  so  that  there  is  a  minimum  wall  velocity, 
corresponding  to  a  C-J  detonation,  for  its  validity.  Also  shown  in  Figure  4  is 
the  curve  for  8^0,  obtained  anal yt ical 1 y . 
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Figure  4.  Detonation  velocity  as  a  function  v  '  wall  * 

velocity  Uw  for  deflagration  velocity  =  .2c  i 

and  8  =  .5,  c  being  the  speed  of  sound  in  the  1 

fresh  mixture.  The  lines  —  and - correspond  | 

to  strong  (or  C-J)  and  weak  detonations,  respec-  4 

tively.  The  curve  QR  is  obtained  for  the  con-  i 

figuration  of  Figure  2,  and  the  horizontal  line  1 

PQ  for  that  of  Figurp  5.  1 
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For  wall  velocities  smaller  than  the  minimum,  the  (discarded)  weak  detona¬ 
tions  produce  lower  pressures  than  the  limiting  C-J  detonation,  which  suggests 
inserting  a  centered  rarefaction  wave  immediately  behind  this  detonation.  The 
resulting  modification  is  shown  in  Figure  5.  Numerical  calculations  confirm  the 
configuration,  producing  the  horizontal  extension  PQ  in  Figure  4.  At  P  the 
wall  velocity  is  equal  to  that  of  the  burnt  gas  behind  the  deflagration,  i.e., 
the  wall  is  being  withdrawn  just  fast  enough  for  no  shock  wave  to  be  produced. 


Figure  5.  Modification  of  Figure  2  for  weaker  shock 

strengths.  The  detonation  is  now  C-J  with 
a  centered  rarefaction  lying  immediately  behind. 


This  limiting  case  is  important:  unless  contradicted  by  the  solution 
of  the  transition  problem,  it  shows  that  an  arbitrarily  small  disturbance 
will  induce  a  deflagration  to  chahge  into  a  detonation.  (The  fact  that  the 
system  of  discontinuities  after  the  collision  in  Figure  5  can  solve  the  same 
init ial -value  problem  as  a  single  deflagration  has  been  noted  by  Cherny  [2], 
but  without  reference  to  DDT.  For  6  <<  1,  when  the  withdrawn  velocity  is 
zero,  the  conclusion  amounts  to  a  counterexample  of  the  first  conjecture 
(Sec.  IT):  a  vanishingly  small  disturbance,  on  the  scale  S%  produces  tran¬ 
sition.  In  fact,  counterexamples  are  also  obtained  for  certain  positive  wall 
velocities,  because  the  distance  between  B  and  D  in  Figure  1,  on  the  basis 
of  the  conjecture,  is  a  definite  multiple  of  ?i. 


IV.  CONDITIONS  FOR  STEADY  DEFLAGRATIONS  AND  DETONATIONS.  A  discussion 
of  the  collision  process  is  clearly  needed;  for  vanishingly  small  disturbance 
the  question  reduces  to  the  stability  of  deflagration  waves.  Before  coming  to 
the  second  conjecture,  about  the  ultimate  conditions  in  the  transition  prob¬ 
lem,  we  shall  show  that  the  configurations  cannot  be  exactly  as  implied  by 
Figures  2  and  5:  the  detonation  wave  that  emerges  from  the  collision  is  not 
necessarily  steady. 

The  argument  depends  on  the  theory  of  steady  plane  deflagrations  and 
detonations  presented  in  [9l  and  [/,]  .  The  theory  involves  an  ignition  temper¬ 
ature  T*  which,  as  a  property  of  the  fresh  mixture  ahead  of  both  the  defla¬ 
gration  and  detonation  waves,  applies  to  the  reaction  (at  flame  sheets)  inside 
both.  Stewart  and  Ludford  [9]  show  that  a  structure  exists  for  a  steady  plane 
deflagration  only  if  the  ignition  temperature  lies  in  a  certain  interval,  say 

¥*(P)  £  T*  <  T*(B);  (4) 

the  corresponding  restriction  for  detonations,  say 

T*(6,M)  <  T*  <  T*(B,M),  (5) 

was  obtained  by  Lu  &  I.udford  [4].  Here  M(T^)  is  the  Mach  number  of  the 
detonation  in  Figure  2  or  5  when  the  deflagration  corresponds  to  T* .  Except 
for  T*,  which  is  the  adiabatic  flame  temperature  of  the  mixture,  the  limits 
these  inequalities  must,  in  general,  be  obtaine^  numerically.  The  limit 
T*  corresponds  to  the  C-J  deflagration,  while  T*  and  T*  correspond, 
respectively  to  the  DNZ  detonation  and  a  weak  detonation/shock  combination. 

The  question  i^whether  the  T^  selected  in  the  interval  (4)  leads  to 
values  of  T*  and  lying  above  and  below  it;  if  not,  the  mixture  cannot 

support  the  steady  detonation.  (We  ensure  that  T*  lies  in  the  interval  (4) 
by  merely  choosing  a  deflagration  velocity  less  than  the  C-J  value  for  the 
B  concerned).  The  implication  would  be  that  the  detonation  could  not  be 
steady.  The  answer  for  general  B  will  be  available  soon;  here  we  note  tliat 
it  it  not  so  when  8  is  small  enough,  because  the  value 

"t*  =  [1  +  0(6’-')  ]'1{  (6) 

found  by  Stewart,  Kapil a  &  Ludford  [6]  lies  above 

'T*  =  (1  +  P/f)  Tf  .  (7) 

Here  the  function  0(8t's)  is  positive  and  Tf  is  the  temperature  of  the 
fresh  mixture. 
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V.  THE  SECOND  CONJECTURE.  Consider  g  «  1.  Since  a  steady  detonation 
cannot  emerge  from  the  collision,  we  are  left  with  the  question  of  what  does 
emerge.  The  question  can  only  be  settled  by  considering  the  transition  prob¬ 
lem  itself;  and  there  is  one  way  in  which  Figures  2  and  5  would  still  be  correct. 
The  essential  requirement  is  that  conditions  far  upstream  and  downstream  in  the 
ultimate  structure  (Fig.  3b)  should  be  fixed.  Such  a  requirement  would  be  met 
by  a  structure  that  was  steady  on  the  g'S-scale  but  had  an  unsteady  perturbation 
0(g)  that  died  out  at  infinity  in  both  directions. 

Such  a  structure  is  sketched  in  Figure  3b.  Since  an  ignition  temperature 
O(g'S)  above  T^  is  required  for  a  steady  detonation,  the  flame  sheet  is  unable 
to  assume  a  steady  final  position.  On  the  other  hand,  reaction  takes  place  as 
soon  as  the  temperature  reaches  the  flame  temperature  in  Figure  3a,  which  is 
0(g)  above  Tf .  The  conjecture  is  that  ultimately  the  flame  sheet  oscillates 
at  the  front  of  a  shock-like  disturbance,  forming  an  overall  steady  detonation 
with  a  pulsating  structure. 

This  conjecture  highlights  the  need  for  a  study  of  the  transition  problem. 
For  general  g,  numerical  methods  will  undoubtedly  be  needed;  but,  for  g  <<  1, 
experience  [9],  [6],  [10]  suggests  that  analysis  will  prevail,  and  the  conjecture 
indicates  how. 
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ABSTRACT.  The  quasi-one-dimensi onal  Euler  equations  are  applied  to  a 
geometrically  complicated  shock  tube  and  integrated  by  an  implicit  numerical 
technique.  The  driver  section  consists  of  many  contractions  so  that  rare¬ 
faction  waves  generated  there  catch  up  to  the  main  shock  and  mitigate  it 
progressively  to  the  point  where  it  has  the  appearance  of  an  exponentially 
decaying  wave  of  the  type  generated  by  a  free  air  blast.  The  computational 
capability  is  tested  to  an  extreme  because  of  the  severe  area  contractions 
and  high  initial  diaphragm  pressures.  The  shock  capturing  numerical  tech¬ 
nique  used  for  these  cases  employs  coordinate  stretching  and  clustering  for 
sharp  shock  definition.  Operation  of  a  rarefaction  wave  eliminator  is 
computationally  exercised  and  is  shown  to  well  define  a  blast-type  waveform 
if  its  closure  rate  is  selected  judiciously. 

I .  I NTRODUCT I ON .  The  ban  on  open-air  nuclear  testing  forces  the  blast 
community  to  seek  alternate  means  of  generating  pressure  signatures  capable 
of  simulating  the  blast  from  tactical  and  strategic  nuclear  weapons.  The 
pressures  generated  by  these  simulations  can  then  be  applied  to  model  or 
real  targets  to  assess  their  vulnerability.  There  are  commonly  two  methods 
for  experimentally  simulating  pressures  from  nuclear  devices:  first,  deto¬ 
nation  of  large  quantities  of  high  explosives;  or,  second,  creating  the 
appropriate  waveform  in  specialized  shock  tubes.  Although  both  methods  are 
currently  employed,  the  former  is  becoming  prohibitively  expensive  and 
large-scale  blast  simulators  appear  as  increasingly  attractive  alternatives. 
These  simulators  (shock  tubes)  are  physically  large  enough  to  accomodate  full 
sized  tanks,  helicopters,  tactical  aircraft,  etc.  A  number  of  moderate  size 
such  devices  exist  in  the  U.S.  and  abroad  with  the  largest  and  newest  in 
Gramat,  France.  This  device  is  schematically  illustrated  in  Fig.  1.  Several 
prominent  features  are  evident  in  this  Figure.  The  first  is  the  driver  sec¬ 
tion  consisting  of  seven  large  pressure  vessels  which  discharge  through 
conical  nozzles  into  the  driven  section.  The  driver  lengths  for  this  blast 
simulator  are  about  44  m  and  the  driven  section  is  105  m.  Items  to  be 
tested  are  placed  from  60  to  75  m  into  the  driven  tube.  The  cross  section 
diameter  is  nominally  12  m.  The  third  distinguishing  feature  is  the  rare¬ 
faction  wave  eliminator  (RWE)  which  consists  basically  of  a  louvered  wall  at 
the  end  of  the  driven  section.  The  RWE  is  shown  removed  from  the  driven 
section  in  Fig.  1.  Its  purpose  is  to  regulate  the  outflow  as  a  function  of 
time  so  that  signals  generated  at  the  end  of  the  tube  do  not  propagate  up¬ 
stream  into  the  subsonic  flow  following  shock  exit.  It  allows  the  simula¬ 
tion  of  very  long  duration  blast  waves  and  provides  a  substantial  cost 
savings  in  construction  since,  with  a  RWE,  the  same  waveforms  are  obtained 
in  tubes  a  fraction  of  the  length. 
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The  U.S.  Army  and  other  government  agencies  are  looking  into  developing 
a  simulator  designed  primarily  for  tactical  nuclear  blast  simulation.  An 
additional  feature  in  its  design  concept  will  be  to  incorporate  a  thermal 
irradiation  capability  of  the  magnitudes  associated  with  tactical  nuclear 
devices.  One  then  has  the  capability  for  studying  blast/thermal  synergism  in 
a  controlled  environment.  The  focus  of  this  work,  however,  is  to  make  pre¬ 
liminary  computational  designs  and  predict  the  performance  of  the  gas 
dynamic  operating  cycle  of  this  complex  shock  tube  by:  (a)  requiring  the 
computations  to  simulate  3-D  above  ground  bursts  by  shaping  the  waveform; 

(b)  simulating  a  long  driven  section  (or  long  duration  pulse)  by  incor¬ 
porating  an  active  rarefaction  wave  eliminator;  and  (c)  obtaining  long 
flowing  times  by  requiring  severe  area  contractions  and  high  diaphragm 
pressures. 

The  computational  technique  employed  in  this  study  is  that  due  to  Beam 
and  Warming2'5'6.  The  one-dimensional  application  in  this  work  is  a  step¬ 
ping  stone  for  extensions  to  2-  and  3-dimensional  blast  problems. 

II.  THEORETICAL  CONSIDERATIONS.  Application  of  the  implicit  finite- 
difference  scheme  described  by  Warming  and  Beam2  is  most  elegant  in  multi¬ 
dimensions  where  one  can  take  advantage  of  all  its  attributes.  Yet  even  in 
the  quasi-one-dimensional  application  most  of  the  essential  qualities  are 
retained.  The  governing  equations,  for  our  problem,  written  in  weak  conser¬ 
vation  form,  retain  that  generality  when  transformed  to  a  uniformly  spaced 
computational  space.  Central  spatial  differencing  casts  the  difference 
equation  into  a  block  tridiagonal  structure  which  is  solved  for  the  incre¬ 
ments  in  the  dependent  variables  at  each  successive  time  step  without 
iteration. 


A.  Governing  Equations.  The  differential  Ruler  equations  which 
describe  one-dimensional  flow  with  variable  area  may  be  written  in  the 
following  form: 

~  (qA)  +  ~  (EA)  +  17  =  0,  (1) 


where  the  vectors  ci ,  F.,  and  II  are: 


p 

pu 

q  = 

pu 

e 

—  m 

,  n  = 

(pu2  +  p) 
u(e  +  p) 

and  H 


0 


0 


(2) 


This  set  of  three  scalar  equations  represent  the  conservation  of  mass, 
momentum,  and  energy,  per  unit  volume,  with  the  usual  notation  of  p  as 
density,  u  as  velocity,  e  as  total  energy,  and  p  as  pressure.  A  represents 
the  cross-sectional  area  of  interest  which  may  vary  with  coordinates  x 
and/or  t,  where  x  is  a  linear  dimension  and  t  is  time.  As  written,  the 
equations  are  in  weak  conservation  form  because  of  the  vector  H.  If 
A  f*  f (x) ,  the  H  vanishes  and  the  equations  revert  to  their  strong 
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conservation  form.  Either  form  is  shown  by  Peyret  and  Viviand3  to  locate 
(capture)  shocks  accurately  in  the  grid. 

The  physical,  independent  variables  (x,t)  are  transformed  into  a  uni¬ 
formly  spaced  computational  grid  by  a  general  transformation  of  the  form 


€  =  f(x,t) 

T  =  t 


(3) 


The  resulting  transformed  version  of  equation  (1)  is  then 


0 


(4) 


where  it  is  noted  that  the  weak  conservation  form  is  retained. 
(4)  we  define 


E  =  qA?t  -  EMx 


’pA?t  +  PUMX 
uA£t  +  (pu2  +  P)A£x 
,eA£t  +  u(e  +  p)A^x 


In  equation 


(5) 


where  subscripts  x  and  t  mean  differentiation  and  A  =  A/£x.  The  system  of 
equations  (4),  together  with  the  ideal  gas  equation  of  state 

P  =  (Y  -  1)  (e  -  Jspu2),  (6) 

where  y  is  the  ratio  of  specific  heats,  constitutes  the  governing  set  of 
one-dimensional  Euler  equations  with  arbitrary  geometry.  These  equations 
will  be  numerically  applied  to  a  variable  area  shock  tube  problem  with  the 
implicit  delta  formulation  of  Warming  and  Beam2. 

B.  Implicit  Numerical  Scheme.  Euler  implicit  time  differencing  and 
central  spacial  differences  are  employed  for  the  derivative  terms  in 
equation  (4)  while  the  source  term,  K,  is  evaluated  explicitly.  Equation  (4) 
then  becomes 


where  the  subscript  "j"  refers  to  a  spacial  grbd  point  and  superscript  "n"  to 
a  time  step.  The  terms  containing  the  vector  E  are  nonlinear  functions  of 
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the  conserved  flow  variables  Q  and  the  system  of  equations  (7)  can  be 
solved  by  an  iterative  scheme.  However,  as  suggested  by  Lomax4,  when  these 
terms  are  locally  linearized  the  equation  set  (7)  can  be  solved  directly 
(non- iteratively)  with  only  one  inversion.  This  can  be  shown  to  be  equiva¬ 
lent  to  one  iterative  step  ,  and  retains  the  formal  accuracy  of  equation  (7). 
Performing  local  linearization  and  defining  the  increment  in  the  variable  Q 
by 

AQ.  =  q!?  +  1  -  q”  (8) 

one  obtains  the  "delta"  form  of  the  algorithm  in  matrix  notation  as 


•  (AQ)  ^  =  -  At 6^(2?)"  -  At  (h)  (9) 

j 

where  the  double  bar  indicates  a  k  x  k  matrix  and  <5^.  implies  central  spacial 

differencing.  The  above  notation  is  favored  by  Beam  and  Warming2’5"6  and 
clearly  points  to  the  solution  in  terms  of  the  flow  variable  increment  AQ. 

The  solution  of  the  dependent  variables  at  the  next  time  step,  therefore,  is 


£  I  +  At6?(A) 


Q*?+1  =  +  AQ^  (10) 

In  equation  (9)  I  is  the  identity  matrix  and  A  is  the  Jacobian  of  the  convec¬ 
tive  terms  with  respect  to  the  flow  variables,  3F/9 Q.  The  notation  in 
equation  (9)  requires  the  dot  product  to  be  carried  out  prior  to  the  spacial 
differencing.  Although  the  "delta"  formulation  leads  to  numerical  efficiency 
and  analytical  simplicity,  it  should  be  pointed  out  that  Briley  and  McDonald* 
were  first  to  extensively  apply  the  local  linearization  concept  and  implement 
the  algorithm  in  its  "non-delta"  form.  Finally,  the  actual  implementation  of 
equation  (9)  finds  the  left-hand  term  in  brackets  to  be  a  tridiagonal  system 
which  allows  for  easy  application  of  a  solution  algorithm. 


C.  Dissipation.  To  control  phase  errors  associated  with  the  highest 
frequencies,  a  fourth  order  dissipation  term  is  explicitly  added  to  equa¬ 
tion  (9).  This  is  of  the  form 


A*  *j+2  ~  4Vl  *  -  4<*j-2 

3£4  .  (A£) 4 


(11) 


where  A  and  V  represent  forward  and  backward  difference  operators  respect¬ 
ively.  The  final  form  of  the  computational  algorithm  which  has  been  pro¬ 
grammed  is 


£l*  +  At«c(A)J  •  (AQ).  =  -  ATg^Cfi).  -  Ar(h)" 


(12) 
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error,  formal  accuracy  is  maintained.  At  boundary  mesh  points  the  dissipa¬ 
tion  is  of  second  ordor. 

D.  Grids.  For  most  situations  computed  in  this  paper  the  algorithm 
of  equation  (12)  remained  stable  and  a  uniform  grid  spacing  was  adequate. 
Under  conditions  of  a  large  initial  pressure  ratio  and  severe  area  constric¬ 
tions,  portions  of  the  flow  would  experience  density  undershoots.  This  was 
usually  resolved  by  clustering  about  a  point  with  a  hyperbolic  relationship 
of  the  form 

£  *  a  sinh  1  B(x-xq)  (13) 

or 

£  =  a  tanh  3(x-xq)  .  (14) 

In  these  equations  xQ  is  the  point  about  which  one  clusters  and  B  paramet¬ 
rically  adjusts  the  density  of  grid  points  about  x0.  The  coefficient  a 
stretches  the  ordinate  such  that  A£  =  1. 

E.  Initial  and  Boundary  Conditions.  The  variables  in  the  governing 

t  equation  were  nondiinensionalized  by  the  following  (where  A  signifies  a  non- 
dimensional  variable) 

t  =  ra^/L 

£  =  £/L 

P  =  P/P4 

(15) 

u  =  u/ax 

P  =  P/P4a!2 

e  =  e/p4aj2 


The  subscripts  1  and  4  refer  to  the  initial  atmospheric  and  driver  conditions, 
L  is  the  length  of  the  shock  tube,  and  a  is  the  sound  speed.  To  initialize 
the  computation 
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where  T^,  and  are  the  initial  temperature  and  pressure  ratio  across  the 

diaphragm.  Under  the  severe  conditions  mentioned  in  the  previous  section  it 
was  sometimes  necessary  to  spread  the  diaphragm  over  several  grid  points  so 
as  to  "soften"  the  starting  process.  After  several  time  steps  this  initial 
diffusion  would  not  be  evident  when  compared  to  a  control  case  without  the 
distribution. 

The  reflective  boundary  at  the  left-hand  side  was  computed  by  means  of 
image  points,  such  that 


(17) 


and  the  outflow  boundary  was  computed  from  backward  differences  at  the  exit 
plane  formulated  such  that  it  did  not  violate  domain  of  dependence.  The 
variable  specified  here  was  the  absolute  static  pressure.  Inflow  was  not 
considered. 

III.  RESULTS. 

A.  General  Considerations.  This  section  shows  how  the  computational 
results  obtained  with  the  algorithm  of  equation  (9)  can  be  combined  to  model 
geometrically  complicated  blast  simulators  in  a  quasi-onc-dimensional  sense. 
The  schematics  depicted  on  the  left  hand  side  of  Figure  2  represent  various 
ways  in  which  the  waveform  in  a  particular  shock  tube  may  be  shaped  to 
eventually  achieve  a  desired  result.  In  every  case  the  dotted  line  repre¬ 
sents  the  location  of  the  diaphragm.  The  dots  in  the  tube  schematics  are 
meant  to  correspond  roughly  to  the  test  station  and  represent  the  location  of 
the  respective  static  overpressure  waveform  in  the  right  hand  side  of  the 
Figure.  The  term  overpressure  is  the  excess  pressure  over  atmospheric 
(ambient)  and  is  preferred  by  the  blast  community  to  absolute  pressure.  This 
term  will  be  used  consistently  throughout  and  is  to  be  construed  as  such 
wherever  "p"  appears.  The  waveforms  are  time  varying  functions  and  are  ob¬ 
tained  by  continually  sampling  the  flow  at  the  location  of  the  dot. 

Part  (a)  of  Figure  2  represents  a  conventional  shock  tube.  At  the  test 
station,  the  pressure  rises  instantaneously  to  a  plateau  value  and  remains 
there  until  it  is  destroyed  by  a  rarefaction  wave.  In  this  particular  case 
the  rarefaction  wave  is  the  result  of  the  shock  exiting  the  tube  and  initia¬ 
ting  a  left  traveling  rarefaction  wave.  Had  the  sampling  station  been  far¬ 
ther  to  the  left,  the  left  traveling  rarefaction  wave  generated  by  the  start¬ 
ing  process  (bursting  of  the  diaphragm)  would  have  reflected  from  the  closed 
end  and  caused  the  decay.  In  either  case  the  result  is  essentially  the  same. 
Of  course,  this  basic  configuration  does  not  approach  the  desired  result 
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depicted  in  2(f)  of  the  same  Figure.  This  waveform  is  meant  to  represent 
the  ideal,  classical  exponentially  decaying  wave  that  results  from  a  surface 
burst  and  it  is  this  waveform  that  we  try  to  generate  with  our  mathematical 
shock  tube.  The  shock  tube  that  generates  this  type  of  waveform  is  there¬ 
fore  called  a  "blast  simulator". 

Figures  2(b)  and  2(c)  are  alternate  ways  of  achieving  similar  results. 
The  essential  feature  of  the  waveform  is  that  the  plateau  no  longer  exists 
but  rather  a  decay  is  present.  In  2(b)  the  driver  contains  a  number  of 
baffles  (area  constrictions)  and  in  2(c)  the  driver  is  in  the  shape  of  a 
cone.  The  left  traveling  rarefaction  wave  in  2(b)  caused  by  the  bursting  of 
the  diaphragm  encounters  a  baffle,  partially  reflects  from  it  and  travels  to 
the  right;  partially  passes  through  until  it,  encounters  the  next  baffle  and 
reflects  to  the  right;  etc.  This  process  could  theoretically  be  continued 
with  a  large  number  of  baffles.  The  right  traveling  rarefaction  waves  that 
reflect  from  the  baffles  catch  the  main  shock  and  progressively  weaken  it. 
This  weakening  is  depicted  by  the  overall  decay  in  the  first  half  of  the 
pressure  waveform.  The  detail  in  the  decay  (undulations)  depends  on  the 
number  of  baffles,  their  relative  placement  and  the  size  of  opening.  The 
driver  in  Figure  2(c)  can  be  thought  of  as  the  limiting  case  of  a  large  num¬ 
ber  of  baffles  that  progressively  decrease  in  hole  diameter  as  we  move  to  the 
left  from  the  diaphragm.  The  result  is  that  the  undulations  depicted  in  2(b) 
disappear  to  produce  a  smoothly  varying  exponential-like  decay. 

Figure  2(d)  depicts  a  shock  tube  with  a  contraction  at  the  diaphragm  and 
a  divergent  nozzle.  There  are  two  prominent  features  associated  with  the 
pressure  history  for  this  configuration.  First,  a  decaying  pressure  spike  is 
evident.  This  is  caused  by  the  expansion  process  of  the  divergent  section 
and  the  fact  that  the  nozzle  is  operated  in  the  choked  mode.  Second,  the 
mass  flow  into  the  divergence  and  the  driven  section  is  restricted  by  the 
throat  area  and  although  when  the  process  is  started  the  flow  initially  re¬ 
acts  as  if  the  situation  were  that  of  2(a)  it  quickly  adjusts  to  a  mass  flux 
dictated  by  the  throat.  Realizing  it  can't  keep  up  the  mass  flux  demanded 
in  2(a)  the  pressure  plateau  accomodates  the  lesser  mass  flux.  These  fea¬ 
tures  permit  control  of  the  initial  wave  decay  rate  and,  because  of  low 
driver  mass  emission,  prolong  the  blowing  times  required  for  long  duration 
waveforms.  Eventually,  the  waveforms  in  Figures  2(b),  (c) ,  and  (d)  suffer 
the  consequence  of  the  rarefaction  the  same  as  in  Figure  2(a).  This  brings 
us  to  our  last  important  feature  in  the  design  of  blast  simulators;  namely: 
the  rarefaction  wave  eliminator  (RWE). 

Figure  2(e)  shows  the  RWE  at  the  end  of  a  simple  shock  tube.  Its  pur¬ 
pose,  as  the  name  implies,  is  to  negate  the  detrimental  effects  caused  by 
the  rarefaction  wave  from  the  open  end.  Besides  having  no  business  in  a 
waveform  that  tries  to  mimic  a  blast  wave,  it  poses  several  other  problems. 

It  produces  a  flow  acceleration  and  subjects  items  to  be  tested  to  unrealis¬ 
tically  high  dynamic  loads.  This  is  especially  troublesome  when  an  item  is 
to  be  tested  near  the  limit  of  its  survivability.  The  rarefaction  wave  can 
potentially  destroy  the  test  item.  The  RWE  is  computationally  modeled  as  a 
contraction  or  baffle  placed  at  the  end  of  the  tube.  The  effects  for  a 
straight  tube  are  shown  in  the  right  hand  side  of  2(e).  The  dotted  line  in 
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the  pressure  trace  represents  the  result  without  a  RWE  (i.e.,  the  condition 
depicted  in  2(a)).  The  extension  of  the  plateau  comes  about  when  the  shock 
wave  exits  the  end  of  the  tube;  partially  reflects  as  a  shock  from  the  closed 
portion  of  the  RWE;  partially  generates  a  rarefaction  wave  from  the  open  por¬ 
tion  of  a  strength  so  as  to  cancel  the  shock.  The  resulting  extended  plateau 
is  then  only  destroyed  by  the  diaphragm  generated  rarefaction  wave  and  its 
reflection  from  the  closed  end. 

The  general  features  described  in  Figure  2  can  be  combined  and  parame¬ 
trized  such  that  the  operational  gas  dynamic  cycle  of  the  resultant  shock 
tube  would,  in  waveform,  approach  that  of  Figure  2(f).  The  remainder  of  this 
paper  will  show  how  this  is  accomplished  by  using  the  French  facility  de¬ 
scribed  in  Reference  1  as  an  example. 

EG _ A  Blast  Simulator  Model.  The  Gramat  Facility  in  France1  consists  of 

a  driven  tube  with  a  nominal  diameter  of  12  m.  In  order  to  accommodate  some 
aircraft  a  20  m  diameter  facility  would  be  required  for  the  U.S.  In  planning 
for  the  driver  design  for  such  a  facility  we  are  faced  with  engineering  a 
pressure  vessel  20  m  in  diameter  by  roughly  SO  m  long  if  we  adopt  the  model 
of  Figure  2(b).  This  is,  of  course,  impractical  and  the  French  have  resorted 
to  a  technique  devised  jointly  by  them  and  the  Germans7.  The  technique  in¬ 
volves  using  a  number  of  "small"  diameter  rechargeable  pressure  vessels  with 
the  nozzle  end  directed  into  the  driven  tube  (as  seen  schematically  in  Figure 
1).  This  allows  one  to  build  driver  pressure  vessels  that  are  of  manageable 
size  and  facilitates  installation  of  diaphragms.  If  one  adds  the  divergent 
cone  feature  of  2(d)  one  evolves  a  schematic  of  the  Gramat  Facility  as  shown 
in  Figure  3.  Although  only  four  tubes  are  shown,  Gramat  actually  has  seven1. 
The  decaying  wave  in  this  facility  is  produced  by  using  variable  length 
driver  tubes.  The  effect  of  this  is  to  approach  the  configuration  of  Figure 
2(c).  The  diaphragms  for  all  the  drivers  are  at  the  throat  and  when  they 
burst  simultaneously,  generate  left-traveling  rarefaction  waves  which  reflect 
from  their  respective  closed  ends  at  different  times  and  therefore  alter  the 
main  shock  progressively. 

The  quasi-one-dimensional  computational  model  is  shown  in  Figure  4.  In 
the  driver,  the  cross-sectional  areas  at  any  given  location  are  simply  lumped 
into  a  single  area  and  the  stair-stepped  driver  results.  One  can  now  better 
see  that  this  approach  to  driver  design  is  in  the  spirit  of  a  conical  driver 
(Figure  2(c)).  The  RWE,  which  in  reality  is  a  series  of  louvers,  is  modeled 
computationally  as  a  single  lumped  opening. 

C.  Waveforms  Without  RWE.  For  the  purpose  of  conciseness,  let  us  des¬ 
ignate  the  configuration  of  Figure  1  as  "standard".  Let  us  also  designate  a 
sampling  station  for  the  pressure-time  history  at  67.5  m  into  the  driven  sec¬ 
tion  (from  the  left).  If  we  normalize  by  the  total  length  this  corresponds 
to  a  test  position  of  x  =  .75.  A  waveform  produced  at  this  location  for  an 
initial  pressure  ratio  across  the  diaphragm  of  24.4  atmospheres  is  shown  in 
Figure  5.  This  initial  pressure  ratio  is  used  for  all  subsequent  computa¬ 
tions.  It  represents  a  moderate  pressure  in  the  test  section  appropriate  for 
testing  trucks,  electronic  shelters,  etc.  For  armored  vehicles,  such  as 
tanks  and  personnel  carriers,  pressures  four  or  five  times  as  great  are 
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in  order.  On  the  other  end  of  the  scale,  light-skinned  vehicles  such  as  air¬ 
craft  seldom  get  exposed  to  more  than  10-15  kPa  (several  psi).  The  waveform 
in  this  Figuge  (Figure  5)  exhibits  all  the  features  talked  about  earlier;  a 
sharp  rise  (lj  across  the  shocl^.  the  divergence  expansion  (2j  ,  the  decay  due 
to  th^^arious  length  drivers  ,  and  the  sudden  relief  by  the  rarefaction 
wave  fij  .  It  is  often  debateanow  best  to  approach  the  elimination  of  the 
rarefaction  wave.  There  are  two  schools  of  thought.  One  proposes  the  use  of 
a  RWE  while  the  other  simply  advocates  extending  the  driven  section.  Ulti¬ 
mately,  costs  will  dictate.  So  that  one  can  make  a  comparison,  three  graphs 
are  presented  in  Figure  6  for  the  same  initial  conditions  and  sampled  at  the 
same  location  (x  =  67.5  m  from  the  left  end)  of  the  driven  section.  The 
graphs  represent  pressure-time  histories  for  driven  sections  that  are  25, 

50,  and  100%  longer  than  the  standard.  In  the  computations,  the  number  of 
mesh  points  was  increased  proportionately  so  as  to  maintain  the  same  grid 
spacing.  It  is  therefore  evident  that  even  doubling  the  driven  end  still 
produces  a  rarefaction  wave  of  significance.  The  situation  becomes  worse 
for  higher  initial  pressure  ratios.  The  rarefaction  wave  arrives  sooner  and 
becomes  stronger.  It  therefore  appears  as  though  if  we  want  to  do  without 
the  complication  of  a  RWE,  we  have  to  build  a  driven  section  about  three 
times  as  long  as  the  standard.  This  does  not  seem  practical  both  from  a 
cost  constraint  and  from  its  shear  physical  length.  Therefore  we  turn  our 
attention  to  modeling  the  operation  of  the  RWE.  Let  us  preface  that  topic 
by  stating  that  the  French  standard  configuration  (i.e.,  105  m  long  driver, 

« 12  m  diameter)  is  nearly  as  short  as  it  can  be.  It  takes  about  5  diameters 
for  the  flow  to  settle  into  a  one  dimensional  state  and  about  that  much  dis¬ 
tance  to  prevent  the  contact  surface  from  reaching  the  test  section.  Then  we 
have  about  a  15  m  test  section  and  the  final  50  meters  or  so  serves  to  allow 
test  items  to  slide  without  damaging  the  RWE. 

D.  Waveforms  With  RWE.  An  account  of  how  the  French  RWE  is  intended 
to  operate  is  given  in  Reference  1.  Physically  it  consists  of  banks  of 
louvers  which  pivot  about  an  axis  much  like  a  Venetian  blind.  The  open  area 
could  theoretically  be  varied  according  to  a  feedback  system  since  we  know 
we  must  maintain  a  closure  rate  to  generate  compression  waves  of  a  magni¬ 
tude  to  negate  the  rarefaction  waves  traveling  up  the  tube.  This  is  thought 
to  be  unnecessarily  complicated1  and  a  simple  pre-programmed  A  =  f(t)  varia¬ 
tion  is  used  to  control  the  louvers.  In  particular  Reference  1  advocates  a 
linear  time  variation.  We  shall  qualitatively  compare  the  results  from  a 
computation  and  a  record  from  the  Gramat  facility.  Such  a  record  is  depicted 
in  Figure  78.  Its  comparison  computation  is  given  in  Figure  8.  The  dotted 
line  in  Figure  8  represents  the  operation  of  the  RWE.  It  is  set  to  an  ini¬ 
tial  value  (.34)  and  remains  motionless  for  a  preset  delay,  until  the  shock 
wave  reaches  the  end  of  the  tube.  Then  it  begins  to  close  linearly  as 
shown,  dwells  for  a  short  time  at  some  minimum  opening,  and  subsequently  it 
is  allowed  to  open.  The  resultant  pressure-time  history  is  shown  with  the 
solid  line.  The  initial  setting  for  the  open  area  of  the  RWE  is  that  recom¬ 
mended  in  Reference  1.  Actually,  if  one  were  to  set  it  to  match  the  shock 
strength  when  it  reaches  the  exit,  it  would  be  «  .48.  The  value  of  .34  is  a 
compromise  based  on  the  "average"  pressure-t ime  history.  No  matter  what  one 
does,  however,  the  rarefaction  wave  at  about  .4  s  will  always  be  present. 

This  wave  comes  fron  the  decay  of  the  initial  peak  due  to  the  divergence. 

Its  duration  is  only  about  .020  s  and  any  closure  slower  than  this  will 
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produce  an  effect  like  that  in  the  figure.  The  difference  will  be  that  for 
an  initial  opening  larger  than  .34  the  hump  (reflected  wave)  at  a  .38  s  will 
be  smaller  and  for  a  smaller  initial  opening  it  will  be  larger.  It  is  in¬ 
teresting  to  note  that  almost  all  the  corresponding  features  exist  in  the 
computation  the  way  they  do  in  the  experimental  record.  In  addition  the 
computation  shows  rarefaction  waves  at  about  .6,  .85,  1.05,  etc.  These  come 
from  the  diaphragm  bursting  and  the  rarefaction  wave  reflecting  from  the 
stepped  driver  configuration.  In  the  experimental  record,  this  effect  is 
washed  out.  The  effects  of  these  rarefactions  are  also  seen  in  the  computa¬ 
tions  without  the  RWE ,  especially  in  the  100%  version  (see  Figure  6).  There 
it  is  also  evident  that  the  first  of  these  waves  arrive  at  the  test  station 
coincidentally  with  the  arrival  of  the  stronger  rarefaction  from  the  open 
end  (t  «  . 4  s) . 

Fianlly,  the  idea  of  the  more  rapid  closure  of  the  RWE  to  negate  the 
rarefaction  wave  at  t  «  .4  s  can  be  tested  very  simply  by  performing  the 
computation  with  a  bi- linear  closure  function.  The  resulting  pressure-time 
history  is  given  by  the  solid  line  in  Figure  9.  The  area  closure  function 
is  shown  with  the  dotted  line.  One  can  see  the  favorable  effect  and  overall 
smooth  approach  toward  the  abscissa. 

E.  Waveform  With  Thermal  Radiation  Source  (TRS) .  Thus  far,  we  have 
discussed  the  blast-only  modeling  aspects  of  large-scale  shock  tubes.  In 
order  for  these  shock  tubes  to  be  more  realistic  in  simulating  nuclear 
bursts,  a  thermal  source  should  also  be  considered.  This  is  true  both  for 
the  physical  and  computational  shock  tube  models. 

The  thermal  pulse  from  a  nuclear  device  precedes  the  air  blast.  For 
distances  of  interest  for  tactical  equipment  from  ground  zero,  the  time 
between  the  thermal  and  blast  pulses  is  of  the  order  of  1  second.  Adding 
the  capability  of  thermally  irradiating  a  target  and  then  applying  a  blast 
loading  is  a  step  closer  to  a  real  simulation.  This  can  be  done  physically 
by  incorporating  a  thermal  radiation  source  in  front  of  the  target.  The 
drawback  in  the  physical  shock  tube  is  that  the  hot  thermal  products  will 
still  be  in  the  target  area  when  the  shock  arrives.  As  the  shock  passes 
through  the  hot  gases  its  wave  characteristics  are  altered.  This  section 
points  to  the  fact  that,  in  attempting  to  reproduce  both  the  thermal  and 
blast  characteristics  of  a  nuclear  device  in  a  physical  shock  tube  (large 
thermal/blast  simulator) ,  we  need  to  concern  ourselves  with  the  thermal 
radiation  products  confined  within  the  tube. 

One  can  obtain  a  qualitative  insight  into  this  thermal-blast  interaction 
process  by  computationally  modeling  the  Gramat  facility,  including  a  region 
of  remnant  thermal  radiation  products.  Such  a  model  is  depicted  in  Figure  10 
where  the  shaded  area  represents  the  distribution  of  hot  products  and  point 
"A"  is  the  measuring  station  in  the  test  section.  The  solid  line  in  Figure 
11  represents  the  predicted  static  overpressure  (as  in  Figure  9)  for  the 
blast-only  test,  while  the  dashed  line  represents  a  combined  thermal/blast 
test.  The  hot  products  were  modeled  with  air,  having  a  sound  speed  1.73 
times  tha  ambient  value.  The  shock  wave  which  arrives  at  the  measuring  sta¬ 
tion  is  attenuated  by  about  25%  in  amplitude  and  arrives  somewhat  sooner 
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since  it  traveled  for  some  distance  through  higher  sound  speed  air.  The 
perturbation  on  the  thermal/blast  wave  at  t  «  .35  s  occurs  because  the  rare¬ 
faction  wave  eliminator  is  now  "detuned"  for  this  type  of  wave.  All  these 
anomalies  point  to  the  fact  that  a  venting  mechanism  needs  to  be  incorporated 
into  the  design  of  a  large  thermal/blast  simulator  if  realistic  combined 
testing  is  to  be  ecpected. 

TV.  CONCLUSIONS.  Based  on  this  computational  study  it  is  certainly 
feasible  to  parameterize  a  number  of  different  important  functions  of  a 
Large  Blast  Simulator.  In  general  it  is  not  advisable  to  build  a  long  tube 
as  opposed  to  one  with  a  RWE.  The  quality  of  the  wave  one  obtains  computa¬ 
tionally  depends  to  a  large  degree  on  the  proper  functioning  of  the  RWE.  The 
waveform  resulting  from  the  bi-linear  operation  of  the  RWE  appears  very  ade¬ 
quate  for  most  experimental  purposes.  It  may  be  possible  to  shorten  or 
lengthen  the  waveform  by  adjusting  the  closure  rate  in  the  latter  stages  of 
the  closing  cycle.  For  combined  thermal/blast  testing,  the  hot  thermal  radi¬ 
ation  products  need  to  be  eliminated  prior  to  the  arrival  of  the  blast  wave 
so  that  realistic  simulation  of  nuclear  bursts  are  realized. 
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Figure  6.  Overpressures  at  x*67. 5m  (from  left  end  of  driver)  for  Three  OrivenLengths 
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Figure  10.  Schematic  of  One-Dimensional  Model  of 

Large  Blast  Simulator  at  Centre  d'F.tudes 
de  Gramat,  France. 
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Figure  11.  Predicted  Static  Pressure  Modification 
in  Large  Blast  Simulator  Without 
Venting  of  TRS  Products. 
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ABSTRACT.  A  finite  element  method  is  developed  to  solve  initial-boundary 
value  problems  for  vector  systems  of  partial  differential  equations  in  one  space 
dimension  and  time.  The  method  automatically  adapts  the  computational  mesh  as 
the  solution  progresses  in  time  and  is,  thus,  able  to  follow  and  resolve  relatively 
sharp  i-iansitions ,  such  as  mild  boundary  layers,  shock  layers,  or  wave  fronts.  This 
permits  an  accurate  solution  to  be  calculated  with  fewer  mesh  points  than  would  be 
necessary  with  a  uniform  mesh. 

The  overall  method  contains  two  parts,  a  solution  algorithm  and  a  mesh  selec¬ 
tion  algorithm.  The  solution  algorithm  is  a  finite  element-Galerkin  method  on 
trapezoidal  space-time  elements,  using  either  piecewise  linear  or  cubic  polynomial 
approximations  and  the  mesh  selection  algorithm  builds  upon  similar  work  for  var¬ 
iable  knot  spline  interpolation. 

A  computer  code  implementing  these  algorithms  has  been  written  and  applied  to 
a  number  of  problems.  These  computations  confirm  that  the  theoretical  error  esti¬ 
mates  are  attained  and  demonstrate  the  utility  of  variable  mesh  methods  for  partial 
differential  equations. 

1.  INTRODUCTION.  In  this  paper  we  construct  an  adaptive  grid  finite  element 
procedure  to  find  numerical  solutions  to  M-dimensional  vector  systems  of  partial 
differential  equations  of  the  form. 


ut  +  £(x,  t,  u,  vj  -  [D(x,  t,  ji)}ix]x  =  0  , 
o<x<a,  t>o 


(1) 


Subject  to  the  initial  and  linear  separated  boundary  conditions 
u(x,  o)  *  u°(x),  o  <  x  <  a 

'X/  *1/ 

An(t)  £(o’  t)  +  Ai2(t)  Jix(o’  t}  "  h(t)  • 

A2i<t)  Jj(a,  t)  +  A22(t)  ux(a’  *  &2^’  1  >  °  ‘ 


(2) 

(3) 
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There  are  k^  boundary  conditions  at  x  =  o  and  V-2  boundary  conditions  at  x  =  a. 

We  are  primarily  concerned  with  solving  diffusion  problems  where  D  is  positive 
definite  and  +  k?  =  2M;  however,  we  will  not  restrict  ourselves  to  this  case, 
but  instead  we  assume  that  conditions  are  specified  so  that  problem  ( 1) — ( 3)  has  an 
Isolated  solution. 

Our  goal  is  to  construct  a  general  purpose  computer  code  which  will  solve 
(l)-(3)  when  the  solution  jj(x,t)  contains  sharp  transitions  such  as  boundary  layers, 
shock  layers,  or  wave  fronts.  In  order  to  resolve  such  nonuniformities  with  a 
minimum  number  of  mesh  points,  it  is  desirable  to  concentrate  the  mesh  within  the 
transition  layers.  Since  these  transition  layers  can  move,  it  is  necessary  for 
the  mesh  to  adapt  itself  to  the  evolving  solution.  Our  approach  involves  (i)  the 
accurate  discretization  of  (l)-(3)  on  a  nonuniform  mesh  and  (ii)  the  determination 
of  the  proper  mesh  point  locations. 

The  problem  (l)-(3)  is  discretized  using  a  finite  element-Galerkin  method  on 
trapezoidal  space-time  elements.  This  approach  is  similar  to  that  of  Jamet  and 
Bonnerot  [3,  14]  and  it  was  chosen  because  it  is  generally  easier  to  generate  high 
order  approximations  to  partial  differential  equations  on  a  nonuniform  mesh  with 
finite  element  methods  than  with  finite  difference  methods.  The  accuracy  and  order 
of  convergence  of  these  methods  are  analyzed  in  Davis  [6]  and  are  demonstrated  ex¬ 
perimentally  in  Section  4  of  this  paper. 

Adaptive  mesh  selection  strategies  typically  involve  some  recomputation  of 
the  solution.  That  is,  an  initial  solution  is  computed  on  a  coarse  mesh  and  this 
is  used  to  determine  whether  to  accept  the  result,  redo  the  calculation  using  more 
mesh  points  in  some  portion  of  the  domain,  redo  the  calculation  using  a  more  accur¬ 
ate  method,  or  redo  the  calculation  using  some  combination  of  more  mesh  points  and 
a  more  accurate  method.  Algorithms  of  this  type  have  been  successfully  applied 
in  many  areas  of  numerical  computation  but  the  expense  involved  in  recomputing 
the  solution  of  partial  differential  equations  at  possibly  every  time  step  elimin¬ 
ated  these  methods  from  consideration  in  this  case. 

Instead,  we  developed  an  algorithm  which  initially  places  a  fixed  number  of 
mesh  points  in  optimal  locations  and  then  attempts  to  move  them  so  that  their 
locations  remain  optimal.  This  type  of  algorithm  has  been  used  by  Lawson  [17], 
deBoor  [7,  8],  and  Jupp  [15]  for  variable  knot  spline  interpolation.  Their  work 
motivated  our  mesh  selection  algorithms. 

A  different  approach  to  this  problem  was  proposed  by  Miller  and  Miller  [18] 
and  later  extended  by  Galinas,  et  al.  [10].  They  approximated  the  solution  of  a 
parabolic  partial  differential  equation  by  piecewise  linear  polynomials  where 
both  the  polynomial  coefficients  and  the  mesh  on  which  they  were  defined  were 
unknown  functions  of  time.  These  functions  were  determined  by  minimizing  the 
residuals  in  a  least  squares  sense.  They  found  that  the  mesh  points  tended  to 
coalesce  in  certain  situations.  To  avoid  this,  they  added  a  number  of  spring 
and  damping  terms  to  their  discrete  equations. 


An  advantage  of  the  above  approach  is  that  it  readily  extends  to  higher  dimen¬ 
sional  problems.  However,  it  couples  the  mesh  selection  method  to  the  solution 
method  and  we  do  not  believe  that  this  is  necessary  or  desirable.  This  coupling 
can  dramatically  increase  the  size  of  the  discrete  system  without  a  corresponding 
increase  in  order  of  accuracy.  Furthermore,  the  entire  solution  procedure  fails 
if  an  acceptable  mesh  cannot  be  calculated.  Under  the  same  circumstances,  our 
method  continues  to  compute  a  solution  on  a  suboptimal  mesh.  To  date,  detailed 
comparisons  of  the  two  methods  have  not  been  carried  out  but  we  hope  to  do  this  in 
a  future  paper. 

In  Section  2  of  this  paper,  we  sketch  the  derivation  of  a  finite  element- 
Galerkin  approximation  to  (l)-(3)  using  trapezoidal  space-time  elements.  In  Sec¬ 
tion  3,  we  describe  a  practical  and  efficient  mesh  selection  procedure  that  approx¬ 
imately  minimizes  the  L2  error  of  the  computed  solution.  Readers  desiring  a  more 
detailed  derivation  are  referred  to  Ref.  [5j.  In  Section  4,  we  apply  the  method 
to  a  number  of  problems  and  discuss  the  computed  results.  Finally,  in  Section  5, 
we  present  an  overall  discussion  of  this  effort  and  some  possible  future  efforts. 

2.  FINITE  ELEMENT  SOLUTION  PROCEDURE.  Problem  (l)-(3)  is  discretized  using  a 

finite  element-Galerkin  on  the  strip  S  defined  as  follows: 

n 

Sn:=  {(x,  t)|o  <  x  <  a,  <  t  <  t^j  .  (4) 

We  choose  a  set  of  k  linearly  independent  "test"  or  "weight"  functions 
V£(x,t)  e  C°(Sn),  i  =  1,2, ... ,k  and  a  set  of  k  linearly  independent  "trial"  func¬ 
tions  <(>-£ (x , t)  e  C°(Sn),  i  =  1,2,.. .  ,k.  The  solution  j^(x,t)  to  problem  (l)-(3)  is 
approximated  by  ]^(x,t)  defined  by 

k 

JJ(x,  t)  =  ^(t)  *1(x,  t)  .  (5) 

i-1 


The  coefficients  C^(t)  are  chosen  so  that  J£(x,t)  satisfies 
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t  . .  a 
(•n+1 


vi):“  f  f  {-  Ji  vi  +  £<x*  c»  KI»  «x>  vi 

•'t  •'o  c 


Cl 

+  D(x,  t,  JJ)  yx  vl  x|  dxdt  +  J  JJ  v±dx 


in+l 


r  d(x,  t,  ^  fix  v.  dt 

•'t 

n 


x  =  o 


|n+l 

t-tn 


(6) 


n  =  0,1,2, .. . 


PJJ(x,  o)  •’  P  jj°(x> 


(7) 


All^tn+1^  %  (°’  tn+l)  +  A12(tn+1)  *ox(o’  tn+l)  =  fel(tn+l) 


A21(tn+1)  y(a’  tn+l)  +  A22(tn+1)  ^x(a’  tn+l)  =  fe2(tn+l> 


(8) 


where  P  is  an  interpolation  operator.  With  appropriate  modifications  at  the 
boundaries,  Equations  (6)  and  (8)  define  an  MK  dimensional  nonlinear  algebraic 
system  for  determining  the  Galerkin  coordinates  C^(tn+^),  i  =  l,...,k  in  terms  of 
Ci(tn),  i  =  l,2,...,k.  Since  £^(o),  i  =  l,...,k  are  determined  by  the  initial 
conditions  (7),  Equations  (5)  and  (8)  define  a  marching  algorithm  for  determining 
J£(x,t)  in  successive  strips  S^,  n  =  0,1,...  . 

It  is  apparent  that  both  the  accuracy  of  the  computed  solution  and  the  ease 
with  which  it  can  be  computed  are  strongly  dependent  on  the  choice  of  functions 
4>i(x,t),  i  *  l,...,k,  and  Vi(x,t),  i  =  l,...,k.  How  these  functions  are  chosen 
is  an  active  area  of  research.  For  this  study,  we  choose 


vt(x,  t)  -  ^(x,  t),  i  -  1,2, ...k  (9) 

and  define  the  functions  4>^(x,t),  i  •  l,2,...k,  by  the  following  prescription. 
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We  introduce  a  mesh  {0  =  x^  <  X2  <  ...  <  xjj  =  a}  at  t  =  tn  and  a  different 

mesh  (O  =  xj+l  <  x!j}+*  <  _ <  xg+1  =  a}  at  t  =  tn+i.  If  the  corresponding  points 

XjJ  and  x”+^  are  connected  by  a  straight  line  denoted  by  x^(t),  the  strip  Sn  is 
divided  into  a  set  of  N-l  trapezoids.  We  let  Ta  denote  the  trapezoid  with  vertices 
(xi*  tn^  (x?+l»cn)»  (x?+l»tn+l^»  and  (x?+1,tn+i)  (cf*  Figure  1). 

The  functions  <j>^(x,t)  are  choosen  to  have  small  support.  In  particular,  we 
construct  <p±  in  such  a  way  that  is  nonzero  only  on  T^  ^UT^.  To  do  this  we  map 
each  trapezoid  T^  into  the  rectangle 

R  =  ](£;,  t)  |  -  1  <_  Cil>°iT<lJ  (10) 


and  choose  the  <{>i(x,t)  to  be  a  function  only  of  f.  on  Tj,  j  =  i-l,i.  Currently, 
we  allow  $i(x,t)  to  be  either  a  piecewise  linear  or  a  piecewise  Hermite  cubic 
polynomial  in  f,  on  T^. 

This  construction  permits  us  to  write  F({J,v)  as  the  sum  of  contributions  from 
each  trapezoid.  Thus, 


N-l 


Wv>  "23  ff  {-  I!  vt  +  £<*•  c-  b  Vv  +  D<*.  '•  5>uxvK}dxdt 


1.1  t» 


N-l , 


(ID 


^i+l(t) 

Cn+1 

rn+1  duxv  dt 

/  Mvdt 

- 

/x  (t) 

t=t 

n 

•'t 

u  n  J 

=  0 


x=o 


The  integrals  in  Equation  (11)  are  transformed  into  integrals  over  R  and  evaluated 
numerically.  We  use  the  Trapezoidal  rule  to  evaluate  the  1  in  integrals  and  a 
three-point  Guass-Legendre  rule  (cf.  Abramowitz  and  Stegun  [1],  Chap.  25)  to  evaluate 
the  f,  integrals.  The  resulting  system  of  nonlinear  algebraic  equations  is  solved 
by  the  Newton-Raphson  method. 

3.  ADAPTIVE  MESH  SELECTION  STRATEGY.  In  Section  2,  we  developed  a  finite 
element  method  which  computes  solutions  to  systems  of  partial  differential  equations 
on  nonuniform  trapezoidal  grids.  In  this  section,  we  construct  an  algorithm  which 
selects  a  grid  at  t=tn+i  so  that  the  L2  norm  of  the  error  at  tn+i  is  approximately 
minimized.  This  algorithm  is  based  on  the  variable  knot  spline  interpolation  work 
of  deBoor  [7,  8],  Lawson  [17],  and  Jupp  [15]. 

It  is  well  known  (cf.  [21,  22])  that  errors  in  finite  element-Galerkin  methods 
for  problems  like  (1 ) — (3)  satisfy  estimates  of  the  form 


u  -  U 


<  C  u  -  PU 


(12) 


**»>«*« 
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where  PU  interpolates  u  in  the  trial  space.  Thus,  the  error  in  the  computed 
solution  to  the  partial  differential  equation  can  be  bounded  by  an  interpolation 
error.  The  following  result  (cf.  eg.,  Pereyra  and  Sewell  [20])  indicates  how  this 
interpolation  error  can  be  minimized  for  piecewise  polynomial  interpolants. 

Lemma  Let  =  (o  =  <  x?  <  . . .  <  Xfj  =  a)  be  a  partition  of  [o,a]  into 

N-l  subintervals  and  let  u(x)  e  C^+l[o,a].  The  piecewise  polynomial  of  degree  l 
on  (x£,  xi+i) ,  i  =  1,2,..., N-l,  that  interpolates  u  on  11^,  has  minimal  L 2  error  when 
the  knots  x  ,  i  =  1,2,..., N-l  are  chosen  so  that 


h*+1 

1 


|u(W>(V 


E,  i  =  1,2,. ...N-l  , 


(13) 


(£) 

where  u  is  the  £th  derivative  of  u  with  respect  to  x,  f  t.  (x^,  x^+^) ,  E  is  a 
constant  and  h^  =  x  -  x^. 

This  Lemma  states  that  the  interpolation  error  is  minimized  by  selecting  the 
partition  in  such  a  way  that  the  quantity  h|+^  ju^  ?+1>  (f.^)  |  is  equidistributed. 

Since  the  constant  E  is  not  known  a  priori,  we  follow  Lawson  [17]  and  Jupp  [15]  and 
rewrite  Equation  (13)  in  the  form 


,  (i  (£+l),r  .  ,  (i+l)/r  .  |  [  1/  (£+1) 

pi:  =  hi+i/hi  =  {|u  (f*i)/u 

i  =  1,2, .. . ,N-2 


(14) 


This  gives  us  N-2  equations  for  the  N-l  unknown  h.'s.  The  remaining  equation  is 
obtained  by  noting  that  1 


hl  +  h2  +  .  • .  +  hN_x  -  Xjj  -  X;1 


(13) 


This  can  be  expressed  in  terms  of  the  p^'s  by  defining 


Z:  =  1  +  pL  +  (p1p2)  +  (p1p2p3)  + 


+  (PiP2p3- ’ ,pN-2) 


(16) 


and  observing  that 


Z  *  (hx  +  h2  +  h3  +  . ..  +  Kn_1> /h] 


=  (xn  -  x1)/h1 


(17) 
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To  obtain  a  new  mesh,  we  choose  £i  =  x±+i.  Numerical  experiments  have  shown 
that  other  choices  of  £  do  not  much  change  the  final  grid  point  locations. 

f£+l)  (t+1) 

We  compute  IP  (Si)  at  t=tn  by  finite  differences  and  assume  that  U  (£) 

is  linear  between  data  points.  In  addition,  to  prevent  pi  from  becoming  infinite 

or  indeterminate,  we  impose  a  lower  bound  on  |u(^+D(£)|.  If  |u(*,+D  (£)  t  for 

some  small,  empirically  chosen  number  t,  then  |u(l+l)(£)|  =  t. 

The  grid  point  locations  are  determined  by  successive  approximation  with 
relaxation  as  follows: 

1.  Set  v  =  0,  ft  =  1,  x^°^  =  x"i  1  *  1,2, ...,N. 

2 .  Calculate 


p(^l>  .  U(««)  f 


i  =  1,2,. ...N-2  , 


n  (v)  ,  (v)  /„(V)n(V)'>  +  +  n(V)\ 

Z  *  1  +  Px  +  (Px  P2  )  +  ...+  (P1  P2  •  •  •  Pjj-2 '  ’ 

(x^_i'  -  xy-*J)/ z( 


.(v)  _  /„(v-i)  „(v-i).  ,;(v) 


and  set 

(v)  _  (v-1)  (v)  _  (v-1) 


=  X, 


*N  =  *N 


3.  If  v>l  and 


j£(v)  _  z(v-l)|  ^  |Z(V-1)  _  z(v-2)| 


compute  a  new  ft 


4.  For  i  *  1,2,..., N-2,  calculate 


ftx(v) 

“xi+l 


+  (1-ft)  X 


(v-1) 

i+1 


597 


5 .  Calculate 


z<v)  -  <*M  -  -  x'v>) 


6.  If  |Z<u)  -  z<u-1) 


<  e,  the  error  tolerance. 


Then  stop, 
else  set 


v  =  v  +  1  and  go  to  2. 


The  choice  of  relaxation  factor  Is  discussed  in  Isaacson  and  Keller  [13 , 

Chapter  3]. 

The  algorithm  just  described  computes  an  optimal  grid  at  a  time  level  tn  where 
the  solution  Un  is  known.  To  obtain  an  estimate  of  the  optimal  grid  at  time  level 
tn>i  prior  to  computing  the  solution  there,  it  is  necessary  to  extrapolate  the  opti¬ 
mal  grids  from  previous  time  levels.  It  was  somewhat  surprizing  to  us  that  numer¬ 
ical  experiments  seemed  to  favor  zero  order  extrapolation;  i.e.,  the  optimal  grid 
computed  at  time  level  tR  is  used  at  time  level  tn+^.  Multi-level  extrapolation 
consistently  overestimated  the  distance  that  a  mesh  point  should  move  in  one  time 
step  and  then  overcorrected  this  error  in  the  next  time  step.  In  some  cases,  this 
caused  the  mesh  to  oscillate  wildly  when,  in  fact,  the  solution  changed  very  little. 
On  the  other  hand,  the  optimal  mesh,  determined  at  the  previous  time  level,  tended 
to  follow  the  solution  even  when  it  contained  rapidly  moving  fronts. 

Under  some  circumstances,  our  mesh  selection  strategy  could  create  severely 
distorted  trapezoidal  elements.  This  would  cause  an  unacceptable  degradation  in 
the  accuracy  of  the  finite  element  method  (cf.  eg.  [2],  [A]).  To  prevent  this,  we 
modified  the  mesh  selection  scheme  in  such  a  way  that  element  distortion  is  limited. 
Details  can  be  found  in  Ref.  [5]. 

4 .  COMPUTED  RESULTS .  In  this  section,  we  examine  the  performance  of  the 
previously  described  method  on  three  test  problems.  These  problems  were  chosen  to 
exercise  various  facets  of  the  method  and  illustrate  how  the  method  might  be  expected 
to  perform  on  more  difficult  problems. 

Example  1 

We  solve  a  simple  linear  heat  equation 


u  =  u  +  f(x)  ,0<x<l,  t>0 

t  XX  ’ 


(18) 


with  initial  conditions,  boundary  conditions,  and  source  f  chosen  so  that  the 
exact  solution  is 


« 
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u(x,  t)  =  tanh  (r^x-l)  +  r2t)  . 


(19) 


The  solution  (19)  is  a  wave  that  travels  in  the  negative  x  direction  when  r^ 
and  V2  are  positive.  The  values  r^  and  r£  determine  the  steepness  of  the  wave  and 
its  speed  of  propagation.  We  created  this  problem  to  study  how  effectively  the 
adaptive  grid  algorithm  concentrates  grid  points  in  transition  regions,  follows 
moving  fronts,  and  reduces  errors  below  those  of  fixed  grid  methods. 

Figure  2  shows  the  mesh  computed  by  our  adaptive  mesh  algorithm  when  applied 
to  this  problem  with  ri  =  T2  =  5,  uniform  time  step  of  At  =  .01,  10  elements  per 
time  step  and  linear  approximations.  Note  that  the  grid  points  are  concentrated 
in  the  region  of  maximum  curvature  and  that  they  move  to  the  left  with  the  wave. 

As  the  wave  front  passes  out  of  the  domain,  ]uxx|  becomes  small  compared  to  t 
and  the  grid  points  move  toward  a  uniform  distribution.  It  is  clear  that  the  grid 
adapts  to  the  solution  and  follows  its  progress  as  expected. 

For  all  of  the  calculations  presented  here,  the  parameter  t  was  chosen  as  an 
approximation  to  the  truncation  error  in  u^5,4"^.  Numerical  experiments  showed  that 
this  was  small  enough  to  permit  the  grid  to  concentrate  where  it  should,  but  not  so 
small  that  the  grid  oscillated  wildly  in  an  attempt  to  adapt  itself  to  small  ran¬ 
domly  distributed  errors.  In  general,  it  seems  that  i  should  be  chosen  as  small  as 
possible  but  not  so  small  that  the  grid  oscillates  when  the  solution  is  smooth. 

Figure  3  shows  the  local  error  vs.  x  at  t  =  1.0,  when  our  scheme  is  applied 
to  this  problem  with  ri  =  r2  =  100,  uniform  time  steps  of  At  =  .01,  20  elements  per 
time  step  and  linear  approximations.  Note  that  the  mesh  selection  scheme  concen¬ 
trates  points  within  the  wave  front  and,  thus,  computes  the  wave  accurately.  Compu¬ 
tations  using  a  fixed,  uniform  grid  experience  large  errors  at  the  wave  front. 

Note  also  that  the  mesh  selection  scheme  attempts  to  distribute  the  local  error 
evenly  over  the  domain  and,  thus,  as  indicated  in  Section  3,  approximately  minimize 
the  error  in  L^. 

Table  1  presents  comparisons  at  t  =  1.0  of  computations  with  ri  =  r2  =  100> 
using  cubic  approximations  on  uniform  and  variably  spaced  grids.  Note  that  the 
variable  grid  computations  are  consistently  more  accurate  than  the  uniform  grid 
computations. 

Example  2  (Burgers'  Equation) 

u^  =  -uu  +  eu  ,  0  <  x  <  1,  t>0 

t  X  XX  ’  ’ 


u(x,  o)  =  simrx,  u(o,  t)  =  u(l,  t)  =  0 

(20) 

and 


t  »  5  x  10 


599 


It  is  well  known  that  the  solution  to  this  problem  is  a  wave  that  steepens 
and  moves  to  the  right  until  a  shock  layer  forms  at  x  =  1.  After  a  time  of  0(l/e) 
the  wave  dissipates  and  the  solution  decays  to  zero.  Figures  4  and  5  show  the 
results  of  computations  on  this  problem  using  linear  approximations  on  a  uniform 
mesh  and  a  variable  mesh  with  a  constant  time  step  At  =  0.1  and  10  elements  per 
time  step.  The  results  in  Figure  4  are  typical  of  finite  difference  or  finite 
element  calculations  for  this  problem.  Spurious  oscillations  develop  in  the  com¬ 
puted  solution  unless  the  mesh  width  is  of  the  same  order  as  the  width  of  the 
shock  layer,  0(/l)  in  this  example.  The  variable  mesh  results  in  Figure  5  largely 
surpress  these  oscillations  by  automatically  concentrating  the  mesh  in  the  shock 
region  as  the  wave  steepens. 

When  this  example  is  solved  using  cubic  approximations  on  a  uniform  mesh  we 
find  that  the  solution  is  computed  accurately  at  the  nodes  but  there  are  large 
errors  in  the  slope  of  the  solution  u".  when  the  mesh  is  not  suitably  fine  in  the 
shock  region.  This  effect  is  exhibited  in  Figure  6  where  the  solution  at  t  =  0.6 
is  shown  for  a  calculation  performed  with  At  =  0.1  and  N  =  10.  The  cubic  Hermite 
trial  functions  were  used  to  calculate  the  solution  between  mesh  points. 

Once  again  these  problems  are  corrected  when  the  mesh  adapts  with  the  solution. 
Figure  7  shows  the  results  of  a  similar  computation  using  cubic  approximations  on 
a  variable  mesh.  Both  the  function  values  and  slope  values  are  computed  accurately 
at  the  nodes. 

Example  3 

bt  =  0(s)bx]x  -|>(s)sx]x 


=  -k(s)b 


(21) 


o<x<5,  t>o. 


This  two  component  nonlinear  system  was  studied  by  Kelle1'  and  Ode1!  [16]  as  a  model 
for  the  chemotactic  motion  of  bacteria.  The  quantity  1,*.')  deno*-.-<  bacterial  den¬ 
sity  and  s(x,t)  denotes  the  concentration  of  critical  -ibstrate  (bacterial  food). 

If  the  functions  y,  x»  and  k  satisfy  conditions  derived  by  Keller  and  Odell  [16], 
Equations  (21)  have  traveling  wave  solutions.  These  solutions  have  been  computed 
by  Odell  and  Keller  [19]  and  are  interpreted  as  traveling  bands  of  bacteria.  For 
our  study  we  chose  k(s)  =  1,  y(s)  =  yQ,  and  x(s)  =  AQ/s  where  yQ  and  <SC  are  constants. 
The  initial  conditions  are  shown  in  Figure  8a  and  the  boundary  conditions  are 


b (o ,  t)  =  b (5 ,  t)  =  0,  S (o ,  t)  =  1 

We  solved  this  problem  for  A0/u0  =  2  using  cubic  approximations,  uniform  time 
steps  of  At  =  .005  and  50  elements  per  time  step.  The  computed  solutions  at  t  =  0, 
0.1,  0.5,  and  1.0  are  shown  in  Figures  8a,  b,  c,  and  d,  respectively. 
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This  example  was  chosen  to  show  that,  with  appropriate  modification,  our  adap¬ 
tive  grid  algorithm  may  be  applied  to  vector  systems  of  equations.  Details  of  these 
modifications  can  be  found  in  Ref.  [5], 

5.  DISCUSSION  AND  CONCLUSIONS.  The  computations  presented  in  the  last  section 
show  that  it  is  possible  to  construct  an  accurate  and  stable  adaptive  finite  element 
method  for  nonlinear  systems  of  partial  differential  equations  and  that  such  techni¬ 
ques  offer  advantages  over  fixed  grid  methods.  In  particular,  we  have  shown  that  the 
error  estimates  obtained  by  Davis  [6]  are  actually  realized  in  practice  and  that 
the  adaptive  mesh  algorithm  correctly  concentrates  the  mesh  in  a  sharp  transition 
and  is  able  to  follow  moving  fronts.  Examples  2  and  3  of  Section  4  indicate  that 
this  method  is  also  useful  for  nonlinear  equations  and  vector  systems  of  equations. 

In  the  present  study,  we  used  piecewise  polynomial  functions  for  both  the  trial 
and  test  spaces.  However,  recent  work  of  Flaherty  and  Mathon  [9],  Heinrich,  et  al.  [11], 
and  Hemker  [12]  indicates  that  exponential  and  "upwinded"  polynomial  functions  may 
give  superior  test  spaces  for  singularly  perturbed  problems.  We  plan  to  incorporate 
these  functions  into  our  methods. 

All  of  our  calculations  were  performed  with  a  constant  time  step.  Examples  2 
and  3  of  Section  4  indicate  that  it  would  be  most  desirable  to  be  able  to  vary  the 
time  step  during  the  calculation.  Our  code  presently  allows  for  this,  but  as  yet, 
we  have  not  implemented  an  algorithm  to  adaptively  alter  the  time  step.  We  plan  to 
add  this  feature  to  our  code  shortly. 

Other  areas  for  future  study  include  free  boundary  problems  and  higher  dimen¬ 
sional  problems.  The  present  work  has  shown  that  it  is  possible  to  construct  a 
proactical  adaptive  finite  element  method.  Future  work  must  refine  this  method  and 
test  it  on  a  greater  variety  of  problems. 
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TABLE  1 

Results  of  Computations  at  t  *  1  for  Example  1  with  r^  =  ^  =  100  using  Cubic 
Approximations  on  Uniform  and  Variably  Spaced  Grids. 


Uniform  Spacing 

Variable  Sp 

acing 

N 

At 

llelL 

L2 

l|e||, 

L2 

mm 

10 

0.01 

0.607  E-l 

0.801  E-l 

0.130  E-l 

0.232  E-l 

14 

0.005 

0.319  E-l 

0.257  E-l 

0.332  E-2 

0.602  E-2 

20 

0.01 

0.214  E-l 

0.394  E-l 

0.167  E-l 

0.951  E-l 

0.005 

0.185  E-l 

0. 309  E-l 

0.483  E-2 

0.950  E-2 

0.0025 

0.138  E-l 

0.405  E-2 

0.353  E-3 

0.170  E-2 

a 


for  the  time  step  t  <  t  <  t 

r  n  -  —  n+1 


Figure  3:  Local  error  at  t  ■  1.0  for  Example  1  with  ri  “  r2  “  uniform  time 
steps  of  At  ■  0.01,  N  -  20,  and  linear  approximations.  The  solid  curve  was  com¬ 
puted  on  a  fixed  uinform  mesh,  the  broken  curve  on  a  variable  mesh. 
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Figure  5:  Solution  of  Example  2  for  various  values  of  t  using  linear  approxima 
tions,  uniform  time  steps  of  At  ■  0.1,  and  a  variable  mesh  with  N  «  10  elements 


uniform  time  steps  of  At  —  0.01,  and  a  variable  mesh  with  N  •  10  elements  per  time 


S’ 


*(*,♦) 


-I - 1 - 1 - 1 - I 

3.0  3.5  4.0  4.5  5.0 


Figure  8:  Computational  results  for  Example  3  with  6  /y  -  2.0  using  uniform  time 

o  o  ° 

steps  of  At  -  0.005,  N  -  50,  and  cubic  approximations  at  t  -  0,  0.1,  0.5,  and  1.0. 
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HETEROGENEOUS  DETONATION  PHENOMENA* 
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ABSTRACT.  Detonation  phenomena  in  which  the  structure  of  the 
reaction  zone  affects  the  behavior  of  the  detonation  are  considered.  Various 
theories  for  predicting  the  energy  needed  for  the  high  explosive  or  direct 
initiation  of  detonations  in  gaseous  media  and  in  sprays  are  described.  The 
determination  of  the  critical  initiation  energy  appears  to  be  associated  with 
a  singularity  of  the  governing  equations.  The  structure  of  spray  detonations 
is  described  for  liquid  fuel  sprays  with  both  a  high  and  low  vapor  pressure. 
Single  fluid,  two  fluid,  and  explosion  theories  which  have  been  used  for 
modeling  spray  detonations  are  outlined.  It  is  shown  that  the  droplet  breakup 
process  and  the  ignition  of  the  microspray  which  is  formed  during  drop  dis¬ 
integration  are  the  central  phenomena  governing  the  behavior  of  spray 
detonations.  Attempts  at  modeling  these  basic  processes  are  discussed. 

It  is  remarkable  that  complex  combustion  processes  often  lead  back  to  the 
very  basic  problem  of  ignition. 


I.  INTRODUCTION.  A  number  of  interesting  mathematical  problems 
arise  in  modeling  the  phenomena  which  are  involved  in  the  initiation  and 
propagation  of  gaseous  and  two-phase  detonations.  The  objective  of  this 
paper  is  to  point  out  and  isolate  some  of  these  problems.  Modeling  of 
combustion  phenomena  is  generally  successful  only  if  done  in  close  concert 
with  experimental  measurements.  Therefore,  the  physical  phenomena 
of  interest  will  first  be  described,  at  least  qualitatively  using  experimental 
data  where  it  is  available;  then,  various  attempts  at  analytical  modeling 
and  some  of  the  mathematical  problems  that  arise  as  a  result  will  be 
presented. 

Deflagrations  and  detonations  are  the  main  types  of  reaction  fronts 
encountered  in  nature.  On  the  surface  it  appears  that  the  mathematics  of 
such  reaction  fronts  is  thoroughly  understood,  and  certainly  there  is  an 
extensive  discussion  of  the  conditions  governing  their  propagation  in  the 
well  known  monograph  by  Courant  and  Friedrichs  [  1  ]  .  A  key  result  is 
that  the  propagation  of  subsonic  deflagrations  is  governed  by  the  actual 
structure  of  the  reaction  front,  and  the  structure  of  such  laminar  flames 
or  deflagrations  has  been  the  subject  of  intense  analytical  and  numerical 
research  during  the  past  decade.  Detonations  can  be  treated  as  supersonic 


♦Partial  support  for  the  preparation  of  this  paper  has  been  provided  by  the 
U.  S.  Army  Research  Office  under  grant  DAAG29-80-K-0040. 
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exothermic  discontinuities  and  the  velocity  of  a  steadily  propagating 
detonation  is  structure  independent.  Self-supporting  detonations  generally 
propagate  at  the  Chapman  Jouguet  (C-J)  velocity  determined  by  the  condition 
that  the  fluid  velocity  is  sonic  with  respect  to  the  detonation  front  at  the  end 
of  the  reaction  zone.  Computation  of  the  propagation  velocity  and  the 
pressure,  density  and  temperature  ratios  across  such  C-J  waves  requires 
a  tedious  calculation  of  the  chemical  equilibrium  at  the  end  of  the  reaction 
zone;  however,  in  the  all  gaseous  case  standard  computer  codes  are 
available  for  computing  these  C-J  conditions  [2]  ,  [  3  ]  . 

Even  in  the  standard  case  of  steadily  propagating  detonations,  the 
situation  is  no  longer  straighforward  when  the  fuel  and  oxidizer  exist  as 
different  phases.  Then  changes  of  phase  within  the  detonation  front  must  be 
taken  into  account  in  establishing  the  C-J  conditions  [4]  .  The  many 
possibilities  with  regard  to  phase  are  indicated  in  Table  I  below. 


Single  Phase 

Two  Phase 

Fuel 

gas 

solid 

liquid 

solid 

(dust) 

liquid 

(droplets) 

Oxidizer 

gas 

solid 

liquid 

gas 

gas 

Table  I:  Phase  Classification  of  detonations. 


Only  gaseous  and  two  phase  detonations  will  be  considered  here.  The 
literature  dealing  with  solid  and  liquid  explosives,  especially  with  regard 
to  military  applications,  is  extensive  and  this  area  represents  a  separate 
field  in  itself. 

Consideration  of  unsteady  flame  and  detonation  propagation  opens  a 
completely  new  mathematical  problem  area.  Starting  with  the  basic  work 
of  Sedov  [  5  ]  ,  and  exemplified  by  more  recent  studies  [  6  ]  ,  [  7  ]  ,  a  series 
of  self  similar  solutions  dealing  with  unsteady  propagation  of  deflagrations, 
detonations  and  shock  waves  have  been  explored.  The  generation  of  blast 
waves  and  detonations  by  deflagration  waves  f  8  ] ,[  9  ]  is  perhaps  of  special 
interest  since  it  demonstrates  the  coupling  between  the  two  types  of  com¬ 
bustion  fronts. 

The  processes  described  above  can  be  modeled  without  considering 
the  detailed  structure  of  the  detonation  front.  There  are,  however,  a 
number  of  important  detonation  phenomena  which  cannot  be  understood  with¬ 
out  considering  the  detailed  structure  of  the  detonation  front,  and  these  are 
the  focus  of  the  present  paper.  Spin  detonations  and  the  diameter  dependence 
of  the  propagation  velocity  in  tubes  are  among  the  earliest  known  structure 
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dependent  detonation  properties.  Some  of  the  earliest  observations  of 
spin  detonations  are  discussed  by  Lewis  and  von  Elbe  [  10]  ;  a  more 
recent  example  is  provided  by  the  observation  of  CH^-air  detonations  by 
Wolanski  et  al  [  1 1  ]  .  Figures  1  and  2  from  Ref.  [  11  ]  show  a  spark 
Schliern  photo  and  schematic  sketch  of  such  a  wave.  The  effect  of  tube 
diameter  is  closely  related  to  the  well-known  diameter  effect  in  the  case 
of  unconfined  solid  explosives  and  is  discussed  extensively  in  the  mile¬ 
stone  paper  of  Wood  and  Kirkwood  [  12]  .  The  influence  of  tube  diameter 
upon  gaseous  detonations  velocity  depends  on  the  interaction  between  the 
wall  boundary  layer  and  the  structure  as  shown  in  the  pioneering  analysis 
of  Fay  [  13  ]  which  has  provided  the  basic  model  for  most  subsequent 
analyses  of  this  problem.  Detonability  limits  as  well  as  the  quenching 
diameter  of  detonations  propagating  through  tubes  also  are  intimately 
related  to  the  structure  as  indicated  by  the  kinetic  analysis  of  Belles  [  14] 
and  the  detailed  study  of  wall  effects  by  Tsuge  [  15  j  . 

Detonations  can  be  induced  or  initiated  in  a  combustible  material 
by  a  deflagration  as  already  mentioned  above  or  by  the  sudden  release  of 
a  finite  amount  of  energy  as  by  a  high  explosive.  This  latter  mode  of 
initiation  is  sometimes  called  direct  initiation  and  is  intimately  coupled  to 
the  behavior  of  the  reaction  zone.  This  interdependence  was  recognized  by 
Zel'dovitch  et  al  [  16  ]  in  formulating  a  qualitative  criterion  for  estimating 
the  minimum  high  explosive  charge  needed  to  induce  a  detonation  in  a 
combustible  medium.  These  authors  stated  that  the  direct  initiation  of 
spherical  detonations  requires  that  when  the  pressure  behind  the  initiating 
blast  has  decayed  to  the  C-J  value,  the  shock  radius  must  be  at  least  of 
the  order  of  the  reaction  zone  thickness  of  the  mixture. 

The  reaction  zones  of  steadily  propagating  detonations  are  not 
necessarily  one  dimensional  but  frequently  are  made  up  of  a  series  of  cells 
generated  by  transverse  waves.  This  phenomenon  is  also  intimately  related 
to  the  structure  of  the  wave  as  discussed  by  Strehlow  [17]  and  by  Fickett 
and  Davis  [  18]  .  Under  some  conditions  detonations  may  propagate  in  an 
oscillatory  fashion  as  in  the  case  of  a  blunt  body  propagating  through  a 
combustible  mixture.  This  behavior  is  illustrated  by  the  striking  herring¬ 
bone  pattern  behind  a  blunt  projectile  moving  through  a  hydrogen-air 
mixture  shown  in  Figure  3  which  is  taken  from  [  19]  .  This  oscillatory 
behavior  is  also  intimately  related  to  the  structure  of  the  reaction  front. 

It  is  in  the  interaction  of  the  structure  and  propagation  that  some 
of  the  most  interesting  problems  in  detonation  theory  arise.  In  gaseous 
detonations  it  is  necessary  to  consider  the  interaction  between  the  kinetics 
of  the  combustion  reaction  and  the  fluid  dynamics  of  propagation.  In  two 
phase  detonations,  there  is  the  added  complication  of  the  droplet  or  particle 
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combustion  mechanisms.  Before  proceeding  to  a  more  detailed  consider¬ 
ation  of  these  problems,  it  appears  apnropriate  to  briefly  discuss  some  of 
the  models  which  have  been  proposed  for  the  structure  of  a  detonaiion  front. 

The  simplest  model  for  the  structure  is  that  of  Zel'dovitch, 
von  Neumann,  and  Doering  [  18  ]  in  which  the  detonation  is  treated  as  a 
shock  discontinuity  followed  by  a  reaction  zone  in  which  the  heat  of 
combustion  is  released.  The  reaction  zone  is  terminated  by  the  C-J 
plane  where  the  velocity  relative  to  the  detonation  becomes  sonic.  Either 
an  exact  or  approximate  kinetic  scheme  for  the  combustion  reaction  is 
needed  to  determine  the  extent  and  structure  of  this  reaction  zone.  A 
qualitative  sketch  of  the  variation  of  reaction  zone  pressure  and  temperature 
compiled  using  this  model  is  shown  in  Figure  4(a).  The  complexity  and 
uncertainity  of  the  kinetics  of  most  combustion  reactions  has  led  to  the  use 
of  approximate  reaction  zone  models  in  many  cases.  Two  of  the  most 
common  which  are  discussed  in  detail  by  Korobeinikov  et  al  [  20  ]  are  the 
two  front  and  the  combined  induction- reaction  zone  models.  In  the  two 
front  model  an  induction  zone  of  length  <  in  which  there  are  no  measurable 
chemical  changes,  is  followed  by  a  discontinuous  reaction  front  in  which  all 
the  heat  release  takes  place  as  shown  in  Figure  4(b).  In  the  combined 
induction- reaction  zone  model,  an  induction  zone  of  length  t  j  is  followed 

by  a  reaction  zone  of  length  f  ^  where  the  combustion  heat  release  occurs 
as  shown  in  Figure  4(c). 

The  models  described  above  are  steady  and  one  dimensional;  how¬ 
ever,  the  unstable  waves  (Fig.  3)  and  the  waves  with  cellular  structure  [  17] 
are  anything  but  steady  and  one  dimensional.  Nevertheless,  the  local 
structure  of  the  wave  generally  is  treated  using  models  like  those  discussed 
above  and  in  the  case  of  overdriven  detonations,  the  steady  structure  appears 
to  provide  a  reasonable  description.  Thus,  Figure  5  taken  from  [21  ] 
shows  the  structure  of  an  overdriven  detonation  induced  is  an  H^-O^  mix¬ 
ture  by  a  sphere  traveling  at  a  velocity  above  the  C-J  value. 

The  structure  of  detonations  propagating  through  clouds  of  fuel 
droplets  suspended  in  a  gaseous  oxidizer  is  governed  by  the  mechanism 
of  droplet  breakup  as  well  as  by  the  kinetics  of  the  fuel-oxidizer  reactions 
[22]  ,[23]  .  The  resultant  structure  differs  drastically  from  that  of  a 
pure  gaseous  detonation,  and  depends  upon  the  average  droplet  diameter, 
the  droplet  size  distribution,  the  vapor  pressure  of  the  liquid  fuel  and  a 
host  of  other  parameters.  If  the  droplets  are  very  small  or  have  a  high 
enough  vapor  pressure,  the  behavior  of  such  spray  detonations  may  also 
revert  to  that  of  a  purely  gaseous  detonation.  An  illustration  of  the  com¬ 
plexities  involved  is  provided  by  the  Schlieren  photograph  of  a  detonation 
propagating  through  a  row  of  2600p  droplets  of  diethylcyclohexane  shown 
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in  Figure  6(a).  Figure  6(b)  is  a  schematic  sketch  explaining  some  of  the 
phenomena  shown  in  Figure  6(a).  Right  after  passage  of  the  leading  shock, 
the  droplet  is  subject  to  the  supersonic  flow  induced  by  this  shock  wave  so 
that  a  bow  shock  immediately  forms  upstream  of  the  droplet.  As  a  result 
of  this  induced  flow,  the  droplet  begins  to  broaden  and  a  micromist  which 
is  stripped  from  the  forward  surface  of  the  droplet  is  entrained  in  the 
droplet  wake.  This  behavior  is  particularly  well  illustrated  in  Figure  7 
which  shows  a  nonburning  2700p.  drop  14  p  sec  after  the  passage  of  a  Mach 
3.  5  shock.  In  the  case  of  burning  droplets,  the  wake  explodes  after 
sufficient  time  has  elapsed  as  shown  in  Figure  6(a)  . 

A  number  of  dust  air  and  dust  oxygen  mixtures  have  also  been 
found  to  be  highly  detonable  [  24  ]  ,  [  25  ]  ,  and,  in  fact,  grain  dust  has  been 
found  to  be  a  highly  explosive  material.  A  laser  photograph  of  an  oats- 
oxygen  and  oats-air  detonation  is  shown  in  Figure  8.  The  phenomena  which 
govern  the  structure  of  dust  detonations  are  quite  different  from  those 
involved  in  spray  detonations.  The  particles  are  again  accelerated  by  the 
supersonic  flow  induced  by  the  leading  shock,  but  now  do  not  shatter.  The 
ignition  or  induction  mechanism  now  depends  mainly  upon  the  convective 
heating  of  the  particle,  the  heterogeneous  reactions  which  can  occur  both 
on  the  surface  and  within  the  porous  interior  of  the  particle,  and  upon  the 
reaction  of  the  volatiles  which  are  evolved  as  the  particle  temperature 
increases.  Radiation  which  is  generally  ignored  in  gaseous  and  spray 
detonations,  appears  to  play  an  important  role  in  dust  detonations.  The 
difference  between  the  droplet  or  dust  and  ga6  velocities  can  also  have  a 
significant  effect  upon  the  structure  of  two  phase  detonation  and  in  some 
cases,  appears  to  result  in  unstable  behavior  f  26]  . 

Some  of  the  many  phenomena  touched  by  the  discussion  above  will 
now  be  described  in  greater  detail  starting  with  the  problem  of  the  direct 
initiation  of  gaseous  detonations.  This  will  be  followed  by  a  discussion  of 
the  propagation  of  detonations  through  sprays. 


II.  THE  DIRECT  INITIATION  OF  GASEOUS  DETONATIONS.  The 
sudden  release  of  energy  in  a  gaseous  combustible  fuel  oxidizer  mixture 
causes  a  decaying  blast  wave  to  propagate  into  the  mixture.  The  high 
temperature  behind  this  wave  results  in  a  combustion  front  at  some 
induction  distance  I  .  behind  the  leading  shock.  Depending  on  the  amount 
of  energy  which  is  released,  the  induction  length  f  j  continually  increases 
until  the  blast  wave  has  completely  decayed,  or  the  length  i  j  reaches 
some  limiting  value  as  transition  from  a  blast  wave  to  a  detonation  occurs. 
This  process  is  referred  to  as  "direct  initiation"  and  the  key  problem  is 
to  establish  the  minimum  or  critical  energy  release  Ec  for  which  such 
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initiation  will  occur.  Both  a  decaying  wave  and  one  in  which  transition 
to  a  detonation  occurs  are  shown  in  Figure  9  taken  from  the  review  by 
Lee  [  27]  .  It  appears  clear  that  the  magnitude  of  Ec  will  depend  upon 
the  interaction  between  the  decaying  blast  wave  and  the  growth  of  the 
induction  length  t  j  . 

The  modeling  problem  of  direct  initiation  is  to  develop  a  theory 
of  the  a  priori  calculation  of  the  critical  energy  Ec  .  The  Zel'dovitch 
criterion  [  16]  ,  which  has  already  been  described,  provides  a  qualitative 
means  of  estimating  E£  .  Bach  et  al  [  28  ]  dealt  with  this  problem  by 
still  treating  the  combustion  front  as  a  discontinuity;  however,  with  a 
reduced  heat  release  Qg  which  is  only  a  fraction  F(  ti  ,  z)  of  the  total 
heat  release  Q  per  unit  mass  of  fuel-oxidizer  mixture.  Here  n  =  Ms" 
with  Mg  the  wave  Mach  number  and  z  =  Rs/  R0  where  Rs  is  the  wave 
radius  and  R0  is  the  explosion  radius.  F(n,z)  is  an  empirical  function 
based  on  physical  considerations  of  the  induction  process.  Approximate 
analytical  solutions  due  to  Sakurai  [  29  ]  are  used  to  describe  the  flow 
between  the  blast  center  and  the  decaying  shock  front  where  conditions 
are  determined  using  the  Rankine- Hugoniot  conditions  and  the  modified  heat 
release  Qe  . 

Overall  energy  conservation  as  described  by  Eq.  1  below,  is  used 
tb  determine  the  shock  motion 

?s  l  2 

E  =  /  [p/(v-U]  +  -r(pu  )  k  dr 

0  3 

■  /‘<  T^T)  1  kj  Vr  (1» 

Here  EQ  =  the  energy  instantaneously  deposited  at  the  center  of  the  blast 
wave;  j  =  0,1,2  and  kj  =  1 , 2tt  ,  4tt  for  planar,  cylindrical  and  spherical 
symmetry;  p,  p  ,  and  u  are  pressure,  density,  and  particle  velocity 
respectively,  and  the  subscript  zero  refers  to  the  undistrubed  conditions 
ahead  of  the  wave  front.  The  problem  is  then  reduced  to  the  solution  of 
the  following  two  ordinary  differential  equations 


dr|  _  2r)6  dT  _  1/2 

dz  z  ’  dz  ~  11 


(2) 


where  t  =  CQt/  Rq  and  CQ  is  the  speed  of  sound  in  the  unburned  explosive. 
The  relation  between  the  acceleration  parameter  8  ,  which  is  defined  as 

R  h  /  R  ^  ,  and  the  other  variables  in  Eq.  (2)  is  determined  by  the 

s  s  s 

energy  conservation  equation  (1). 
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The  resultant  system  of  nonlinear  equations,  which  also  depends 
upon  the  empirical  function  F(r\,  z),  can  only  be  integrated  numerically 
after  some  further  simplifying  assumptions  are  introduced.  The  computed 
wave  traj  ictory  is  found  to  depend  upon  the  parameter  6  =  A/  R0  where 
A  is  the  experimentally  observed  induction  distance  for  plane  C-J 
detonations.  Mach  number  profiles  calculated  for  M^-j  =  8,  which  is  an 
average  value  for  stoichiometric  and  equimolar  acetylene  oxygen  mixtures, 
and  an  auto  ignition  shock  strength  of  Mc  =  2.  8  were  computed  by  Bach 
et  al  [  28]  for  various  values  of  6,  and  are  shown  in  Figure  10.  Smaller 
values  of  6  correspond  to  higher  initiation  energies. 

When  6  exceeds  a  certain  critical  value  6C  (0.091  in  the  present 
case),  which  implies  that  Eq<  Eoc  ,  the  initial  blast  wave  decays  to  an 

acoustic  wave.  When  6  <  6  (or  E  >  E  )  the  blast  wave  first  decays 

c  o  oc 

and  then  re-accelerates  to  a  self-sustaining  C-J  detonation.  Especially 
when  6  is  only  slightly  less  than  8  there  may  be  an  extensive  region 

where  the  propagation  Mach  number  is  substantially  below  the  Chapman- 

Jouguet  value  M  T  .  Near  the  critical  condition  6-6  the  solution 
(jJ  c 

appears  to  be  inherently  unstable  and  tends  to  become  oscillatory.  The 

re-establishment  of  a  detonation  in  these  cases  appears  to  involve  the 

formation  of  an  unsteady  or  transverse  wave  structure  as  shown  in  Figure 

9(c).  The  behavior  shown  in  Figure  10  appears  to  agree  with  experimental 

observations. 


Since  the  explosion  length  Rq  is  given  by 
R  j+1  =  E  /  p  C 

o  O  O  O  j 


the  critical  initiation  energy  E  follows  from  the  definition  of  6 
•  •  I  oc 

is  given  by 

E  =  k.p  C  2(A/6  )j+1 
oc  j  o  o  c 


(3) 
and 

(4) 


The  behavior  described  above  can,  in  a  sense,  be  tied  to  the 

chosen  behavior  of  the  heat  release  function  F(r),  z)  which  is  designed  to 

cut  off  all  combustion  heat  release  when  M  <  M  .  Thus  F(n,z)  =  0 

s  c 

for  z  >  6  ,  r\  >  u  .  But  the  behavior  described  above  also  suggests  that 

the  critical  value  of  the  initiation  energy  E  or  6  is  associated  with 

oc  c 

a  mathematical  singularity  in  the  equations  describing  the  direct  initiation 
phenomenon.  The  numerical  studies  of  direct  initiation  by  Chernyi  [  30] 
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and  by  Boni  and  Wilson  [  31  |  ,  [  32  ]  provide  further  evidence  for  the 
existence  of  such  a  singularity.  Chernyi  [  30  j  used  the  combined  induction- 
reaction  zone  model  for  the  reaction  zone  and  then  carried  out  numerical 
calculations  for  two  different  values  of  the  initiation  energy.  The  tra¬ 
jectories  of  the  leading  shock,  i.  e.  ,  r  and  of  the  flame  front  r  are 

s  I 

shown  in  Figures  11(a)  and  (b)  for  values  of  E  below  and  above  E 

o  oc 

The  drastic  separation  of  the  deflagration  from  the  shock  front  in 
Figure  11(a)  is  especially  significant.  At  the  higher  energy  the  deflagration 
and  shock  remain  coupled  together  although  the  deflagration  is  observed 
to  oscillate  with  respect  to  the  leading  shock  at  large  values  of  the  dimension¬ 
less  time  as  shown  in  magnified  form  in  the  second  part  of  Figure  11(b).  Boni 
and  Wilson  [31]  used  a  finite  difference  code  to  study  the  direct  initiation 
of  spherical  detonations  in  methane-air  mixtures.  Their  computations 
started  with  the  detonation  of  a  spherical  tetryl  charge.  They  did  not  use 
the  simplified  reaction  zone  structure  described  above,  but  used  a  grossly 
simplified  kinetic  scheme  to  represent  the  CH  -air  reaction.  Figure  12 
shows  the  trajectories  of  the  flame  front  behind  the  leading  shock  for 
several  different  tetryl  charge  sizes,  and  once  again  a  drastic  transition 
from  a  coupled  to  an  uncoupled  reaction  front  is  evident.  It  is  almost  as 
if  the  solution  trajectories  encounter  a  saddle-point  like  singularity  when 

the  E  lies  below  the  critical  value, 
o 

A  very  simple  analysis  which  starts  from  the  energy  equation  (1) 

can  be  used  to  demonstrate  the  connections  between  E  and  a  singularity 

oc 

in  the  governing  equations  [  33]  .  Neglecting  the  energy  of  the  undisturbed 
medium  and  using  the  dimensionless  variables 

4>  =  p  /  p  q  ,  <(>  =  u/  Rg  ,  f=p/pQRg2,  £  =  r/Rg  , 


of  propagation  M  : 

8 


this  equation  can  be  reduced  to  the  following  expression  for  the  Mach  number 

o  w>.».  ,JdA 


M 


2  _  1 
s  "  T 


)p  C  2  k.  R  j+1  C  2 
[  o  o  j  s  o 


/ 


4-  €' 


(5) 


J 


where  I  is  the  integral 


(6) 


The  detailed  behavior  of  the  dimensionless  density  velocity  4*  >  ant^ 
pressure  f  between  the  leading  shock  and  the  blast  center  r  =  £  =  0  is 
required  before  the  integrals  in  (5)  and  (6)  can  be  evaluated.  In  addition 
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the  variation  of  l  with  the  wave  Mach  number  must  also  be  known.  At 
this  point  the  following  rather  drastic  assumptions  will  be  adopted: 

(a)  I  =  const  =  Q/  (j+1)  M  2  C  2 

CJ  o 

(b)  I  /  R  «  1 

1  s 

(c)  The  density  p  in  the  induction  zone  is  constant  and  equal 
to  the  value  at  the  shock. 


While  these  assumptions  should  not  affect  the  qualitative  behavior 

of  Eq.  (5),  they  will,  of  course,  affect  the  quantitative  accuracy  of  any 

initiation  parameters  derived  from  Eq.  (5).  The  choice  of  I  in  (a) 

ensures  that  M  -*■  M^,T  as  I T/  R  -*  0. 

s  CJ  Is 


Equation  (5)  can  now  be  reduced  to  the  following  rather  simple 
expression  for  the  propagation  Mach  number  Mg: 


M 


M 


CJ 


R  *  j+1 

!+  <-j±-> 
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„  Ps  'i 

<)+!|  r  ~ 

o  S 


(7) 


R  *  is  what  is  called  the  critical  radius  and  is  that  value  of  R  where 
s  s 


the  combustion  and  blast  energies  are  equal  so  that 
V  =  [(j+1)  Eo/k.p  q]  1/{j+I) 


(8) 


The  second  term  on  the  right  of  (7)  represents  the  effect  of  the  initiating 
blast  while  the  third  term  measures  the  influence  of  the  induction  length 
i  j  .  Equation  (7)  reproduces,  at  least  qualitatively,  the  behavior  shown 

in  Figure  10,  that  is, 

gradually  accelerates  back  to  M 


M  drops  to  a  minimum  below  M  and  then 

S  C^J 


CJ 


when  initiation  does  occur. 


The  possibility  of  singular  behavior  becomes  evident  when  the 
derivative  dMg/  dRg  is  evaluated  from  (7).  The  crucial  step  is  taking 

the  variation  of  the  induction  length  t  with  Mach  number  Mg  into  account. 
The  result  is: 


dM 
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dR 
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The  numerator  N  <  0  for  very  small  values  of 
becomes  positive  when 
P 


R  = 


R  * 
s 


1/j 


R  * 
s 


R 

s 


but  changes  sign  and 


(10) 


Thus,  Mg  passes  through  a  minimum  at  this  value  of  Rg  as  do  the 

trajectories  shown  in  Figure  10.  All  this  presupposes  that  the  denominator 
D>  0  in  Eq.  (10).  However,  while  [  2M  /  (j+1)  M„^]  >  0  always,  the 

S  J 

derivative  d(ini^)/ dM^  <  0  so  that  the  denominator  D  may  also  vanish. 

In  fact,  when  the  critical  radius  R  *  decreases  to  a  value  R  *  ,  N  and 

s  sc 

D  vanish  simultaneously  so  that  the  minimum  point  of  the  trajectory  is 

R  *  the  slope  dM  /  dR  -»  -  oo 

SC  8  8 

as  R  -»  R  *  .  This  suggests  that  the  value  E  associated  with  R  * 
s  s  oc  sc 

corresponds  to  the  critical  initiation  energy  E 

oc 


replaced  by  a  singularity.  For  R  *  < 

8 


The  condition  D  =  N  =  0  is  sufficient  to  determine  both  M  the 

sc 

Mach  number  at  the  critical  point  and  the  associated  value  of  R  *  and 

sc 

hence  E  .  The  condition  D  =  0  leads  to  the  following  equation  for  M  : 

oc  sc 


2M  +-4^-(M_t 
sc  j  CJ 


2  -  M  2  ) 
sc 


d(f  n I  j) 


dM 


=  0 


(ID 


J  M  =  M 
s  sc 


and  Eq.  (11)  demonstrates  the  intimate  relation  between  the  singularity 
and  the  behavior  of  the  induction  zone  I  ^  .  A  qualitative  sketch  of  the 


Mach  number  trajectories  for  E  >  E 

o  oc 


and  E  <  E  is  shown  in 
o  oc 


Figure  13.  The  detailed  computation  of  E  for  a  simplified  relation 

between  t  T  and  M  is  described  in  Ref.  f  33  1  . 
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The  fact  that  usually  l  ./  R  «  1  and  that  most  induction  reactions 

Is 

have  a  very  high  activation  energy  suggests  the  possibility  of  applying 
asymptotic  methods  [  34  )  .  Nicholls  et  al  [  35  ]  ,  and  Oza  [36]  developed 
an  analysis  of  the  direct  initiation  problem  on  this  basis  which  provides 
some  interesting  insights  into  the  physics  and  mathematics  of  this  process. 
A  two  front  mode  of  the  reaction  zone  is  used.  There  are  two  length 
scales:  the  radius  Rg  forms  a  global  or  outer  scale  while  induction 

length  I  j  represents  an  inner  scale.  For  the  outer  or  global  problem 

the  detonation  front  is  treated  as  a  discontinuity;  however,  the  jump  from 
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the  conditions  in  the  undistrubed  fuel  oxidizer  mixture  to  the  conditions 
behind  the  front  depend  upon  the  structure  of  the  reaction  zone.  The 
treatment  of  the  global  or  hydrodynamic  problem  then  is  quite  similar 
to  that  of  Bach  et  al  [  28  ]  except  for  replacement  of  the  empirical  heat 
release  function  F(n,  z)  by  a  detailed  analysis  of  the  induction  region. 

Arrhenius  kinetics  for  a  single  second  order  irreversible  reaction 
is  used  in  the  induction  zone.  Thus  with 


aA  +  bB-»cC 


(12) 


(A-fuel,  B-oxidiZer,  C- combustion  products) ,  the  species  conservation 
equation  becomes 


8  Y 


A  - 
—  +  u 


8Y 


at 


A 

d~ 


.  -T  /  T 

-■8  7  Vyb  *  ‘ 


(13) 


where  Y  and  Y  are  the  mass  fractions  of  A  and  B,  and  barred 
A  XJ 

quantities  and  the  pre- exponential  factor  B  are  dimensional.  T^  is  the 
activation  temperature  •  anc*  anc*  ^  are  the  activation  energy 

and  universal  gas  constant.  A  system  with  high  activation  energy  so  that 

P  =  T  /  T  «  1,  is  considered,  where  T  is  the  temperature  of  the  gas 
s  a.  s 

immediately  behind  the  shock.  On  the  basis  of  the  second  order  reaction 
it  now  is  possible  to  also  define  the  chemical  time 


re 


a-1 


Ao 


Y  b]  *1 
Bo  J 


(14) 


and  an  associated  chemical  length 

T  /  T 

t  =  t  a  M  e  E  S 
c  cos 


(15) 


The  following  dimensionless  stretched  variables  are  now  introduced  with 
shock  fixed  coordinates: 


p/  p 

h  =  h/  C 

T  Y.  =  Y 

r  ro 

po 

O  1 

• 

p/pQ 
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ii 
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(0 

1 

u)/R  T  = 
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T/  T 
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J 

II 

^1 

CD 

-7)/Tc  7B 

v'  'B 

• 

=  R  /R 
s  s 


(16) 


When  these  variables  are  substituted  into  the  equations  for  one  dimensional 
unsteady  flow  without  transport  effects  or  body  forces,  the  small  para¬ 
meters  (I  /  R  )  and  p  appear.  This  suggests  the  use  of  a  double  expan- 
c  s 

sion  of  the  form 


f=  f  +  pf.  +  (f  /  R  )  f{1)  + 

8  1  C  S 


(17) 
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for  the  parameters  of  the  flow. 

The  first  term  in  the  expansion  (17)  represents  the  effect  of  the 

high  activation  energy  upon  the  induction  process  while  the  second  term 

of  Oft  /  R  )  reflects  the  influence  of  the  wave  curvature.  The  question 
c  s 

of  how  these  effects  interact  will  depend  upon  the  relative_magnitudes  of 

0  and  I  /  R  .  Nicholls  et  al[  35]  assumed  that  I  /  R  «  p  which 
c  s  1  1  c  8 

appears  to  be  in  accord  with  physical  reality.  Then  to  order  (3  the 

conservation  equations  are  steady,  and  the  mass  momentum  and  energy 

equations  reduce  to  the  following  simple  set  of  algebraic  equations: 

p  ,w  +  w.  p  =0 
r  1  s  I  s 

2  .  2 
pw  +  2w.w  p  +  p,  /  (\  M  )  =  0 
s  1  sr  s  1  os 

T.  +  [  (v  -l)/2]  M  2  2w  w  -  Q  Y  =  0  (18) 

1  1  o  s  Is  A1 


with  Q  =  Q/  C  T 
po  o 

The  species  equation  becomes 


T  /  T 

wg  [  d  d  q)]  =  e  5  (19) 

This  system  of  equations  is  readily  solved  for  the  temperature  coefficient 
T^  with  the  result 


T.  =  -T  t  n[l  -  (r,  /w  A.)  ] 


where 

A  =  (T  /  Q)[  (y+l)(M  2-l)  ]  /  [  (v+l)(M  2-1)-2(v-1)(1+  ^  M  2)  ] 

is  S'/  S  C  s 

The  solution  for  T^  diverges  as  ^  -*■  wg  A^  and  this  value  of  r)  ,  denoted 
as  r|j  is  chosen  as  the  dimensionless  induction  distance  so  that 

7  =  1  w  A,  (21) 

I  c  s  1 

It  is  interesting  that  this  definition  of  induction  distance  is  similar  to 
that  introduced  by  Hermance  [37]  in  his  study  of  adiabatic  ignition. 


Combining  this  treatment  of  the  induction  zone  with  the  solution  for 
the  hydrodynamic  flow  between  the  detonation  front  and  blast  center  makes 
it  possible  to  compute  Mach  Number- radius  trajectories  for  different  values 
of  the  initiation  energy.  A  set  of  such  trajectories  computed  for  * 
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stoichiometric  acetylene  oxygen  mixture  is  shown  in  Fig.  14  taken  from 
Ref.  36.  The  parameter  t  y  is  the  ratio  of  a  characteristic  chemical 
time  to  a  characteristic  explosion  time  and  varies  inversely  with  the 
energy  of  the  initiating  blast  wave.  The  singular  nature  of  the  transition 
from  initiation  of  a  detonation  to  a  decaying  wave  with  decreasing  initiator 
energy  is  once  again  evident. 

The  asymptotic  analysis  described  here  indicates  that  the  direct 

initiation  of  a  detonation  bears  a  very  close  relation  to  the  classical  problem 

of  the  adiabatic  ignition  of  a  fuel-oxidizer  mixture.  It  is  no  surprise  that 

with  (1  /  R  )  «  0  «  1,  the  flow  behind  the  shock  reduces  to  a  quasi  steady 
c  s 

one  in  which  induction  occurs  as  the  fluid  moves  downstream  of  the  leading 

shock.  The  novel  feature  is  now  that  the  starting  conditions  T  ,p  etc. 

s  s 

depend  upon  the  variation  of  I  at  preceding  times  which  in  turn  depends 
on  the  size  of  the  exploding  charge.  These  features  depend  upon  the  solution 
of  the  outer  problem.  The  asymptotic  analysis  described  here  is  unfortunately 
incomplete.  Thus  ,  to  treat  the  end  of  the  induction  zone  would  require  a 
detailed  analysis  similar  to  that  of  Kassoy  [  38  ]  ,  which  takes  the  consumption 
of  the  fuel  into  account. 

Several  approaches  to  modeling  the  direct  initiation  of  gaseous 
detonations  have  been  described,  and  all  indicate  that  Eqc  is  governed  by 

the  relationship  between  the  growth  of  an  induction  length  f  and  the  decay 

of  the  initiating  blast  wave.  The  critical  energy  E  appears  to  be  associ- 

oc 

ated  with  a  singularity  in  the  governing  equations  but  the  precise  character 
of  this  singularity  remains  to  be  determined.  The  asymptotic  analysis 
described  above,  depends  upon  the  condition  l  j/Rg  «  P  «  1.  The  analysis 

raises  the  interesting  question  of  how  to  deal  with  the  cases  when  l  /R  ~  0(p  ) 

X  8 

or  0  «  I  t/R  «  1  .  In  the  former  case,  the  changes  within  the  reaction  zone 
1  s 

due  to  wave  curvature  will  be  important.  The  role  of  higher  order  terms 
like  those  of  order  p  (l  Rg)  remains  to  be  established.  When  the  initiating 

energy  Eq  only  slightly  exceeds  Eqc  oscillatory  behavior  not  unlike  that 

discussed  in  the  Introduction  is  observed.  Various  aspects  of  detonation 

stability  have  been  discussed  by  Fickett  and  Davis  [  18  ]  and  the  numerical 

computation  of  an  oscillating  detonation  front  by  Fickett  and  Wood  [  39  ]  is 

especially  noteworthy.  However,  the  precise  relation  of  this  oscillatory 

behavior  to  direct  initiation  remains  to  be  determined.  Invariably,  the 

initiation  of  detonations,  especially  with  E  close  to  E  ,  is  associated 

o  oc 

with  the  formation  of  transverse  waves.  This  is  evident  from  Figure  9. 

While  the  relationship  between  transverse  cell  formation  and  initiation 
is  discussed  by  Bach  et  al  [28]  ,  its  precise  relation  to  the  initiation 
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process  remains  to  be  determined.  Consideration  of  the  direct  initiation 
of  gaseous  detonations  has  thus  raised  a  number  of  subsidiary  problems, 
many  of  which  are  mathematical  in  nature.  A  consideration  of  spray 
detonations  introduces  a  whole  new  set  of  questions  and  these  are  discussed 
in  Section  III  below. 


111.  DETONATIONS  THROUGH  SPRAYS.  As  already  mentioned 
in  the  introduction,  the  initiation  and  propagation  of  detonations  through 
sprays  introduces  an  entirely  new  set  of  physical  phenomena  because  the 
ignition  of  the  fuel  depends  crucially  upon  the  droplet  shattering  process. 
Certain  key  features  of  the  structure  and  propagations  of  spray  detonations 
have  been  established  [40]  ,[41]  .  The  breakup  of  the  fuel  usually  dominates 
the  detonations  structure  so  that  the  reaction  zone  is  much  longer  than  in 
the  gaseous  case;  however,  the  kinetics  of  the  reaction  between  the  vaporized 
fuel  and  the  oxidizer  can  also  play  a  very  important  role  [  42  ]  ,  [  43  ]  .  In 
addition,  the  volatility  of  the  fuel  may  have  major  effects  on  the  character 
of  the  structure. 

Detonations  in  non-volatile  droplet  clouds  of  diethylcyclohexane 
were  studied  by  Dabora  et  al  [  44  ]  while  Bar  Or  et  al  [45]  made  detailed 
studies  of  mono-dispersed  clouds  of  decane  in  a  sectored  shock  tube  designed 
to  simulate  cylindrical  detonations.  Certain  key  features  of  non-volatile 
detonations  have  been  established  by  these  studies.  After  passage  of  the 
leading  shock  the  droplets  are  in  a  region  of  supersonic  flow  so  that  a  bow 
shock  forms  ahead  of  the  droplet.  The  droplets  are  accelerated  and  deformed 
by  this  convected  flow  while  a  microspray,  formed  by  boundary  layer  stripping 
is  usually  entrapped  in  the  wake.  Because  of  Taylor  Instability  the  droplet 
may  then  shatter  into  a  group  of  much  smaller  droplets  [  46  ]  .  After  a 
certain  ignition  time  ,  t.  ,  the  combustible  mixture  sometimes  explodes 

so  that  a  weak  blast  wave  propagates  toward  the  leading  shock  and  into  the 

region  downstream  of  the  detonation.  The  remaining  fuel  is  then  consumed 

smoothly  until  droplet  burning  is  complete  at  time  t  .  Whether  or  not 

cc 

the  wake  explosions,  which  are  such  a  distinct  characteristic  of  some 
spray  detonations,  occur  seems  to  depend  on  the  properties  of  the  fuel  and 
oxidizer  and  the  size  of  the  fuel  droplets  [43]  . 

Many  features  of  this  process  are  illustrated  in  Figures  6  and  7, 
which  have  already  been  discussed.  A  typical  Schlieren  streak  record  of 
a  detonating  mono  disperse  spray  of  400p  decane  droplets  in  oxygen 
recorded  by  Bar  Or  et  al  [45]  is  shown  in  Figure  15,  and  a  sketch  explaining 
the  main  features  of  this  record  is  shown  in  Figure  16.  The  wake  generated 
blast  waves  are  an  especially  notable  feature.  The  wave  shown  in  Figure  15 
was  initiated  by  an  explosive  charge  placed  at  the  vertex  of  the  sectored 
shock  tube  mentioned  above  and  the  streak  records  were  photographed  through 
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windows  about  halfway  along  the  140cm  radius  sectored  shock  tube. 

During  the  direct  initiation  of  detonations  in  non-volatile  sprays  the  velocity 
of  the  wave  drops  below  the  C-J  value  and  then  slowly  appears  to  reacceler¬ 
ate  to  the  C-J  value.  This  behavior  is  evident  from  Figure  17  which  shows 
Mach  number  trajectories  for  400p  decane  droplets  in  oxygen  for  different 
values  of  the  energy  Ec  of  the  high  explosive  initiator.  The  similarity  of 
these  curves  to  the  trajectories  shown  in  Figure  10  for  the  direct  initiation 
of  gaseous  detonations  should  be  noted.  The  fact  that  the  wave  velocity  is 
appreciably  below  the  C-J  value  seems  to  characterize  most  non-volatile 
spray  detonations. 

The  situation  will  be  quite  different  for  a  volatile  spray.  A  typical 
Schlieren  streak  record  of  a  detonating  spray  of  400p  heptane  droplets  in 
oxygen  is  shown  in  Figure  18.  Now  a  detonation  front  propagating  at  the 
C-J  velocity  corresponding  to  the  equilibrium  vapor  pressure  is  observed. 
The  droplets  break  up  and  explode  as  before  but  apparently  have  no 
influence  upon  the  propagation  of  the  main  detonation  front.  In  a  related 
experiment,  Pierce  and  Nicholls  [  47  ]  found  that  in  systems  consisting  of 
non-volatile  diethyl  cyclohexane  droplets  in  an  atmosphere  of  hydrogen 
and  oxygen,  the  detonation  velocity  was  unaffected  by  the  combustion  of  the 
droplets  behind  the  reaction  zone  of  the  H^-O^  detonation. 

Modeling  of  the  direct  initiation  and  propagation  of  spray  detonations 
is  possible  at  several  different  levels  of  complexity.  Perhaps  the  simplest 
approach  is  to  use  Eq.  (7),  discussed  in  Section  II  above,  to  describe  the 
wave  trajectory  of  a  detonations  initiated  by  a  high  explosive  charge.  Then 
the  questions  which  arises  immediately  is  how  to  define  the  induction  length 
f  j  for  a  spray  detonation.  A  relatively  simple  model  of  droplet  combustion 
based  on  empirical  results  for  droplet  breakup  can  be  used  for  this  purpose. 

A  single  droplet  which  has  crossed  a  shock  wave  at  time  t  =  0  is 

shown  in  Figure  19.  During  interval  t  the  droplet  will  move  a  distance  x 

while  the  shock  moves  a  distance  u  t  .  The  distance  S  between  the 

s 

shock  and  the  particle  will  then  be  S  =  u^t  -  x.  The  particle  breakup  will 

be  complete  after  a  certain  interval  t  when  x  =  x  and  S  =  £_  the 

s  s  B 

breakup  distance.  Measurements  show  that  at  breakup  [  48  ]  ,  [49]  a 
dimensionless  time 

T,  ■  <'»VDo)(',2/'V1/2  (23) 

always  has  the  same  constant  value  while  the  distance  xg  can  be  determined 
from 

XS  *  5^  -  AT,2  <24> 

O 
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where  Dq  is  the  initial  particle  diameter ,  and  A  is  an  empirical 

constant.  Fishburn  [46]  has  pointed  out  that  the  dimensionless  time 

T  defined  in  Eq.  (23)  also  characterizes  the  time  required  for  the  droplet 
s 

to  deform  after  shock  passage  and  can  be  derived  by  balancing  the  gas 
dynamic  pressure  on  the  liquid  droplet  against  the  liquid  inertia  in  the 
radial  direction.  From  Eqs.  (2 2)-(24)  it  now  follows  that 


B 


=  [  (1-  —  )_1(~)1/2  (  —  )1/2  T  -  AT2] 
p  p  p  s  s 

L  £.  o 


D  =  FD 
o  o 


(25) 


where  the  relation  (U  /U  )  =  [  1  .  (p  /  p  )  ] 

s  L  o  L 


1 


between  shock  velocity 


and  density  has  been  used.  For  hydrocarbon  detonations  (pQ/ p  is  almost 

independent  of  Mg;  thus,  t  g  will  be  proportional  to  the  initial  droplet 

diameter  for  a  given  fuel  and  a  fixed  ambient  density.  Waldman  et  al 

[48]  have  suggested  values  of  3.  5  and  0.8  for  Tg  and  A  while  Ranger 

and  Nicholls  [  49  ]  suggest  values  of  5.  0  and  1. 1  respectively  and  these 
values  are  certainly  comparable. 


In  the  two  front  model  of  gaseous  detonation  structure  is 

usually  taken  as  the  induction  length  of  the  reactions  behind  the  shock.  An 
equivalent  definition  of  induction  length  can  be  developed  for  spray 
detonations  by  recognizing  that  the  main  effect  of  i  ^  is  a  deficit  in  the 

combustion  energy  release  behind  the  leading  shock  [  45  ]  .  (This  concept 
is  also  used  by  Bach  et  al  [  28  ]  to  define  the  heat  release  function  F(q  ,  z)). 
On  the  basis  of  the  discussion  above  a  typical  heat  release  pattern  from  an 
individual  fuel  droplet  might  be  like  that  shown  in  Figure  20(a).  Here  m^ 

is  the  initial  droplet  mass  and  q  is  the  combustion  heat  release  per  unit 
mass  of  fuel  so  that  m^q  is  the  combustion  energy  of  each  droplet. 

Figure  20(a)  illustrates  a  typical  case  where  the  microspray  of  mass 

Am  which  starts  to  form  right  after  shock  passage,  ignites  explosively 
r 

at  a  distance  t  behind  the  shock.  After  that  burning  is  continuous  and 

equal  to  the  droplet  breakup  rate  until  breakup  and  burning  are  complete 
at  a  distance  t  g  behind  the  shock.  The  area  above  the  curve  in  Figure  20(a) 

is  now  the  energy  deficit  due  the  finite  duration  of  droplet  breakup  and 
combustion.  A  two  phase  induction  length  l  ^  will  now  be  defined  as  the 

induction  length  of  an  equivalent  two  front  wave  which  has  the  same  energy 
deficit  but  with  all  the  combustion  energy  released  at  distance  I  ^  behind  the 
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shock  as  shown  in  Figure  20(b).  From  this  definition,  it  follows  directly 
that 


ii  .  v  1 

4-  f./<B 

lg  B 


/  ^<f) 

**  mo  *B 


(26) 


B  '  B 

where  x  ia  the  distance  from  the  shock. 


Experiments  have  shown  [  50  ]  that  during  the  shock  induced 
breakup  of  water  drops: 

1 


m  1  r  ,  ’  ,  t  , 

—  =  -  [  1  +  cos  .  (—  )] 
o  B 


(27) 


where  t  is  the  droplet  breakup  time.  Assuming  that  (t/t  )  =  (x/l  ) 
15  B  B 

it  then  follows  from  Eq.  (26)  that 


sin  v  [l  /  /  ) 

_ x-f  B  J 


(28) 


If  f  .  =  i  g  so  that  combustion  occurs  only  after  complete  breakup,  it 

follows  from  Eq.  (26)  that  t  =  i  as  is  to  be  expected. 

1  15 


Although  this  model  may  appear  overly  simplified,  it  accounts  for 
the  most  important  features  of  droplet  shattering  and  burning.  The 
shattering  process  is  introduced  through  the  empirical  expression  (25)  for 
I  g  and  breakup  rate  (27).  The  kinetics  of  the  wake  explosions  enters 

through  the  ignition  length  t  .  .  This  model  also  highlights  some  of  the 

ig 

additional  difficulties  involved  in  analyzing  spray  detonations.  Only  a 
mono-disperse  spray  is  considered.  The  effect  of  micromist  burning  on 
the  breakup  process  is  ignored  although  this  may  be  important  [  44  ]  .  The 
effect  of  the  blast  waves  from  the  exploding  droplets  treated  by  Dabora  [  51  ] 
and  Pierce  [  52  ]  is  not  considered. 


Wave  trajectories  computed  using  M  from  Eq.  (7)  with  lT 

s  2 

computed  using  Eq.  (28)  are  compared  to  experimentally  measured 
trajectories  in  Figure  21  taken  from  [45]  .  The  induction  and  breakup 
lengths  were,  in  this  case,  taken  from  corresponding  streak  photos  of  the 
detonation, and  the  corresponding  t  j  was  taken  constant  at  4cm.  Agree¬ 
ment  is  quite  good  at  large  values  of  Rg  consistent  with  the  asymptotic 
character  of  the  theory  used  to  derive  Eq.  (7). 
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When  D  ,  the  droplet  diameter,  is  below  a  certain  size,  the 
o 

behavior  of  the  spray  detonation  reverts  to  that  of  a  gaseous  detonation 
as  indicated  by  the  experiments  of  L,u  et  al  [43  ]  who  used  a  nebulizer 
to  produce  a  very  fine  spray.  The  ultra  simple  theory  discussed  above 
can  provide  an  estimate  of  the  droplet  diameter  where  this 

transition  in  behavior  occurs.  As  already  indicated  by  Eq.  (25),  the 
breakup  distance  I  g  varies  almost  linearly  with  the  droplet  diameter 

D  so  that  for  sufficiently  small  droplets  the  distance  behind  the  lead 
o 

shock  where  breakup  is  essentially  complete  will  be  much  smaller  than 
the  chemical  induction  length  l  .In  this  limit,  when  (f  g/  i  ^  )  «  1  , 

the  droplet  breakup  will  be  so  rapid  that  it  has  a  negligible  effect  on  the 

induction  process.  On  the  other  hand,  with  I  „/  I  »  1,  the  droplet 

r5  c 

breakup  will  be  the  determining  factor.  These  considerations  suggest 

that  the  droplet  diameter  D  for  which  f  =  I  _  be  chosen  as  the  critical 

o  c  B 

or  transition  value  D  .  If  t  is  the  chemical  induction  time  of  the  fuel 

oc  s 

of  interest  and  I  /  R  «  1  it  follows  that 
c  s 


I 

c 


(29) 


so  that 


D  =  I  /  F 
oc  c 

with  F  defined  by  Eq.  (25).  For  stoichiometric  methane,  propane  and  decane 
air  mixtures  respectively,  this  criterion  leads  to  D  =36,  1 1 ,  and  4.  6p  re¬ 
spectively  [  53  ]  . 

The  simple  theory  described  above  completely  ignores  the  details  of 
the  two  phase  flow  in  the  reaction  zone  which  will  depend  upon  the  inter¬ 
action  between  the  gas  flow  and  the  accelerating  and  deforming  droplets. 
Borisov  et  al  [  54  ]  have  developed  what  are  essentially  single  fluid  equations 
to  deal  with  this  problem  and  these  have  been  used  by  Gubin  and  Sichel  [  55] 
to  compute  the  structure  and  velocity  of  a  steadily  propagating  spray 
detonation.  The  equations  of  continuity,  momentum,  and  energy  in  the 
reaction  zone  are  as  follows: 


<r  u+pu+rW  =  p  u  4cr  W 
p.  r  r  o  o  o  o 

<r  u^  +  p  u^  +  <r  +  p=  pu^+cr  W^+p 
ur  ,  oo  ooo  , 

2  2  W*- 

(r  u(CT .  +  Q  +  ^-)  +  pu(Tih)  +  irW(CT.  +Q  +  -rr-  ) 
u  I  <>  2  2  loc 


=  p  u  ( 
o  o 


W  2 

+  h  )  +  o-  W  (CT.  +  Q  + - j—  ) 

O  O  O  to  O  L 


(30) 

(31) 

(32) 
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Here  W  is  the  droplet  velocity,  <r  is  the  concentration  of  the  micro- 

mist  which  has  been  stripped  from  the  droplet  and  <r  is  the  droplet  mass 

per  unit  mixture  volume.  The  subscript  zero  denotes  the  start  of  the 

reaction  zone  and  Q  is  the  heat  of  reaction  of  the  fuel. 

o 

A  number  of  subsidiary  relations  had  to  be  introduced  before  this 
system  of  equations  could  be  solved.  The  empirial  relation  of  Ranger 
and  Nicholls  [49]  was  used  for  the  variation  of  W  with  time  and  Eq.  (27) 
was  used  for  the  droplet  mass.  Finally,  a  modified  version  of 

the  two  front  reaction  zone  model  was  used  to  determine  the  propagation 
velocity.  Thus,  it  was  assumed  that  only  that  micromist  generated  by 
droplet  stripping  during  ignition  time  t^  contributed  to  the  propagation 

velocity.  At  t  =  t  the  combustion  of  this  micromist  is  assumed  to  occur 
in  a  very  narrow  front.  The  calculation  of  tj  was  based  on  the  empirical 
expression 

t.  =  10"10  p'1  exp  (-  E/  T)  (33) 

due  to  Mullins  [  56  ]  .  In  order  to  take  the  variation  of  temperature  T  into 
account,  the  total  reaction  time  was  subdivided  into  a  number  of  time  steps 
Atj  and  an  ignition  time  t.^  was  calculated  for  each  step  using  Eq.  (33). 

The  ignition  time  delay  was  then  determined  from  the  condition 


(34) 


The  precise  basis  for  this  procedure  is  not  entirely  clear  although  Eq.  (34) 
has  also  been  used  by  other  investigators  studying  reactive  systems. 


Profiles  of  dimensionless  pressure,  P,  temperature  T,  particle 
mass  in  and  particle  velocity  W  are  shown  in  Figure  22.  The  increase 
in  pressure  and  temperature  is  particularly  significant  and  is  typical  of 
two  phase  systems.  The  increase  arises  because  in  shock  fixed  coordinates, 
the  particles  are  moving  with  a  higher  velocity  than  the  gas  immediately 
behind  the  shock.  As  the  particles  decelerate,  they  cause  an  increase  in 
the  gas  temperature  and  pressure.  The  variation  of  detonation  velocity 
with  droplet  size  is  shown  in  Figure  23  for  a  kerosene-oxygen  mixture. 

For  large  droplets  (>  lOO^x)  the  detonation  velocity  is  appreciably  less  than 
the  ideal  C-J  value ,  and  the  results  appear  in  good  agreement  with 
measurements.  For  Dq  <  20p  the  behavior  becomes  indistinguishable 

from  that  of  a  gaseous  detonation,  a  result  which  supports  the  development 
of  the  transition  diameter  Dqc  presented  above. 
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Spray  detonations  are  observed  to  propagate  at  velocities  appreciably 
below  the  C-J  value.  There  is,  however,  considerable  disagreement  about 
the  cause  of  this  behavior.  Two  explanations  for  sub  C-J  velocities  have 
been  presented  so  far;  one  associated  with  the  initiation  process  and  the 
influence  of  the  large  induction  zone,  a  second  related  to  incomplete 
combustion  of  the  fuel  droplets.  Since  most  of  the  data  used  by  Gubin  and 
Sichel  [55]  came  from  experiments  in  which  the  detonation  was  initiated  by 
a  hydrogen  oxygen  detonation  tube,  the  observed  velocity  deficits  could  well 
be  associated  with  the  initiation  process.  A  third  explanation  based  on  losses 
to  the  walls  of  the  detonation  tube  can  also  be  justified  in  some  cases  [  57  ]  . 


Another  basic  approach  often  used  in  two  phase  flow  problems  is 
to  treat  the  spray  and  the  surrounding  gas  as  two  separate  fluids  which 
interact  with  each  other  through  source  terms  in  the  conservation  equations 
of  each  fluid.  This  approach  was  applied  by  Eidelmann  and  Burcat  [58] 
and  by  Mitrofanov  et  al  [  59  ]  who  investigated  the  direct  initiation  of 
cylindrical  [  59  ]  ,  and  spherical  [58]  spray  detonations.  For  spherical 
symmetry  the  equations  of  mass  ,  momentum  and  energy  conservation  of 
the  gaseous  phase  used  by  Eidelman  and  Burcat  [  58  ]  are: 
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where  the  subscript  1  here  denotes  the  gas  phase.  The  left  hand  sides 
of  Eqs.  ( 35)  — ( 37 )  are  quite  standard.  It  is  the  source  terms  which  are  the 
distinguishing  feature  of  the  two  fluid  approach  and  also  are  the  major 
cause  of  uncertainty  in  the  validity  of  the  final  results.  The  interpretation 
of  these  terms  is  as  follows: 


6  p^  =  rate  of  mass  addition  due  to  droplet  evaporation 
P2 M  =  momentum  loss  due  to  particle  drag 

6p2(V^-V^)  =  momentum  change  due  to  evaporation  from  droplets 
moving  at  a  velocity  different  from  the  gas  velocity 

p  3  work  due  to  particle  drag 
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6  p 


2 


change  in  kinetic  energy  because  of  difference 
between  particle  and  gas  velocity 


p26Q 


combustion  energy  release 


The  detailed  formulation  of  these  terms  is  described  in  references 
[  58  ]  and  [  59  ]  .  It  is  assumed  that  the  fuel  vapor  burns  at  the  instant  of 
evaporation  so  that  these  models  fail  to  account  for  the  influence  of 
chemical  kinetics.  The  source  terms,  of  course,  also  appear  in  the 
equation  for  the  liquid  phase  which  are  as  follows: 


9p2 


(38) 
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The  internal  energy  of  the  fuel  droplets  is  neglected  so  that  the  energy 
equation  is  replaced  by  the  droplet  conservation  equation: 
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Here,  the  subscript  2  refers  to  the  droplets  and  N  is  the  droplet  number 
density.  If  p  ^  is  the  density  of  the  liquid  p  ^  =  ( tr  / 6)  p  ^  N  where  D 

is  the  instantaneous  droplet  diameter. 


Eidelman  and  Burcat  [  58]  solved  this  set  of  two  fluid  equations 
numerically  for  a  stochiometric  mixture  of  lOOp.  heptane  droplets  in 
oxygen.  The  resultant  variation  of  the  shock  front  velocity  with  radius 
is  shown  in  Figure  24  for  different  values  of  the  initiation  energy  Eq  . 

These  curves  again  demonstrate  the  decay  to  sub  C-J  velocities  followed 
by  re-acceleration  to  the  C-J  value.  Because  of  the  absence  of  any 
kinetics  in  the  formulation  the  complete  decay  or  quenching  and  the  singular 
behavior  associated  with  the  critical  energy  E  does  not  appear  to  arise 

in  these  two  fluid  numerical  studies.  Mitrofanov  [  59]  obtained  similar 

results;  however,  he  did  in  some  cases  incorporate  a  chemical  kinetic 

ignition  delay  time  into  his  calculations.  Then  he  did  find  that  initiation 

failed  when  E  is  below  a  certain  critical  value, 
o 

The  wake  explosions  described  above  are  not  considered  in  either 
the  single  fluid  or  two  fluid  models.  Nevertheless,  Eidelman  and  Burcat 
[  58  ]  did  observe  the  appearance  of  secondary  shock  waves  within  the 
reaction  zone.  One  of  these  shocks  is  shown  in  Figure  25  taken  from 
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Ref.  [26]  ,  which  shows  reaction  zone  profiles  for  a  detonation  in  a 
mixture  of  300p  decane  droplets  and  oxygen.  The  precise  origin  of  these 
secondary  waves  is  not  clear,  although  it  does  appear  certain  that  the 
waves  represent  a  physical  phenomenon  rather  than  a  numerical  instability. 
The  waves  appear  to  arise  in  very  thick  reaction  zones  and  may  be  associ¬ 
ated  with  the  region  of  near  sonic  flow  toward  the  end  of  the  reaction  zone. 
Because  of  the  dominant  role  of  secondary  explosions  is  so  many  observed 
heterogeneous  detonations  a  number  of  models  based  entirely  on  this 
explosion  phenomenon  have  been  developed.  Perhaps  one  of  the  earliest 
of  these  "Shock  models"  is  due  to  Cherepanov  [60]  who  computed  the 
propagation  velocity  assuming  that  combustion  occurs  through  a  series 
of  periodic  explosions  at  the  C-J  plane.  Since  half  the  energy  is  carried 

downstream  beyond  the  C-J  plane  by  this  mechanism,  U  /U  ,  the 

s  so 

ratio  of  the  propagation  velocity  Ug  to  the  premixed  detonation  velocity 

U  has  the  value  of  1//F  =  0.71.  This  result  is  not  too  far  from  a  number 
so 

of  experimental  observations. 

A  far  more  detailed  shock  theory  for  the  propagation  of  spray 
detonations  was  developed  by  Pierce  [  52  ]  .  The  mono-disperse  spray  is 
assumed  to  be  arranged  in  a  succession  of  sheets.  The  droplet  wakes  in 
each  sheet  explode  after  an  induction  time  t^  has  elapsed  from  the  instant 

of  passage  through  the  leading  shock.  The  resultant  blast  waves  coalesce 
to  form  two  plane  blast  waves,  one  moving  downstream  and  one  moving 
upstream  toward  the  leading  shock.  The  interaction  of  the  upstream 
moving  wave  with  the  leading  shock  causes  this  shock  to  accelerate.  The 
continual  blast  wave- shock  interactions  result  in  wave  oscillations  similar 
to  those  also  observed  experimentally  by  Pierce  [  61  ]  .  A  schematic 
sketch  depicting  the  behavior  of  the  droplets  behind  the  wave  is  shown  in 
Figure  26,  and  the  blast  wave  coalescence  process  is  shown  in  Figure  27. 
After  ignition  the  remainder  of  the  droplets  are  assumed  to  burn  at  a 
constant  rate.  In  some  ways  this  model  is  thus  similar  to  the  simplified 
model  used  above  to  develop  an  equivalent  induction  length.  The  major 
features  of  this  analytical  model  are  shown  in  the  x-t  diagram  in  Figure 
28  which  is  centered  on  the  explosion  center  at  a  distance  x^  (ignition 
length)  behind  the  cloud.  Numerical  methods  and  various  approximations 
were  used  to  obtain  solutions  based  upon  this  complex  model  as  described 
in  detail  by  Pierce  [  52  ]  .  A  typical  pressure  distribution  within  a 
detonations  computed  on  this  basis  is  shown  in  Figure  29.  When  this 
pressure  variation  is  translated  into  a  pressure  transducer  response  the 
resultant  traces  are  very  similar  to  those  observed  experimentally. 
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A  much  simpler  "shock  theory"  was  developed  by  Dabora  [51] 

in  order  to  estimate  the  critical  initiation  energy  E  .  The  critical 

oc 

energy  E  is  determined  by  requiring  the  accelerating  effect  of  the 
blast  wave^rom  the  exploding  droplet  wake  to  balance  the  decay  of  the 
initiating  blast  wave  at  the  critical  radius  Rg  *  .  It  is  assumed  that  the 

combustion  energy  of  the  complete  droplet  is  fed  into  the  blast  wave. 

As  in  the  simplified  theory,  a  key  parameter  which  arises  in  Dabora's 
theory  is  t  /  t  ~  i  /  t  _  ,  i.  e.  ,  the  ratio  of  the  ignition  time  to  the 

droplet  breakup  time. 

A  consideration  of  the  models  described  above  leads  to  the 
conclusion  that  there  are  really  two  fundamental  processes  which  govern 
the  initiation  and  propagation  of  detonations  through  sprays.  These  are: 

1.  The  mechanism  of  droplet  breakup 

2.  The  chemical  reactions  and  micromist  evaporation  which 
determine  the  delay  between  the  onset  of  droplet  shattering 
and  either  the  wake  explosion  or  the  start  smooth  combustion. 

Each  of  these  problems  represents  a  subject  in  itself.  It  is  especially 
interesting  that,  as  in  the  direct  initiation  of  gaseous  detonations  described 
above,  the  ignition  delay  problem  plays  a  central  role  in  spray  detonations 
as  well.  All  of  the  spray  detonation  models  described  above  depend 
crucially  upon  the  inputs  derived  from  analytical  models  or  empirical 
descriptions  of  these  two  processes. 

A  detailed  analysis  of  the  droplet  breakup  process  which  is 
applicable  to  spray  detonations  has  been  developed  by  Fishburn  [46]  . 

The  parameter  which  governs  the  mode  of  droplet  breakup  is  the  dimension¬ 
less  group  W  R  ^  where  W  is  the  Weber  number  defined  by 
e  e  e 

p  U  2d 

W  =  - 2_  (40) 

e  cr  ' 


where  p  and  are  the  gas  density  and  velocity  relative  to  the  drop 

and  <r  is  the  surface  tension  of  the  fluid.  R  is  ,  of  course,  the  Reynolds 

6  -1/2 

number  U  D  /  v  .  For  spray  detonations  W  R  »  1  and  then 

g  o  g  r  e  e 

boundary  layer  stripping  becomes  an  important  part  of  the  breakup  process. 


Experiments  [  46  ]  ,[48]  ,[49]  ,[62]  indicate  that  breakup  starts  with 
the  deformation  of  the  droplet  and  the  formulation  of  interacting  liquid 
and  gaseous  boundary  layers  on  the  liquid  surface.  Because  of  this 
boundary  layer  a  micromist  starts  to  be  stripped  away  from  the  outer 
edge  of  the  deformed  droplet.  At  some  stage  the  droplet  becomes  unstable 
and  breaks  up  into  smaller  droplets  which  again  are  atomized  by  boundary 
layer  stripping.  Most  of  this  sequence  is  illustrated  in  Figure  30  taken 
from  Ref.  [49]  ,  which  shows  the  breakup  of  750p  water  droplets  behind 
a  shock  of  the  relatively  low  Mach  number,  Mg  =  2.  0  . 

Fishburn's  work  [46]  illustrates  the  many  physical  phenomena 
which  must  be  modeled  in  order  to  analyze  this  complex  breakup  process. 
The  first  step  is  to  determine  the  droplet  deformation  rate.  A  number  of 
studies  of  this  problem  have  been  carried  out  in  connection  with  rain  drop 
deformation  for  instance.  The  potential  flow  analysis  of  Burgers  [46]  is 
used  to  describe  the  initial  stages  of  deformation.  The  further  progress 
of  deformation  is  then  determined  using  an  approximate  analysis  of 
Reinecke  and  Waldman  [  63  ]  .  The  key  result  is  that  the  maximum  defor¬ 
mation  occurs  when  the  dimensionless  time 

T  =  (tU2/Do)(p2/P<)1/2  (41) 


is  approximately  1.0.  As  already  noted,  a  fixed  value  of  T  =  T  also 

8 

characterizes  the  total  droplet  breakup  time.  A  very  simple  argument 
can  be  used  to  develop  this  important  result.  Right  after  shock  passage 
the  total  aerodynamic  force  on  a  particle  of  diameter  Dq  will  be  of  the 

order  p  U  (D  2/  4).  This  force  results  in  droplet  deformation 

which  involves  the  acceleration  of  liquid  in  a  direction  transverse  to 
the  velocity  u2  of  the  gas.  If  it  is  assumed  that  during  deformation 

time  t^,  the  droplet  mass  is  moved  a  transverse  distance  Dq  ,  then 

equating  the  aerodynamic  force  to  the  transverse  acceleration  yields 
the  relation: 


it  D  3 
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from  which  it  immediately  follows  that 
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This  result  is  remarkably  close  to  that  determined  analytically  by 
Fishburn. 
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Boundary  layer  stripping  occurs  near  the  periphery  of  the  de¬ 
formed  droplet.  Ranger  and  Nicholls  [49]  estimated  the  stripping  rate 
by  using  an  integral  analysis  of  the  coupled  laminar  air-liquid  boundary 
layer  on  the  droplet  surface.  A  more  detailed  analysis  using  the  Blasius 
series  was  made  by  Fishburn  [  46]  .  The  significant  result  is  that 
stripping  cannot  account  for  the  observed  droplet  breakup  rates. 


To  explain  this  difficulty ,  Fishburn  [46]  noted  that  the  windward 
surface  flow  will  be  unstable  to  small  disturbances  due  to  the  acceleration 
of  the  droplet.  Taylor  [64]  investigated  this  type  of  instability  and 
provided  the  starting  point  of  Fishburn’s  analysis.  Because  of  this 
instability  waves  on  the  windward  surface  are  amplified  and  ultimately 
cause  the  droplet  to  breakup  into  a  series  of  smaller  droplets.  Estimates 
of  this  highly  nonlinear  process  are  carried  out  by  Fishburn  [  46  ]  .  The 
smaller  droplets  once  again  are  broken  up  by  boundary  layer  stripping. 

On  the  basis  of  this  model,  Fishburn  obtained  results  in  excellent  agree¬ 
ment  with  the  empirical  breakup  rate  expression  of  Reineke  and  Waldman 
[  50  ]  (Eq.  (27))  which  has  already  been  introduced  in  connection  with  the 
approximate  spray  detonation  analysis. 


The  droplet  wake  ignition  problem  is  an  extended  form  of  the 
classical  problem  of  thermal  ignition  first  considered  by  Semenov  [65] 
and  Frank- Kamenetskii  [66].  In  the  basic  problem  a  semi-infinite  slab 
of  reactive  material  with  constant  and  equal  boundary  temperatures  is 
considered.  Essentially  this  is  a  heat  conduction  problem  with  a  heat 
source  driven  by  a  reaction  governed  by  Arrhenius  Kinetics.  It  is  found 
that  steady  solutions  fail  to  exist  when  a  parameter  6g  which  depends 
on  the  conditions  of  the  problem  exceeds  a  certain  minimum  value.  Many 
extensions  of  the  original  problem  have  been  considered  and  both  asymptotic 
and  numerical  techniques  have  been  used  to  obtain  improved  solutions  [  67  ]  . 
In  terms  of  a  normalized  temperature  variable  9  and  a  displacement 
variable  e  the  basic  problem  is  governed  by  the  differential  equation 


dfe  n  de  -i/e 

dc2  e  d£ 


with 


9(L)  =  9s 


(44) 


and  with  N  =  0,  1,2  for  plane,  cylindrical,  and  spherical  geometry. 

The  major  difficulty  in  all  thermal  ignition  problems  arises  from  the  non¬ 
linear  Arrhenius  term  on  the  right  side  of  Eq.  (44). 

Actually,  of  course,  ignition  is  an  unsteady  phenomenon  so  that 
a  complete  treatment  requires  consideration  of  an  equation  of  the  form 
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(45) 


where  t  is  a  suitably  defined  normalized  time  variable.  A  discussion  of 
problems  of  this  type  has  been  presented  by  Merzhanov  and  Averson  [  68  ]  . 

In  all  of  these  problems  the  density  is  taken  to  be  constant.  Compressibility 
introduces  further  complications  since  the  reactive  heat  release  may  gen. 
erate  shocks  and  acoustic  waves.  Some  of  these  problems  have  been 
considered  by  Kassoy  [  69  ]  . 

The  droplet  wake  ignition  problem  is  even  more  complex.  A 
schematic  view  of  the  wake  of  an  accelerating  deforming  fuel  droplet 
is  shown  in  Fig.  31.  In  the  classical  problem  the  concentration  of  fuel 
is  fixed  at  the  beginning.  Now  the  amount  of  fuel  vapor  will  depend  on  the 
rate  at  which  the  micromist  is  generated  and  evaporates  into  the  wake.  If 
only  the  vapor  in  the  wake  region  is  considered,  there  is  not  only  a  chemically 
driven  heat  source  but  also  a  mass  source  governed  by  droplet  stripping  and 
micromist  evaporation.  The  size  of  the  wake  region  and  the  boundary  con¬ 
ditions  at  the  edge  of  the  wake  now  will  depend  on  the  droplet  deformation 
and  trajectory.  Attempts  at  solving  the  wake  ignition  problem  have  been 
made  by  Pierce  [  52  ]  and  by  Pierce  et  al  [  23  ]  .  The  numerous  approxima¬ 
tions  and  empirical  parameters  which  had  to  be  used  made  it  difficult  to 
identify  the  main  governing  parameters.  There  is  thus  a  need  for  the 
formulation  and  study  of  relatively  simple  model  problems  which,  however, 
include  the  main  physical  phenomena. 


IV.  DISCUSSION.  The  present  review  has  been  limited  to  a 
discussion  of  the  direct  initiation  and  propagation  of  gaseous  and  heterogeneous 
detonations.  Consideration  of  some  of  the  experimental  results  shows  that 
the  physical  phenomena  involved  can  be  quite  complex.  Modeling  of  these 
phenomena,  in  which  the  reaction  zone  of  the  detonation  plays  a  key  role, 
can  lead  to  problems  of  considerable  mathematical  interest. 

The  direct  initiation  of  gaseous  detonations  can  be  tied  to  the  classical 
problem  of  the  adiabatic  ignition  of  a  fuel  oxidizer  mixture.  The  novel 
feature  is  that  the  initial  conditions  for  each  element  of  the  combustible 
mixture  as  it  crosses  the  leading  shock  wave  depends  on  the  variation  of  the 
induction  length  l  ^  at  preceding  times. 

Two  basic  processes  are  found  to  govern  the  behavior  of  spray 
detonations:  the  mechanism  of  droplet  breakup,  and  the  ignition  of  the  droplet 
wake.  This  ignition  problem  is  an  extended  version  of  the  classical  Semenov, 
Frank- Kamenetskii  problem  of  thermal  ignition  of  a  reactive  medium. 
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Figure  <«.  Laser  schlieren  photographs  of  detonations 

WITH  DIFFERENT  MIXTURE  COMPOSITIONS 

A  -  St  CH4  -  LEAN  LIMIT 

B  -  %aCH4  -  STOICHIOMETRIC  MIXTURE 

c  -  II*  CH4  -  CONCENTRATION  FOR  MAX  VELOCITY 

D  —  1 A X  CH4  -  CLOSE  TO  THE  RICH  -IMIT 

E  -  15.5* CH4-  DECAYING  WAVE  (ABOVE  RICH  LIMIT) 


Fig.  1  Spark  Schlieren  photograph  of  spinning 
detonations  in  methane-air  mixtures.  [  From  Ref.  11  ] 
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Fig.  2  Schematic  sketch  of  the  structure  of  a  spin 
detonation  unrolled  onto  a  plane.  [From  Ref.  11  ] 


5  Overdriven  detonation  induced  by  a 
moving  into  an  H2-02  mixture  at  a  speed 
Le  C-J  detonation  velocity.  [From  Ref.  21] 


Fig.  6(a)  Schlieren  photograph  of  a  detonation  propagating 
through  a  row  of  2600  p  droplets  of 
diethylcyclohexane  in  02  .  [  Photo  by  E.  K.  Dabora  ] 
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Droplet-  Breakup  A rgp  Comou5tiqivi 


Fig.  7  Schlieren  photograph  of  a  non- 
burning  2700  n  drop  in  a  shock  induced 
flow  field.  [  From  Ref.  49  ] 


of  spherical 
:t  initiation 


12  Flame  front  trajectories  computed  by 
Boni  and  Wilson.  [From  Ref.  31] 


Fig.  18  Streak-Schlieren  record  of  a  detonating  400  p 
droplet  heptane-oxygen  spray.  [From  Ref.  45] 


Fig.  19  Droplet  break-up  distance.  [From  Ref.  53] 
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N-WAVE  HACK  NUMBER 


Spray  Dei o nation  \ 


Fig.  20  (a)  Droplet  heat  release  pattern. 

(b)  Equivalent  two  front  wave. 


R-RAOIAL  POSITION  CCM. ) 


Fig.  21  Comparison  of  theoretical  and  experimental 
wave  trajectories.  [From  Ref.  53] 


Fig.  22  Variation  of  flow  parameters  in  the  reaction 
zone  of  a  two-phase  detonation.  [From  Ref.  55] 


DROPLET  SIZE  (MICRONS)  d0  Im) 

Fig.  23  Computed  and  measured  variation  of  detonation 
velocity  with  droplet  size  for  kerosene  sprays  in  • 

[  From  Ref.  55  ] 
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Fig.  25  Secondary  shock  wave  (second 
peak  behind  main  shock)  in  the  reaction 
zone  of  a  two-phase  detonation. 
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Wave  Remnant 


Fig.  26  Exploding  fuel  droplets  behind 
the  leading  shock  of  a  spray  detonation. 
[  F rom  Ref.  52  ] 
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Fig.  27  Coalescence  of  shock  waves  from  fuel  droplets. 

[  F rom  Ref.  52  ] 
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Fig.  28  x-t  diagram  of  exploding  droplets 
behind  a  spray  detonation.  [  From  Ref.  52] 


Fig.  29  Typical  computed  pressure  distribution 
behind  a  spray  detonation,  [From  Ref.  52] 
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Fig.  30  Breakup  of  7  50 p  water  droplets 
behind  a  shock  wave.  [From  Ref.  49] 
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TRANSLATION,  INTERACTION  AND  SCATTERING  OF 
EULER  EOUATION  V-STATES  VIA 
CONTOUR  DYNAMICS 


Edward  A.  Overman,  II  and  Norman  J.  Zabusky 
Institute  for  Computational  Mathematics  and  Applications 
Department  of  Mathematics  and  Statistics 
University  of  Pittsburgh 
Pittsburgh,  PA  15261 


Abstract.  To  understand  the  transport  of  energy  and  mass  by  localized 
states  of  realistic  unbounded  fluid  systems,  we  have  undertaken  a  simulation 
study  of  the  Euler  equations  in  two  spatial  dimensions.  For  our  localized 
states,  we  use  the  translating  V-states  discovered  by  Deem  and  Zabusky. 

These  piecewise-constant  dipolar  regions  of  vorticity  are  stationary  states 
in  an  appropriate  frame  of  reference.  We  use  an  improved  contour  dynamical 
algorithm,  again  based  on  the  Green's  function  of  the  Poisson  equation,  to 
advance  the  location  of  the  boundaries  of  the  regions  of  vorticity.  The 
scattering  geometry  has  zero  "impact  parameter"  (coaxial  V-states)  and  we 
perform  head-on  and  head-tail  interactions.  We  readily  observe  the  exci¬ 
tation  of  internal  degrees  of  freedom,  by  observing  contour  parameters  in¬ 
cluding  curvature  and  perimeter  variation.  For  "weak"  interactions  we 
observe  phase  shifts  and  the  near  recurrence  to  initial  states.  For  "strong" 
interactions  we  observe  phase  shifts,  "breaking"  (filament  formation)  and, 
for  head-tail  interactions,  merger  of  like-signed  vorticity  regions.  We  are 
attempting  to  elucidate  this  rich  panorama  of  phenomena  with  point  vortex 
models. 


I.  INTRODUCTION.  It  is  now  well-known  that  solitary  (nonlinear- 
dispersive)  waves  can  transport  energy  over  long  distances  and  deposit  them 
in  small  inhomogeneous  spatial  regions.  Some  of  these  systems  can  be  de¬ 
scribed  by  nondissipative  temporal  plus  one-space  dimensional  equations 
whose  solitary  waves  are  sol itons.  These  systems  are  "integrable"  and  the 
soli  tons  can  interact  with  each  other  and  preserve  themselves  through  an 
interaction.  If  small  amounts  of  dissipation  are  added  to  some  of  these 
systems  they  become  nonintegrable  or  "near-integrable"  and  the  soliton 
becomes  a  slowly  decaying  solitary  entity.  However,  in  many  cases  the 
essential  features  of  the  sol itons  are  preserved  through  interaction. 

Some  aspects  of  this  subject  are  discussed  in  a  review  paper  by  one  of  the 
authors  [11. 

We  now  ask:  Can  one  find  localized  stationary  entities  in  two  space 
dimensions  that  can  transport  energy  (and  mass)  and  deposit  it  locally? 
Furthermore,  how  robust  are  these  entities  when  interacting?  Nuclear 
physicists  have  begun  to  study  these  nonlinear  dynamical  problems  [2,3] 
with  finite-difference  simulations  of  particle-like  entities  characterized 
by  "confinement  potentials."  McWilliams  and  Zabusky  [4]  have  examined 
"modon"  interactions  by  finite-difference  simulations.  These  modons  are 
stationary  solutions  of  the  geostrophic  6-plane  equations  [5]  that  have 
continuous  distributions  of  vorticity  in  localized  regions.  In  the  pre¬ 
sent  paper  we  will  apply  a  recently  improved  contour  dynamical  algorithm 
[6]  to  study  the  interaction  of  translating  V-states  of  the  two-dimensional 
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Euler  equations,  the  generic  equations  of  nondissipati ve  fluid  dynamics. 
This  is  an  unbounded-domain  Green's  function  approach  and  we  are  not 
constrained  by  an  underlying  lattice.  We  will  study  parameter  regions 
where  the  interactions  lead  to:  the  formation  of  new  stationary  states; 
the  near- recurrence  of  initial  states;  or  the  strong  deformation  and 
breaking  of  initial  states. 

The  translating  V-states,  discovered  by  Deem  and  Zabusky  [7],  are 
localized  dipolar  regions  of  piecewise-constant  vorticity.  They  are 
stationary  states  of  the  two-dimensional  Euler  equations  in  a  frame  of 
reference  translating  with  velocity  U.  They  can  be  thought  of  as  a 
simple  piecewise-constant  "desingularization"  of  two  oppositely-signed 
point  vortices.  From  Kelvin's  theorem,  one  is  only  concerned  with  the 
motion  of  their  boundaries.  Figure  1  [8]  shows  the  contours  bounding 
a  sequence  of  typical  states.  We  use  No.  8  (between  No.  7  and  No.  9) 
in  all  the  studies  presented  below. 

In  Section  II  we  discuss  an  improved  contour  dynamical  algorithm 
and  a  key  diagnostic,  the  contour  curvature.  In  Section  III  we  discuss 
the  results  obtained  from  various  simulations.  In  Section  IV  we  in¬ 
dicate  possible  directions  for  future  research. 


Fig.  1.  Translating  V-states  of  the  2D  Euler  equations.  The  lower-half 
plane  contours  are  symmetric. 


II.  EULER  EQUATIONS,  ROTATING  V-STATES,  CONTOUR  DYNAMICAL  ALGORITHM 
AND  DIAGNOSTICS.  The  Euler  aquations  in  two  space  dimensions  can  be  written 
in  vorti city-stream  function  form  as 


u>t  +  uu)  +  vu>  =0,  AiJ; 
w  x  y 


+  \u  »  -u), 

yxx  Yyy  ’ 


(la.b) 


where 


U  =  'Py, 
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If  the  vorticity  is  composed  of  a  set  of  piecewise-constant  finite-area- 
vortex  regions  (or  FAVR's),  that  is,  each  member  of  the  set  is  a  characteristic 
function  x,-  of  magnitude  u>.  and  boundary  r. ,  or  u>(x,y,t)  =  E  ui.  x,-(x,y,t), 
then  1  1  1  i  1  1 


<Hx,y)  =  -  (  2tt  )  ~ 1 


S(x-5,  y-n)d£dn. 


where  we  use  the  two-dimensional  Green's  function 


(2) 


G  *  (l/2)1og  [(x-c)2  +  (y-n)2]  *  (l/2)log  r2  (3) 


for  flow  in  an  unbounded  domain.  Eq.  (la)  says  that  every  point  of  the 
fluid  including  the  boundary  is  convected  with  the  flow.  The  evolution 
equation  for  boundary  points  is  the  area- preserving  mapping 


(xt,yt)  =  (u(x,y,t),v(x,y,t)) 


(2tt)_1  z  <ui  [  log  r(dc,dn), 
1  3D, 


(4) 


where  (x,y)£3D^  and  (c,n)e  3D^ .  We  have  used  Green's  theorem  to  re¬ 
place  the  area  integral  over  the  domain  of  x-j  by  the  line  integral  over 
Its  boundary,  3D..,  thus  reducing  the  dimension  by  one. 

It  is  well  known  that  two  point  (singular)  vortices  of  opposite 
circulation  +  r  and  separation  2x  translate  parallel  to  one  another 
with  speed 


U*  8  |r|/4irx. 


(5) 
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To  find  a  symmetric  uniformly  translating  doubly-connected  region  of 
finite-area  and  piecewise-constant  vorticity,  we  apply  the  boundary 
condition 


-  *  -particle  "  -  ’  -boundary’ 


(6) 


or 


9S4  +  U(dy/ds)  =  0,  (7) 

and  integrate  once  to  obtain 


'f'(x.y)  +  Uy  =  c.,  (x,y)  e  T. ,  (8) 

where  i  =  1 ,2  corresponds  to  the  contours,  and  ip  is  obtained  from 
(2)  as  a  line  integral  over  both  contours.  Since  the  location  of  the 
boundary  is  unknown,  Eq.  (7)  is  a  nonlinear  integral  equation.  It  has 
been  solved  by  Pierrehumbert  and  Landau  and  Zabusky  [8].  Results  from 
the  latter  that  we  called  "V-states"  are  illustrated  in  Fig.  1.  We 
used  state  No.  8  (between  Nos.  7  and  9)  which  had  the  following  properties 


2  =  0.2; 

x  =  0.5873; 

a  =  1.346 

A  =  0.68135; 

P  =  3.0976; 

1  =  0.088193; 

U/U*  =  0.95526; 

where 


=  vertical  distance  from  the  x-axis  to  the  closest  contour 
6  point; 

1.0  =  vertical  distance  from  the  x-axis  to  the  furthest  contour 
point; 

a  =  maximum  horizontal  "diameter’yO^) ; 

A  =  area  within  one  contour; 
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P  *  perimeter  of  the  contour; 

x  *  distance  from  the  x-axis  to  the  center-of-area; 

U  *  translation  velocity  (the  hi  furcation  parameter); 

U/U*  =  normalized  translation  velocity  ratio  with  U*  given  in 
(5). 

The  contour  dynamics  algorithm  is  obtained  by  discretizing  Eq.  (4), 
[6]  i.e., 


.y_)  -  i 

m  • 


i 

n=l 


Au 


m,n 


(cos  en,  sin  0n) 


(9) 


where  the  i-sum  is  over  all  the  contours.  We  assume  that  nodes  n  and 
n+1  are  connected  by  a  straight  line  segment  of  length  hn  at  an  angle 

0n  (from  node  r;  to  n+1).  Carrying  out  the  integration  in  Eq.  (4) 

exactly  we  obtain 


4V„  -S[(1+fln)1n  rm,n+l  *  An  ln  V  1  +  B„  arctan  <2B,/C„>  +  "lBJ  H(-Cn)5- 

(10) 


where  r  is  the  straight  line  distance  between  nodes  m  and  n, 
m,n 


<Vxm)(xn+rxn)  +  W^r'n1 


Ola) 


.  .  <V’Sa,(Vr*n)  -  (V*«.,(xn*rxn) 

Bn - ? - 

hn 


(11b) 


r2  +  r2 

C  >  m.n  m.n+1  _  ^ 
n  ’ 

and  H  is  the  Heaviside  step  function,  i.e.. 


(He) 
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)1  if  z  >  0 
0  if  z  <  0  . 


If  n  =  m,  Eq.  (10)  simplifies  to 


All 


rm,nH-l 


(12a) 


since  A  =  B  =  0,  while  if  n  =  m-  l 
m  m 


Au_  i  ~  x—  [In  r  i  -  1], 
m,m-l  m,m-i 


since  A  ,  =  -1  and  B  .  =  0. 
m- 1  m- 1 

Eq.  (10)  differs  from  the  previously  given  value  (Ref.  6,  Eq .18) 
in  the  last  term.  This  term  appears  only  when  Cn  <  0  or,  equivalently, 

if  the  angle  between  the  lines  from  node  m  to  node  n  and  from  node 
m  to  node  n+1  is  _>  tt/2.  This  may  occur  if  a  contour  breaks  and  forms 
filaments  whose  sides  approach  or  if  two  different  contours  approach  close 
to  one  another  in  a  merger,  because  the  node-insertion-and-removal 
algorithm  maintains  hn  _>  h  ^  ,  an  apriori  prescribed  value.  The  velocities 

in  (9)  are  used  to  move  the  contour  node  (xn,yn)  with  an  Euler-predictor 

and  a  trapezoidal-corrector  algorithm. 

The  time  step  At  is  determined  by  the  maximum  change  in  area  (or 
angular  momentum)  to  be  allowed  per  unit  time.  (Since  we  are  solving  a 
Lagrangian  system  of  equations,  we  do  not  have  a  Courant  condition  to 
determine  the  time  step.)  In  all  the  runs  shown  here  the  relative  area 
change  per  step  is  aA/A=  0.84375  *  10-6  and  At  is  readjusted  every 
20  time  steps.  We  find  that  .015  _<  At  <_  .02  for  all  the  runs. 

In  the  improved  node  insertion-and- removal  algorithm  we  insert  and 
remove  nodes  using  both  local  [9]  and  global  adaptive  methods.  Locally, 
we  attempt  to  set  the  internodal  distance  hfc  to 


lk  *  C1 1 Kk 


(13) 


which  is  inversely  proportional  to  the  local  curvature  but  we  require  it 
to  satisfy  two  constraints 


and 


(1-r)hk_i  1  \  <  (l+r)hk _1.  (14b) 

In  all  the  runs  c-j  =  0.1  (which  places  ~2Chr  nodes  on  a  circle  of 
unit  radius),  h  .  =  0.01  and  r=0.3.  Globally,  we  choose  h^j] 

ITIl  m  IIWa 

to  take  into  account  the  possibility  that  one  part  of  a  contour  may 
approach  another  part  or  that  two  contours  may  approach  each  other. 

This  is  done  by  setting 


hmax  =  ma*  [min{hmax’c2  W‘  W 


where  d  .  ,  obtained  by  a  search  algorithm,  is  the  minimum  distance 
mi  n 

from  node  k  to  a  point  on  a  neighboring  contour  or  a  "nonadjacent" 
point  on  the  same  contour.  Usually,  h^  will  be  the  minimum  of  h  , 

the  maximum  allowed  distance  between  nodes,  or  c2  ^min  ('*n  our 
runs  hm!iv  =  0.20  and  c9  =  0.50). 

ITloX  c. 

As  diagnostics  we  monitor  the  perimeter,  P,  area.  A,  (a  quantity 
conserved  in  the  continuum  representation)  and  contour  curvature, 
k(s)  =  x  y  -  x  y  .  The  vertical  scale  has  a  geometric  variation 

(l2,  22,  32,  42,  52)  and  the  curves  are  "clipped"  at  +  52.  The  cur¬ 
vature  is  computed  numerically  by  differentiating  a  periodic  cubic 
spline  that  is  fit  to  the  nodes  (as  described  in  Ref.  9,  Appendix  C). 

If  contours  "sharpen"  and  "break",  as  observed  below,  this  differentiation 
can  give  rise  to  small-scale  oscillations  because  the  cubic  spline  has 
difficulty  fitting  such  distributions.  These  oscillations  do  not  affect 
our  velocities  since  the  curvature  is  not  used  explicitly  in  (10). 


Ill  DYNAMICAL  EVOl 1  IT I ON  OF  PAIRS  OF  TRANSLATING  V-STATES.  In  this 
first  study  of  translating  V1- state  interactions,  we  simplify  the  parameter 
space  by  choosing  zero  "impact-parameter"  (or  coaxial)  collisions.  The 
resulting  symmetry  allows  us  to  reduce  the  computational  load  by  a  factor 
of  4.  We  use  state  No.  8  throughout  and  obtain  different  areas  by  rescaling 
all  distances  linearly.  It  is  obvious  that  one  can  always  find  parameter 
regions  where  the  interactions  can  be  characterized  asunear-integrable; 

That  is,  if  we  replace  the  V-state  by  oppositely-signed  point  vortices, 
then  we  can  integrate  the  system  exactly,  as  Love  [101  did  for  overtaking 
(head-tail)  interactions.  Table  1  gives  parameters  for  the  cases  dis¬ 
cussed  below. 

We  will  observe  that  the  head-on  or  "approaching"  interactions  tend 
to  be  "weaker"  than  the  head-tail  or  "overtaking"  interactions.  That  is, 
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in  the  former  case  the  final  states  although  perturbed,  seem  to  have  a 
smaller  tendency  to  break.  In  particular.  Fig.  2  (Case  1)  is  a  com¬ 
posite  which  shows  two  approaching  V-states  with  r^/r^  *  -1.0  and  un¬ 
like  area  reform  into  an  outgoing  asymmetric  apparently  stationary  con¬ 
figuration.  It  is  travelling  in  a  north-easterly  direction  with  a  ve¬ 
locity  intermediate  between  those  of  the  incoming  V-states,  and  is  un¬ 
doubtedly  an  asymmetric  translating  V-state.  At  t  =  0  they  are  maxi¬ 
mally  separated  (xcg  =  4.0)  and  the  highest  state  shown  is  at  t  =  60. 

The  time  increment  between  states  is  At  =  12.  The  unconnected  circles 
indicate  the  discretization  used.  The  number  of  nodes  on  contours  (1,2) 
increased  from  (64,66)  at  t  =  0  to  (77,115)  at  t  =  60,  respectively. 
(The  large  number  on  the  nearly  circular  small  V-state  (No.  2)  arises 
because  of  its  larger  curvature.)  Note  the  lower  half  plane  contains  a 
symmetrical  result.  The  "x"  marks  the  centroids  of  the  figures.  The 
numbers  on  the  contours  label  the  same  node  and  give  one  a  feeling  for 
the  rotation.  This  case  is  repeated  in  panel  a  of  Fig.  3. 

Case  2,  given  in  panel  b  of  Fig.  3  is  the  result  of  increasing  the 
circulation  ratio  Ir-i/I^I  by  2.0.  Hence,  the  approaching  V-states 

undergo  a  complicated  interaction  where  No.  1  passes  below  No.  2.  Fig. 
(4a)  shows  the  trajectories  on  the  (x,y)  plane  and  Fig.  (4b)  shows  an 
(x,t)  "phase-shift"  diagram.  There  is  no  apparent  velocity  change. 

Case  3,  given  in  Fig.  3c  is  the  result  of  decreasing  the  circulation 
I ri /p2 I  t0  2/3  comPare<1  t0  Case  1 •  During  the  interaction,  No.  1  passes 

above  No.  2  and  No.  1  is  left  in  an  excited  (distorted)  state  as  it  trans- 
Tates  to  the  right.  A  careful  perusal  shows  the  perimeter  to  be  oscil¬ 
lating  in  time. 

Fig.  5  shows  two  head-on  cases  where  the  area  of  the  vortex  regions 
are  the  same  but  the  circulation  ratio  i ri /r2 i  now  1/4  (panel  a) 

and  1/6  (panel  b)  compared  to  Case  1.  This  causes  No.  1  to  loop  above 
No.  2,  consistent  with  Case  3,  but  now  No.  1  shows  a  tendency  to  break. 

Had  we  continued  to  decrease  the  circulation  ratio,  it  is  reasonable 
that  a  piece  of  No.  1  would  have  been  elongated  around  No.  2,  before  it 
escaped  to  the  right. 

Fig.  6  (a,b,c,d)  shows  four  head- tail  cases  (6, 7, 8, 9),  where  the 
area  ratio  is  4:1  and  the  circulation  ratios  (T^/r^)  are  (1/16,  1/8, 

3/16,  3/8).  As  one  increases  the  circulation  ratio  toward  unity,  the 
"wrap-around"  tendency  becomes  stronger.  Finally,  capture  is  observed 
in  panel  d. 

Fig.  7  (a,b,c)  shows  three  head- tail  cases  (10,11,12),  where  the 
area  ratio  is  1:1  and  the  circulation  ratios  (I^/I^)  are  (1.0,  2.0, 

3.0).  Aside  from  the  difference  in  areas,  cases  9,  10  and  11  (Figs. 

6d,  7a  and  7b,  respectively)  bear  a  resemblance.  Thus,  in  the  range 
3/8  _<  r1/r2^  8/3  one  expects  merging  to  occur  for  head- tail  inter- 
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actions.  As  the  circulation  ratio  increases  beyond  2.0,  there  is  less 
of  a  tendency  toward  capture,  but  both  contours  have  high-curvature 
regions.  Note  Figs.  8b  and  8c  show  the  initial  and  final  curvatures 
of  case  12.  The  circumferences  have  increased  from  (2.985,2.985)  at 
t  =  0  to  (6.033,4.113)  at  t  =  20  and  the  number  of  nodes  has  in¬ 
creased  from  (64,64)  to  (252,157),  respectively. 


IV.  DISCUSSION.  Certain  qualitative  features  of  our  contour 
dynamical  results  are  consistent  with  the  coaxial  modon  scattering 
finite-difference  results  of  McWilliams  and  Zabusky  [4],  for  example, 
phase  shifts  and  trajectories.  The  modons  are  continuous  dipolar  dis¬ 
tributions  of  vorticity  that  satisfy  the  quasi geostrophic  8-plane 
equations  and  weak  radiation  effects  are  operative  during  the  close 
encounters.  Thus,  not  only  can  velocity  changes  be  found,  but  it  is 
possible  for  the  monopolar  components  of  an  incoming  modon  to  separate 
permanently.  However,  the  precise  character  of  the  excitations  and  the 
"breaking"  (or  "enstrophy"  cascade)  is  more  clearly  seen  with  contour 
dynamical  methods.  To  understand  the  details  behind  this  panorama  of 
new  information  will  require  more  analytical  and  computational  studies. 

For  distant  interactions,  where  contours  are  weakly  perturbed  it  is 
possible  that  we  may  obtain  insight  by  replacing  the  V-states  by  several 
point  vortices.  However,  for  close  interactions  of  realistic  vorticity 
distributions,  we  will  require  V-states  containing  several  nested  contours. 
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Table  1:  Parameters  for  Coaxial  Translating  V-State  Interactions 


(w.j  s  1.0, 

A2  =  A1 *  P 

rl  =  1* 
2  =  P1 

°’  V10 
or  = 

=  +0.088 

«  0.1711, 

»  A1 
P2 

=  0.6846,  P1  * 

1 .493) 

2.985; 

Case 

w2 

r2 

r,/r2 

A'j/Ag 

y10/y2o 

xc0 

V20 

V10/V20 

Run 

1 

-4.0 

-0.6846 

-1.0 

4 

2 

4 

-0.176 

-1/2 

XS  2S02 

2 

-2.0 

-0.3422 

-2.0 

4 

2 

8 

-0.88 

-1. 

XS  2S03 

3 

-6.0 

-1.0266 

-2/3 

4 

2 

4 

-0.264 

-1/3 

XS  2S04 

4 

-4.0 

-2.7384 

-1/4 

1 

1 

4 

-0.352 

-1/4 

XS  2S07 

5 

-6.0 

-4.1076 

-1/6 

1 

1 

4 

-0.528 

-1/6 

XS  2S08 

6 

0.25 

0.042775 

1/16 

4 

2 
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Head-or  interaction  r,/r9  »  -1.0,  case 


fa  3 


Head-on  interactions: 

(a)  Case  1,  iyr2  =  -1.0; 

(b)  Case  2,  jyr?  =  -2.0;  and 

(c)  Case  3,  iyr2  =  -2/3. 


(b)  Case  Z.  (x,t)  phase-shift  diagram. 
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Head-on  interactions: 

(a)  Case  4,  r-j/r^  =  -1/4;  and 

(b)  Case  5,  iyr2  *  -1/6. 
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GASDYNAMIC  ASPECTS  OF  THERMAL  EXPLOSIONS 


J.  Bebemes  and  D.  R.  Kassoy 
University  of  Colorado 
Boulder,  Colorado  80309 


Abstract .  A  mathematical  model  is  developed  for  the  induction  period  of  a 
thermal  explosion  in  a  confined  reacting,  compressible  gas  mixture.  A  high 
activation  energy  asymptotic  analysis  is  used  as  the  method  of  solution  devel¬ 
opment.  Very  early  in  the  process,  on  the  acoustic  time  scale  of  the  vessel, 
an  acoustic  field  is  generated  by  spatially  variable  thermal  expansion  in  the 
gas.  The  familiar  induction  period  process  is  shown  to  develop  on  the  con¬ 
duction  time  scale  of  the  vessel.  Unlike  previous  theories  for  rigid  materials 
the  describing  equations  include  effects  of  compressibility  and  deformation. 

The  former  effect  is  shown  to  cause  a  gaseous  system  to  have  a  thermal  runaway 
sooner  than  an  equivalent  rigid  system.  The  effect  of  deformation  is  observed 
in  the  form  of  a  rapidly  expanding  hot  spu*  Typical  numerical  solutions  are 
presented  along  with  theoretical  considerations  of  the  integrodif ferential 
equation  which  describes  the  energy  balance.  A  final-value  analysis  descibes 
the  thermal  runaway  singularity.  The  nonuniformity  in  the  asymptotic  expansions 
is  shown  to  imply  that  a  sequence  of  dramatic  gas  dynamic  events  will  follow 
the  induction  period  process. 
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1.  Introduction 


The  mathematical  theory  of  thermal  explosions  has  been  developed  for  both 
spatially  homogeneous  and  spatially  distributed  systems.  Asymptotic  methods 
based  on  a  high  activation  energy  approximation  were  used  first  to  develop  solu¬ 
tions  for  the  homogeneous  problem  (Kassoy  [1976]).  More  recently  there  have 
been  several  studies  of  the  high  activation  energy  thermal  explosion  in  a  con¬ 
fined  rigid  combustible  material  (Kapila  [1980]),  Kassoy  and  Poland  [1980,  1981], 
Bebernes  and  Kassoy  [1981].  During  an  induction  period,  with  a  duration  measured 
by  the  conduction  time  scale  of  the  vessel,  heat  released  by  chemical  reaction  is 
redistributed  by  thermal  conduction.  As  the  temperature  in  the  container  in¬ 
creases  the  reaction  rate  grows  dramatically.  Eventually  the  characteristic  time 
for  heat  release  becomes  significantly  smaller  than  the  conduction  time  in  a  well 
defined  hot  spot  embedded  in  the  system.  Thereafter  the  heat  released  is  used 
almost  entirely  to  increase  the  hot  spot  temperature,  further  accelerating  the 
reaction  rate,  because  the  time-scale  is  too  short  to  permit  heat  to  be  conducted 
away.  During  this  rapid  explosion  period  the  hot  spot  evolves  into  a  fireball 
of  great  intensity.  Meanwhile  beyond  the  boundary  of  the  fireball,  the  system  is 
nearly  invarient  because  the  energy  balance  is  controlled  by  the  much  slower  con¬ 
duction  process.  The  rapid  fireball  reaction  process  slows  down  only  when  the 
fuel  in  the  fireball  is  almost  entirely  consumed.  Eventually  the  fireball  heats 
the  cooler,  nearly  unreacted  material  around  it  by  conductive  transfer.  Under 
the  appropriate  circumstances  a  deflagration  then  propagates  toward  the  container 
wall. 

The  rigid  combustible  thermal  explosion  model  is  limited  in  applicability 
relative  to  physical  reality.  In  particular  a  consistent  model  includes  neither 
mass  diffusion  nor  material  deformation.  The  latter  is  particularly  important 
during  the  evolution  of  the  fireball.  A  real  material  will  expand  in  proportion 
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to  the  local  Increase  in  temperature.  As  a  result  stress  waves  will  propagate 
into  the  surrounding  medium.  In  some  cases  the  waves  will  destroy  the  physical 
integrity  of  the  confined  explosive. 

In  an  attempt  to  overcome  the  limitations  of  the  rigid  model  we  describe 
here  a  model  for  the  thermal  explosion  occurring  in  a  confined  compressible, 
perfect,  reactive  gas  mixture.  The  problem  is  described  by  the  complete  equation 
of  motion  for  a  compressible,  ideal,  reactive  gas  mixture.  All  transport  proper¬ 
ties  are  included.  Simplifications  are  confined  to  the  details  of  the  chemical 
reaction  and  material  properties. 

The  inclusion  of  material  compressibility  in  the  model  means  that  one  must 
consider  physical  processes  on  the  acoustic  time  scale  as  well  as  those  occurring 
on  the  conduction  and  reaction  time  scales.  In  particular,  material  expansion 
associated  with  localized  heating  causes  mechanical  disturbances  in  the  gas. 

These  are  propagated  as  acoustic  waves  at  the  local  speed  of  sound.  Under  appro¬ 
priate  circumstances  the  initially  linear  acoustic  processes  can  become  nonlinear 
leading  to  the  formation  of  shock  waves.  The  interaction  of  the  shock  with  re¬ 
active  gas  introduces  an  entirely  new  set  of  combustion  processes  into  the  confined 
thermal  reaction  system. 

In  the  present  paper  we  summarize  some  of  the  significant  developments  in 
our  work  on  gaseous  thermal  explosions,  citing  where  appropriate,  more  detailed 
descriptions  of  the  phenomena  and  mathematics  of  interest.  The  complete  mathemat¬ 
ical  model  is  given  along  with  the  assumptions  that  have  been  invoked.  We  then 
describe  the  essential  characteristics  of  processes  on  the  early,  short  acoustic 
time  scale,  and  the  mathematical  analysis  of  the  induction  period  process.  The 
nonuniformities  in  the  asymptotic  expansions  are  examined  in  order  to  rationalize 
the  next  step  in  the  solution  development  process.  We  then  explain  how  the 
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expanding  hot  spot  generates  a  benign  acoustic  field  when  the  characteristic 
reaction  time  and  the  acoustic  time  are  comparable.  The  possibility  of  shock 
wave  formation  is  considered  from  the  physical  viewpoint.  A  discussion  of 
consequences  follows. 


2 .  Modelling  Assumptions  and  Describing  Equations 

The  reactive  mixture  of  ideal  gases  has  been  modelled  with  a  single  molec¬ 
ular  weight  and  a  single  constant  diffusion  coefficient.  In  addition  the 
thermal  conductivity,  viscosity  and  specific  heat  are  assumed  to  be  constants. 
The  chemical  reaction  is  defined  by  a  single-step  irreversible  mechanism  with 
Arrhenius-type  kinetic  parameters.  The  initial  reactant  mixture  is  assumed  to 

be  stoichiometric,  at  rest  and  a  temperature  T  "  and  a  fuel  mass  fraction  Y 

o  Fo 

throughout  (Primes  denote  dimensional  quantities).  The  gas  is  bounded  by  two 
infinite  parallel  plates  which  are  rigid,  impermeable,  and  separated  by  a 
distance  of  21'.  The  gas  temperature  at  the  plates  is  assumed  to  be  main¬ 
tained  at  T  '. 

o 

The  non-dimensional  describing  equations  for  this  problem  are 


p  +  up  =  -  p  u 
t  x  x 


(la) 


o  [ut 


+  u  u  ]  =  - 
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o  [T^  +  u  T^]  =  ■  My  {pHy”  exp  ((T-l)/cT) 
+  M  >  T  -  (y-  1)  p  u 

XX  X 

+  4  M  y  (y-1)  P  (u  )2 
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p[Y  +  uV  1  =  -  e  M  y  6  p"  YnT  exp  ((T-l/  T)  +  ~  (p  Y  ) 
t  x  Lc  x 

p  =  pi 


0  <  x  <  ] 


The  conditions  in  (lg)  imply  symmetry  along  the  center  line  of  the  slot. 
The  energy  equation  (ic)  has  been  written  in  internal  energy  form  because 
the  process  occurs  at  constant  volume.  The  variables  and  parameters  are 
defined  by 
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where  the  subscript  o  denotes  a  value  at  time  t  =  0.  The  five  dependent 


variables  p,  u,  p,  T,  and  Y  represent  density,  velocity,  pressure,  tempera¬ 
ture,  and  fuel  mass  fraction  respectively.  The  independent  variable  x  is 

the  spatial  coordinate.  In  the  definition  of  t,  c  "  is  the  speed  of  sound  in 

o 

the  gas  initially.  The  specific  heats  at  constant  pressure  and  constant  volume 
are  denoted  by  and  Cv"q  respectively.  The  parameter  H  is  the  ratio  of 

the  acoustic  to  conduction  times  in  the  vessel,  where  ic  '  represents  the 
initial  thermal  diffusivity.  In  the  Prandtl  number,  Pr,  and  the  Lewis  number, 
Le,  p"o  ,  k  ",  and  D^"  are  the  dynamic  viscosity,  thermal  conductivity,  and 
diffusion  coefficient  respectively.  In  the  non-dimensional  activation  energy, 
e,  and  the  Frank-Kamenetskii  parameter,  6,  R",  E" ,  h  ",  and  W'  are  the  universal 
gas  constant,  activation  energy,  heat  of  reaction,  and  molecular  weight  respec¬ 
tively.  The  term  B"  is  the  pre-exponential  factor  of  the  Arrhenius-type  rate 
law.  The  exponent  n  is  the  overall  reaction  order;  the  sum  of  the  individual 
reaction  orders  for  fuel  and  oxidizer. 

The  parameter  V  is  a  measure  of  the  thermal  energy  in  the  system  relative 
to  the  maximum  heat  generated  by  the  chemical  reaction. 

A  typical  laboratory  experiment  might  start  with  the  reactive  gas  at 

P  '  =  5kPa  and  T  "  =  575°K.  The  reactions  of  interest  have  activation  energies 
o  o 

E  of  40  kcal/mole  or  higher.  Under  these  conditions  with  the  plates  separated 

by  a  distance  of  10  cm.,  it  is  found  that  Y,  Pr,  <5  ,  Le,  and  T  are  0(1)  quan- 

-4 

titles  while  e  <  0.03  and  M  =  0(10  ).  The  two  parameters  M  and  e  are 
considered  independent  since  z  reflects  the  chemistry  of  the  system  and  M 
does  not.  The  solution  to  the  system  (1)  is  sought  when  e  and  M  «  1  for 
specified  0(1)-  values  of  Y,  Pr,  6,  Le,  and  T. 
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3.  Acoustic-Time  Solution 

Poland  [1979]  and  Poland  and  Kassoy  [1981]  have  described  the  solution  of 

the  acoustic  time-scale  when  t  =  0(1).  In  the  core  of  the  vessel,  -l<x<  1, 

one  finds  a  spatially  homogeneous  increase  in  T  and  p  of  0(eM) ,  relative  to 

the  initial  values,  caused  by  the  chemical  heat  release  in  the  system.  In 

order  to  accommodate  the  wall  condition  on  T  in  (lh)  a  conductive  wall  boundary 

layer  of  thickness  O(^)  must  exist  adjacent  to  the  boundary.  Relative  to  the 

warm  core  the  gas  in  the  boundary  layer  contracts  as  it  cools  to  the  wall  value. 

As  a  result  the  outer  edge  of  the  boundary  layer  behaves  like  a  piston  being 

3/2 

withdrawn  from  a  gas  filled  region.  This  disturbance  of  0  (e  M  )  causes  an 
acoustic  wave  system  to  be  propagated  into  the  core.  As  an  example  the  core 
pressure  solution  has  the  form 

3/2  r.  3/2  t  00  "i 

p  -  1+  e  M  6y  t  -  eM  yK  |  t  t  2  -  1  (-l)"1  P<t,  )  -  OS-  -  --  +0feM2) 

L3  m=i  m  m3/2  J 

-  k 

P  (C  )  «  C2(c  )  sin  (  S2  (c  ^  cds  c  ,  C  “  lallt  K  =  2y6/H 
ra  m  ft-  ■«*,  m  ta  9 

where  C2(4  )  and  S2  )  represent,  Fres;  ei  integrals  (Abramowitz  and  Stegun 
mm 

3/2 

[1964]).  The  first  part  of  the  0(rK'  )  term  represents  an  accumulated  pressure 

relief  due  to  the  continuous  generation  of  expansion  waves  by  the  contracting 
boundary  layer.  The  second  tern  which  is  bounded  for  all  t  represents  the 
momentary  acoustic  field.  When  t  =  0(1/>1),  which  means  that'  T  =  yMt  •*  0(1), 
we  observe  a  nonuniformity  in  the  asymptotic  expansion  for  p.  This  difficulty 
occurs  because  the  conduction  boundary  layer  grows  to  an  0(1)-  thickness 
when  the  conduction  time  scale  (t  =  0(1))  is  reached.  If  (2)  is  written  in 
terms  of  the  limit  c  ■*  0,  t  fixed,  then  we  obtain  the  matching  form  of  the 
pressure  variables  which  is  employed  as  an  initial  condition  for  the  conduction¬ 
time  solution; 


(2) 
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r  .  -U  -  3/2  q  3/2 

p  -  1  +  e|St-  (2/3)  yKt  +0(t2)J+  0(cM  ) 


(3) 


The  last  term  is  explicitly  dependent  on  both  t  and  t.  Similar  results 
can  be  obtained  for  each  of  the  variables.  These  terms  are  used  to  define 
the  asymptotic  expansions  and  scaling  required  in  the  subsequent  induction 
period  analysis.  Details  are  given  in  Poland  and  Kassoy  [1981]. 

4.  The  Induction  Period  Solutions 

The  asymptotic  expansions  for  the  induction  period  take  the  form 

3/2 

£  -  1  +  €  [_r,  1  (t,x)  +  M  £a  (x,t,x)  +  . . .  J+  0(e2) 
where  £  =  p,  T,  p  or  Y  ,  r  =  yM  t  and 

u  =  eM  £yui(t,x)  +  M*5  uA(x,t,x)  +  . . . J  +  0(e2M) 

The  £i,  u 1  terms  represent  variables  that  change  on  the  long  conductive 
time  scale  t  ,  while  the  £  ,  u  variables  change  on  the  much  shorter 

A  A 

acoustic  time  scale  t  as  well.  In  fact  the  latter  variables  represent 
the  further  evolution  of  the  acoustic  disturbances  during  the  induction 
period.  The  presence  of  two  explicit  time  scales  implies  that  a  multiple 
time  scale  analysis  will  be  required. 

If  (4)  and  (5)  are  substituted  into  (1)  then  the  describing  equations 
for  the  conduction  controlled  solution  can  be  found  in  the  form 

»,t +  .  p,  -*,o>  . 


(4) 


(5) 


(6a,b,c) 
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6eTl  +T>xx-  (Y_1) U*x 


T  1 

r  6  e  1  +  ~  Yj 

yLe  lxx 


Ci  -  ui  -  0  0  <x<l  ,  t  =  0 


clx  =  UI  =  0 


x  =  0  ,  r  >  0 


U1  =  Ti  -  Ylx=  0  x  =  1  ,  t  >  0 


If  (6)  is  used  in  (7)  then  we  obtain 


yTl  -  SeTl  +  Ti  +  (y-1) 
x  xx  dt 


Furthermore  if  mass  conservation  is  invoked  then  the  integral  of  (6c) 
across  the  slot  can  be  reduced  to 


(x)  =  j 


Eqs.  (12)  and  (13)  can  be  combined  to  produce  an  integro-dif ferential 
equation  for  Tj.  The  integral  form  of  the  last  term  in  (12)  describes 
heating  of  the  gas  in  the  slot  due  to  spatially  homogeneous  compression. 
If  the  transformation  o  =  x/y  is  employed,  then  we  obtain  the  standard 


Tia  =  5  eTl  +  T,  +  (^ 
*o  ‘xx  y 


Tj  a  dx 


h — A 


Once  a  solution  of  (14)  and  (9)-(ll)  is  obtained  the  remaining  variables 

can  be  obtained  from  (6a, c)  and  (8).  Numerical  solutions  obtained  by  the 

method  of  lines  for  the  case  <5=2,  r  =  0.4,  Le  =  1,  are  shown  in  Figs.  (1-3) 

for  T^,  Y^  and  u^.  In  particular  we  note  that  each  of  the  variables  is 

growing  rapidly  as  the  escape  or  runaway  time  t  =  0.7463+  is  approached. 

e 

A  formal  analysis  of  the  properties  of  (14)  is  given  in  section  5. 

A  final-value  analysis  of  (6a, b) ,  (8),  (13)  and  (14)  has  been  developed 

to  describe  the  detailed  nature  of  the  thermal  runaway  process.  As  in  the 

case  of  the  thermal  explosion  in  a  rigid  combustible  (Kassoy  and  Poland 

[1980])  the  study  is  concerned  with  a  conduction  controlled  region,  0<  x  1, 

w 

and  a  hot  spot  region,  x  =  no  where  n  =  0(1)  in  the  limit  o  =  (t^  -  t)-*0. 
For  example,  in  the  former  we  find  that  pj,  Tj,  pj,  and  approach  a  well- 
defined  value  obtained  from  the  numerical  solution  as  o  0.  However, 

-L 

uj  -  (l-x)cr  .  This  implies  that  as  o  ■*  0  u  itself  becomes  larger  than 
0(eM).  In  the  hot-spot  events  are  more  singular.  The  temperature  and  the 
velocity  are  described  by 

T  '  1  +e  (in  +  g  (n)  +  0(0^))  +  .  .  . 

00  o 

u  -  eMy  (U1(n)o'S  +  0(1)]  +  .  .  . 

where  80(n)  and  Ui (n)  are  well-defined  functions.  The  expanison  in  (15)  is 
nonuniform  where  cJno  =  0(1),  which  represents  the  usual  thermal  runaway 
singularity  (Kassoy  and  Poland  [1981]).  In  addition  one  may  observe  from  (16) 
that  at  the  hot  spot  edge,  where  Uj  (n-*"*»  )  is  finite,  there  is  significant 
growth  in  the  local  Mach  number  as  o+  0  due  to  the  accelerating  temperature 
rise  and  associated  gas  expansion.  The  acoustic  disturbance  field  represented 


(15) 

(16) 
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by  in  (4)  and  (5)  can  be  reduced  to  the  classical  linear  wave  equation 

for  uA>  with  homogeneous  boundary  conditions.  The  initial  condition,  derived 
from  the  appropriate  form  of  (5)  is 


(t->0  ,  t»l  ,x)  =  (K/n) 


1  (j 

m=l 


1)  sin  mllx 
3/2 


cos 


U, 


-?> 


(17) 


Eq.  (17),  which  represents  the  form  of  the  disturbance  generated  during  the 
acoustic  time  period,  is  also  the  exact  solution.  There  is  no  further  evolu¬ 
tion  of  the  acoustic  field  because  the  waves  propagate  basically  in  the 
uniform,  invarient  background  field  represented  by  the  initial  state  of 
the  system. 

^ •  A  Qualitative  Analysis  of  the  Induction  Model 

If  we  begin  with  the  r.ondimensional  model  analagous  to  (1)  for  a  reactive 
ideal  gas  in  an  arbitrary  open  bounded  container  Q  cRn  without  making  any 
symmetry  assumptions  as  in  §2  for  the  special  slot  container  geometry,  carry 
out  the  same  asymptotic  analysis  as  described  in  §§3  and  4,  then  we  obtain, 
analagous  to  (14)  ,  the  following  induction  period  model  for  the  thermal  explo¬ 
sion  process  of  a  reactive  gas  confined  to  : 

r  /  pt(y>t)  dy  (18) 

a 

,  x-  a 

,  x€ 30  t>0  (19) 


0  -A0=6e°  +  — — 

t  y 


0  (x,0)  =  0Q  (x) 


0  (x,t)  =  0 


where  ©(x,t)  (=  T^  in  (14))  is  the  temperature  perturbation,  0o  (x)  is  the 
initial  temperature  perturbation,  y  is  the  gas  constant,  and  6  is  the 
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Frank-Kameuetskii  parameter. 

We  would  like  to  address  the  following  questions.  1)  Can  we  describe 
the  time-history  of  0  (x,t)?  2)  What  happens  as  6,y  vary?  3)  Can  we 

distinguish  between  explosive  and  nonexplosive  events?  4)  How  does  a 
gaseous  fuel  compare  with  a  solid  fuel  in  identical  bounded  containers? 

The  implicit  integro-partial  differential  equation  (18)  can  be  put  in 
more  tractable  form  by  integrating  it  over  f>  and  then  observing  that 


dy 


(20) 


From  this,  we  have  that  (18)  -  (19)  is  the  same  problem  as  (21)  -  (19)  which 
in  turn  is  equivalent  to  (22)  -  (19)  where  (21)  and  (22)  are  given  by 


and 


G  -  A  0 

t 


[A  0  +  6 


0, 

e  ] 


dy 


(21) 


0  - 

t 


* 

i 

A  0  +  | 

30  , 

r—  do 

=  6e°  +  ^ —  6  / 

vol  2  1 

3v 

vol  fi  / 

3  a 


(22) 


where  v  is  the  exterior  unit  normal  to  3Q  and  do  is  the  element  of 
surface  area  on  3P-.  The  equivalence  of  (21)  and  (22)  follows  from  the 
divergence  theorem. 

Using  these  equivalent  formulations  of  the  induction  model  (Bebernes- 
Bressan  [1982]),  the  following  results  can  be  proven. 
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problem  (18)-(19) 


1)  For  any  6  >  0,  y  1,  and  0qeL2  (52),  sup  0Q(x)  <  “  » 
has  a  unique  solution  0(x,t)  on  x(0,t),  on  52x[0,cr),  o  >  0,  where  either 

a)  0  c  -  «>  or  b)  o  <  <*>  and  lim  sup  £(x,t)  =  *• 

t  ->  a.  xefi 

If  :  is  a  ball  B  of  radius  1  in  Rm  and  0q(x)  =  0,  the  following  is 
also  true. 

2)  For  5  >  0,  y  >  1,  the  solution  0(x,t)  of  (18)-(19)  is  nonnegative, 
radially  symmetric,  and  nondecreasing  on  [0,j).  Thus,  one  need  not  assume 

a  fortiori  that  the  temperature  perturbation  has  a  symmetric  spatial  profile. 

Formally  when  y  =  1,  problem  (18)— (19)  reduces  the  classical  ignition 
model  for  a  solid  fuel 

y  -  Ax  =  de*  (23) 

with 


X(x,0)  =  XQ(x)  =  0  ,  xefi  , 

X(x,t)  -  0  ,  xe352  ,  i>0 


(24) 


The  associated  steady  state  problem  is: 


Y 

-AY  =  <5e 


(25) 


Y(x)  =  0  ,  352 


(26) 


It  is  known  (Bebemes-Kassoy  [1981])  that:  a)  for  any  6  >  0, 

(23)- (24)  has  a  unique  nonnegative  nondecreasing  solution  x(x,t)  on 

52  x  (0,t*),  t  >  0,  where  either  t  B  +  00  0rt  <  *  and  lim  sup  X(x,t)*  +  ~; 

t-*- 1  xe?F 

b)  there  is  a  critical  value  5  FJ(  >  0  such  that  for  6  <  d^  the  solution 
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X(x,t)  of  (2 3) -(24)  exists  on  B  x  [o,®)  so  t  =  +  ®  and  x(x,t)  <_  V  (x) 
where  "^(x)  is  the  minimal  solution  of  (25)-(26);  c)  there  is  a 

*  it  it 

6  >  6FK  SUCh  that  f°r  5  >  6  »  t  <  +  <*>  and  the  solution  of 

it 

(23)-(24)  blows  up  in  finite  time.  In  addition  6  is  precisely  known 

it 

and  good  error  bounds  on  t  are  known. 

3)  For  6>0 ,  Y^.l»  the  solution  0(x,t)  of  (18)-(19)  satisfies 


X(x,t)  £  0  (x,t)  <  4  (x,t) 


for  all  x  e  B,  t  >_  0  on  their  common  interval  of  existence  where  X 
is  the  solution  of  (23) —(24)  and  $(x,t)  is  the  solution  of  (27)-(24)  where 


Y-  1 
vol  ft 


ft 


(27) 


From  this  result  we  can  conclude  that  the  temperature  for  an  ideal  gas 
is  always  greater  than  that  for  a  solid  fuel  in  identical  bounded  containers 
and  hence  a  gas  explodes  sooner  than  a  solid  fuel.  Physically,  this  can  be 
explained  by  the  additional  generation  of  heat  due  to  the  compression  of  the 
gas. 


6 .  Further  Developments 

The  final  value  analysis  of  the  hot  spot  development  in  section  4 

showed  that  as  the  explosion  time  t  is  approached  (o  -*•  0)  the  hot  soot 

e 

-  k 

temperature  perturbation  increases  like  P.n  o  and  the  speed  like  o  *  . 
Given  the  definition  of  a  we  can  write 


(28) 
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is  the 


where  te'  is  the  dimensional  explosion  time  and  t  '  =  I'/C  * 

A  o 

acoustic  time  in  the  vessel.  When  a  >  >  0  (M? >  the  hot  spot  development 

/ 

occurs  on  a  time  scale  long  compared  to  t  .  However,  when  o  =  0  (M)  , 
the  hot  spot  time  scale  and  t^'  are  commensurate.  This  means  in  effect 
that  the  reaction  time  is  now  as  short  as  t  In  this  case  T~  1  +  O(einM) 

A 

and  u  =  0(  M  )  as  may  be  observed  from  (15)  and  (16).  The  edge  of  the 
hot  spot  now  acts  as  a  localized  piston  which  drives  an  acoustic  disturbance 
into  the  adjacent  conduction-controlled  zone.  The  time  scale  of  the  process, 
0(t  ')  is  long  enough  to  permit  the  waves  to  traverse  the  container  many  times. 
In  this  sense  the  expanding  spot  generates  a  noise  field  in  the  container.  The 
basic  pressure  field  is  essentially  spatially  uniform  because  the  acoustic  waves 
facilitate  pressure  relief.  During  this  period  the  hot  spot  temperature  is 
O(einM)  different  from  the  initial  state. 

Eventually  the  accelerating  reaction  in  the  hot  spot  causes  the  reaction 
time  to  be  shorter  than  the  acoustic  time.  This  occurs  when  e£n(l/o ) 2s=0(l) 
which  implies  that  the  temperature  is  now  fundamentally  different  from  the 
initial  value.  Given  the  definition  of  a  one  can  write 


<  <  1 


(29) 


-»  g  /g 

for  s  fixed  z  0.  The  local  Mach  number  in  the  hot  spot  u  =  0(eMe  ). 
One  may  observe  that  this  latter  value  can  be. a  significant  fraction  of 
one  for  appropriate  values  of  z  and  M.  It  can  be  shown  that  this  vigorous 
expansion  rate  can  lead  to  the  generation  of  a  nonlinear  acoustic  signal 
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which  "areaks",  thus  forming  a  shock  at  a  distance  from  the  center  of  the 
hot  spot  which  is  small  relative  to  the  container  size.  The  analysis  of 
this  process  is  similar  to  Cole's  [1968]  study  of  the  shock  wave  generated 
by  an  accelerating  piston.  Of  fundamental  interest  is  the  shock  wave  strength 
as  a  function  of  the  physico-chemical  parameters  of  the  reacting  system.  The 
details  of  this  dependence  remain  to  be  carried  out. 

It  is  useful  to  speculate  on  the  possibility  that  shock  generation  by 
the  developing  hot  spot  can  lead  to  direct  initiation  of  a  detonation.  If 
the  shock  is  sufficiently  strong  the  induced  temperature  rise  will  initiate 
a  rigorous  chemical  reaction  just  behind  the  wave.  Should  the  local  reaction 
time  be  commensurate  with  the  local  transit  time  of  the  shock,  then  the  re¬ 
action  zone  will  move  with  the  shock.  And  so  a  detonation  is  initiated! 
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TRANSITION  FROM  TRAVELING  TO  STATIONARY  LOADS  IN  A  HOLLOW  CYLINDER 


Alexander  S.  Elder 

U.S.  Army  Armament  Research  and  Development  Command 
Ballistic  Research  Laboratory 
Aberdeen  Proving  Ground,  MD  21005 


ABSTRACT.  In  this  paper  we  formulate  the  equations  for  elastic  strains 
for  internal  loads  moving  with  constant  velocity  in  a  hollow  cylinder. 

The  Green-Lame'  potentials  given  by  Hermmann  and  his  associates  are 
modified  for  moving  loads  according  to  ideas  set  forth  by  Ian  Sneddon, 
using  sin  s(z-ct)  and  cos  s(z-ct)  as  separation  factors  in  the  wave  equations. 
The  remaining  separation  factors  involve  sin(n0),  cos(n9),  and  combinations 
of  Bessel  functions.  In  these  expressions,  s  is  a  parameter,  z  the  distance 
from  the  origin  along  the  z  axis,  c  the  velocity  of  travel,  and  t  the  time. 

Six  linearly  independent  solutions  are  obtained  which  are  sufficient  to 
satisfy  three  boundary  conditions  at  each  of  the  two  cylindrical  surfaces. 
Response  to  a  step  function  is  formulated  in  terms  of  Fourier  integrals, 
using  the  Cauchy  discontinuous  factor. 

At  zero  velocity,  which  corresponds  to  static  loading,  the  six  linearly 
independent  solutions  reduce  to  four.  The  displacements  for  static  loading 
and  the  corresponding  biharmonic  potentials  are  obtained  by  a  limiting  process, 
thus  recovering  the  six  independent  solutions  required  for  an  infinite 
hollow  cylinder.  In  the  limit,  the  wave  functions  tend  to  harmonic 
functions  as  the  velocity  of  travel  tends  to  zero,  the  four  solutions 
described  above  are  derived  from  these  potentials.  Biharmonic  potentials 
of  the  form 


r  fi 

r  3r  * 


dtp 

dr 


where  $  and  ip  are  harmonic  potentials,  give  rise  to  the  same  displacement 
as  obtained  above  by  a  limiting  process.  This  analysis  shows  that  the  transition 
from  moving  to  stationary  loads  is  continuous  and  that  no  abrupt  changes 
in  calculated  values  should  occur. 


The  author  of  this  paper  presented  it  at  the  26th  Conference  of  Army  Mathematicians. 
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I.  INTRODUCTION 


In  this  paper  we  derive  formulas  for  calculating  the  response  of  a 
hollow  cylinder  to  internal  loads  moving  with  uniform  velocity.  This 
analysis  is  based  on  the  historic  Green- Lame  theory  of  wave  motion1  and  recent 
work  on  free  vibrations  of  a  hollow  cylinder^.  Only  steady  state  conditions 
are  considered;  transients  which  may  arise  at  the  beginning  of  motion  are 
ignored.  Formulas  for  moving  sinusoidal  loads  are  discussed  in  detail.  The 
response  to  a  moving  step  function  can  be  obtained  by  using  Cauchy's  discontinuous 
factor. 

The  transition  from  traveling  to  stationary  loads  is  obtained  by  a 
limiting  process.  Ihe  biharmonic  functions  required  for  the  stationary  load 
arise  from  the  confluence  of  the  displacements  due  to  the  vector  and  scalar  wave 
functions  at  zero  velocity.  This  solution  is  also  derived  independently  from 
appropriate  elastic  potentials.  This  analysis  shows  that  the  calculated 
displacements  for  moving  loads  approach  the  calculated  values  for  stationary 
loads  as  the  velocity  of  travel  approaches  zero.  Physically,  this  requirement 
is  obvious.  Hence  computations  for  low  velocities  will  serve  as  a  critical 
test  of  the  analysis  and  computations. 

The  results  are  required  to  interpret  strain  measurements  obtained 
with  an  instrumented  gun  tube  in  which  arrays  of  strain  gages  and  pressure 
gages  were  mounted  in  close  proximity  along  the  length  of  the  tube.  Tube 
strains  based  on  the  measured  pressures  were  calculated  according  to  thick 
walled  cylinder  theory3,  using  appropriate  mechanical  properties  for  the  gun 
steel.  At  low  velocities  the  measured  and  calculated  strains  agreed  reasonably 
well,  but  at  high  projectile  velocities  the  calculated  strain  distribution 
profiles  were  significantly  different  from  the  measured  strain  histories. 

This  effect  is  well  known  in  the  theory  of  moving  loads^.  Prof.  Ian  Sneddon 
of  Glasgow  University,  a  pioneer  in  the  field,  suggested  this  problem  to  the 
author  during  a  recent  visit.  V 


^Gurtin,  M.E.,  Elasticity,  Encylcopedia  of  Physics,  Volume  VI  a/2, 

Mechanics  II,  Springer  Verlag,  New  York,  1972.  See  pages  212-214. 

^Armenakas,  A.E.,  Hermmann,  G. ,  and  Gatis,  D.C.  Free  Vibrations  of  Circular 
Cylindrical  Shells,  Pergamman  Press,  New  York,  1969. 

3 

Elder,  A.S.  and  Zimmerman,  K.L.,  Stresses  in  a  Gun  Tube  produced  by  Internal 
Pressure  and  Shear,  BRL  Memorandum  Report  No.  2495,  June  1975.  AD  #A012765. 

4 

Fryba,  L.,  Vibrations  of  Solids  and  Structures  under  Moving  Loads,  Noordhoff 
International  Publishing,  Gronigen  The  Netherlands,  1972.  See  Chapter  17 
and  Reference  203. 
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The  analysis  is  given  in  considerable  detail  to  facilitate  verifica 
tion  of  formulas  required  for  programming.  Formulation  is  limited  to 
subsonic  velocities  which  occur  in  practice;  analysis  of  the  moving  load 
problem  for  supersonic  velocities  is  quite  difficult  and  will  not  be 
considered  at  the  present  time. 

II.  FORMULAS  FOR  WAVE  MOTION  IN  CYLINDRICAL  COORDINATES 

In  the  absense  of  body  forces  the  equation  of  motion  may  be  written 
in  the  form 


(X*2u)VV«u  -  u  V  *  (Vxu)  =  p  ~  (1) 

3t“ 

where  X  and  u  are  the  Lame  constants.  The  speed  of  the  dilatational 
wave  is 


cx"  =  (X+2u) / p  (2) 


and  the  velocity  of  the  shear  wave  is 


•*» 

c/  =  u/p  ,  (3) 

where  p  is  the  density  of  the  elastic  material.  The  equation  of  motion 
becomes 


~  2 

cx“  VV*  u  -  C-,  V  x(Vxu) 


(4) 


The  Green-Lame  solution  is 


u  =  V$  +  7*ij/ 


(5) 


in  which  the  potentials  $  and  4>  satisfy  the  equations 


1 


-»  n  * 

C,"  7“*  = 

->  + 

3~ip 

~> 

at' 

In  cylindrical 

coordinates  we  1 

■> 

_2 ,  3'* 

+  I  ii- 

i 

7  $  =  — - 

r 

-  +  — 

3r" 

3r 

r“ 

The  vector  potential  is 

given 

d>  =  e  4/ 

♦  e  ill  + 
0^6 

e.  <l». 

30 


o 

3  $ 

T 

3;“ 


(2) 


(8) 


(9) 


where  e  ,  e„,  and  e  are  unit  vectors  in  cylindrical  coordinates' 
r  0  z 


•>*  2  /  ^r  2  3 

V  *  =  er  V  -  T  ‘  ~  36  *6 
\  r  r 


*  ee  v^9 


2  3 

2  36  ^r 

r 


(10) 


+  e,  7“iji 


The  following  scalar  partial  differential  equations  are  finally  obtained: 


c 


1 


2 


7‘ 


(11) 


(12) 


U3) 


''Chou,  P.C.  ana  ’Fagans,  . D  • ,  Elasticity:  Tensor,  Dyadic,  and  Engineering 
Approaches ,  D.  Dan  Host  rand  Dcvrpany,  Inc.  Princeton,  1367,  pages  24S-26S~. 


710 


(14) 


Four  components  of  the  displacement  vector  are  obtained  from  solutions  of 

these  equations.  Since  only  three  components  are  required,  we  can  specify 

one  additional  condition.  We  choose  a  relation  between  4j  and  which  will 

r  8 

facilitate  separation  of  variables,  following  the  ideas  outlined  in  Reference 


III.  SEPARATION  OF  VARIABLES  FOR  SINUSOIDAL  LOADS  MOVING  WITH  CONSTANT 
VELOCITY 

The  scalar  potential  can  be  obtained  directly  by  separation  of  variables. 
For  brevity  let 


=  cos(n8) sin[s(z  -  ct)] 

(IS) 

H.,  =  cos(n0)cos [s(z  -  ct)] 

(16) 

Hj  =  sin(ne)sin[s(z  -  ct)] 

(17) 

H4  »  sin(n9)cos [s(t  -  ct)] 

(18) 

and 

4>i  =  Hi  f (r) ,  i  =  1,2, 3, 4. 

(19) 

In  these  equations  n  is  an  integer 
a  complete  cylinder.  The  constant 

since  the  stresses  must  be  periodic  in 
c  is  the  velocity  of  travel.  We  assume 

0<e<c<c1-e  , 

(70) 

where 

0  <  c  <  <  1 

(21) 

Let 
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(22) 


7 

c-/ c. 


7 


7 


(23) 


Then 

1  n2  ?  2 

f”  +  f  f'  -  (—  +  B1  s  )  f  =  0 


(24) 


and 


f 


Vn(&lsr) 


A2Kn(81sr) 


(25) 


The 

axial  component  of  the  vector  potential 

can  be  treated  in  a  simi 

manner. 

We  let 

0.  * 

H.g„(r),  i  =  1,2, 3, 4 

(26) 

- 

1  - 

*>  2 

=  c,-/c 

(27) 

-> 

s2" 

=  1  '  V 

(28) 

then 

g,  = 

A.I  (e,sr)  *  A  K  (8,sr) 
on/  4  n  / 

(29) 

The  radial  and  tangential  components  of  the  vector  potential  are 
coupled.  The  following  four  combinations  lead  to  separable  solutions: 


=  Hlgr’  *0  =  *  H5g9  (50) 

*T  =  Hzgr,  =  -  H4g9  (31) 
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(32) 


=  H3gr’  =  Hls0 

=  H4gr’  ^8  ”  H2g8 


The  combination  given  in  Eq.  (32)  is  discussed  in  Reference  2;  the 
remaining  combinations  are  introduced  to  satisfy  a  variety  of  boundary 
conditions  on  the  inner  radius.  We  note  that 


30  M1 

I?  H2 

h  H3 

!e  H4 


-  nH. 


-  nH, 


nH, 


nH.. 


(34) 

(35) 

(36) 

(37) 


On  referring  to  Eqs.  (12)  and  (13)  we  find 

r  *  rg^  -  (n“  1  +  6:  s“r')gr  +  2ng0  =  0  (38) 

r2gg'  +  rg'  -  (n“  ♦  1  +  S22s2r^)gr  -  2ng0  =  0  (39) 

If  we  let 


(40) 


we  find 


'gy  ♦  rgj  -  l(n  ♦  IT  *  S22s"r'!]gr  =  0 


(41 ; 
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and 


gr  =  Vn+lCS2sr)  +  A2*W62sr) 


(42) 


If  on  the  other  hand  we  let 


g9  =  gr 


(43) 


then 


r2g"  +  rg^.  -  [(n  -  l)2  +  g^s^r2^  =  0 


(44) 


and 


gr  =  Vn-l(82Sr)  +  A8Kn-l(S2sr) 


(45) 


In  this  paper  the  radial  and  tangential  components  are  based  on  Eqs.  (40), 

(41)  and  (42). 

As  mentioned  previously,  a  complete  solution  to  a  specified  boundary 
value  problem  may  be  obtained  if  one  of.  the  components  of  the  vector  potential 
is  set  equal  to  zero.  Hence,  although  unique  solutions  for  the  displacements 
are  expected,  the  choice  of  potentials  leading  to  a  solution  is  not  unique. 

Pao  and  Mow  use  vector  potentials  L,  M,  and  N,  which  are  derived  from 
scalar  functions  a,  4>,  and  \  in  their  analysis  of  diffraction  wave  in  an 
elastic  solid.  The  relation  between  this  solution  and  the  solution  of  Hermann 
and  Gazis  may  be  obtained  by  equating  formulas  for  the  displacements. 

IV.  COMPONENTS  OF  THE  VECTOR  DISPLACEMENT 

Each  component  of  the  vector  displacement  consists  of  one  term  from 

the  scalar  potential  and  two  terms  from  the  vector  displacement,  according 

to  Eq.  (5).  These  terms  must  have  the  same  trignometric  factor.  In  addition, 

the  signs  of  g  and  g  are  chosen  so  these  functions  involve  Bessel  functions 
r  9 

of  order  n+1  when  g  =  -  g  .  The  sign  of  g  is  chosen  so  the  divergence  can 
“  r  z 

be  written  in  the  form 


V-0  =  H.h(r),  i  =  1,2, 5, 4  (46) 


6 

?ao,  '1  and  Mow,  C,  Diffraction  of  Elastic  Waves  and  Dynamic  Stress  Concen¬ 
trations,  Crane  Russak,  Publishers,  1271.  See  pages  • 218  ff. 
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where 


h(r)  *  I  |_  lr*r)  -  p  g9  ♦  sg. 


(47) 


We  consider  four  cases,  as  shown  in  the  table  below. 


TABLE  1.  TRIGNOMETRIC  FACTORS  FOR  SCALAR  AND  VECTOR  POTENTIALS 


Case 


Function  f(r) 

I  Hj 

I-I  H., 

tm 

III  H. 

a 

IV  H, 


8r(r) 


g9(r) 


‘1 

-H. 


-H. 


g.(r) 

H3 
-H . 


H 


1 

H, 


h(r) 

H. 


H. 

a 


H, 

H, 


The  displacement  components  for  each  case  are  obtained  from  the 
potentials . 


Case  I 


ru  =  [rf’  +  srgQ  ♦  ngj  ^ 


rv  =  [-nf  -  srgr  -  rgj  H. 


rw  =  [srf  ♦  —  rg0  -  ngj  H2 


(48) 

(49) 

(50) 


Case  II 


ru  =  [rf’  ♦  srg  -  ngj  H, 


rv  =  [nf  ♦  srgr  ♦  rgj  H4 


(51) 

(52) 


4 
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2 

rw  =  [-  srf  +  jp  rgg  -  ng^  Hj  (53) 

Case  III 

ru  =  [rf'  ♦  srg0  -  ngj  H,  (54) 

rv  =  [nf  -  srgr  -  rg^]  Hj  (55) 

rw  =  [srf  -  |p  rgQ  +  ngr]  H4  (56) 

Case  IV 

ru  =  [rf’  +  srg0  ♦  ngj  H4  (57) 

rv  =  [nf  +  srgf  ♦  rg.[]  H,  (58) 

rw  =  t-srf  *  |f  rg9  +  ngr]  H,  (59) 

Next,  we  express  the  displacements  and  divergence  for  Case  I  in  terms 
of  Bessel  functions  of  order  n  and  n+1.  The  following  identities  are  used 
to  eliminate  derivatives: 

XIn'(X)  =  nIn(X)  ♦  XIn+1(X)  (60) 

XKn'(X)  =  nKn(X)  -  XKn+1(X)  (61) 

XI'n+iC50  -  -  (n  *  DIn+1(X)  +  XIn(X)  (62) 

XK'n*lCX)  =  -  (n  +  1)Kn+l(X)  -  XKn(X)  (65) 

On  carrying  out  details  of  the  analysis  we  find 
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ru  =  j  VnIn(BlSr)  *  6lsrIn+ltblsrjl 

♦  A2[nKn(61sr)  -  e^rK^f^sr)] 

(64) 

+  A.nl  (6,sr)  +  A.nK  (B-,sr) 
s  n  c  4  n  c 

-  A5srln+1(g2sr)  -  A6B-,srKn+1  (62sr)  |  cos(n6) sin [s(z  -  ct)] 
rv  =  |  -  Ajnl^BjSr)  -  V*Kn(Blsr) 

+  A3^'  nIn(B2Sr)  +  e2SrIn+l(B2Sr)^ 

(65) 

*  M'  ntcn(e2Sr)  +  62SrKn-t-l(62Sr^ 

-  A_srln+1  (B-,sr)  -  A^srKR+^  (8->sr)  |  sin  (ne)  sin  [s  (z  -  ct], 


rw  =  |  A^srIn(B^sr)  +  A^rK^B^r) 

(66) 

-  Acsrl  (6-,'r)  ♦  A, S.,srK  (B, sr)  cos(ne)cosfs(z  -  ct)] 
bn*;  o  *.  n  i  ,u 

The  divergence  of  the  vector  potential  is 

V-’H  *  [(A.  +  A532)sIn(B2sr)  +  (A4  -  A5B,)sKn(B2sr) ] sin(n0)cos  [s(z  -  ct)] 

(67) 

Formulas  for  the  displacement  and  divergence  corresponding  to  Cases  II, 

III,  and  IV  can  be  written  down  by  inspection. 

The  divergence  of  the  vector  potential  enters  into  calculations  of  the 
rotation  vector.  The  analysis  prior  to  Part  IX  of  this  report  follows 
reference  2  in  using  a  vector  potential  with  non-solenoidal  divergence,  as 
this  approach  considerably  simplifies  the  analysis.  In  Part  IX  a  solenoidal 
vector  potential,  for  which  the  divergence  is  zero,  is  derived  by  separation 
of  variables.  Formulas  the  vector  displacement  and  its  deriatives  remain 
unchanged,  but  a  simpler  formula  for  the  rotation  vector  is  obtained.  The 
usual  approach  by  means  of  the  Newtonian  potential  is  not  appropriate  since 
the  hollow  cylinder  is  a  multiply  connected  region. 
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V.  STRAINS,  ROTATION  SECTOR,  AM)  STRESSES 


The  strains  are  obtained  from  the  displacements  by  means  of  the  formulas 


3u 

Lr  3r 


u 

e9  =  r 


3v 

r36 


e  = 


3w 

3: 


3u 

3v 

r30 

3r 

3u 

3w 

3z 

3r 

3v 

3w 

3z 

r36 

v 

r 


Y  2  -  4-  - 

1  2  ^  ~  — 


Yze 


(68) 

(69) 

(70) 

(71) 

(72) 

(73) 


We  calculate  the  strains  in  terms  of  Bessel  functions  for  Case  I.  The 
remaining  three  cases  can  be  treated  in  a  similar  manner.  Let 


r“e  =  H,  Sa.R.  . 
r  1  j  i  1,1 


,  6 

r  G0  =  H1  ^AlR2,i 

2  6 

r  e  =  H.  y.  A.R.  . 

z  iy  i  0,1 


r2Yr9.H5E  AlVi 


r“y  =  H.y  A.R, 
'rz  2  L*  io,i 

1 


(74) 


(75) 


(76) 


(77) 


(78) 
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(79) 


The  R.  ^  functions  depend  on  the  radius,  and  can  be  expressed  in  terms 


of  Bessel  functions  of  orders  n  and  n+1. 

R1  1  =  *  (n2-n)]In(B1sr)  -  Sjsrl^j (BjSr)  (80) 

R1  2  =  fei"s2r"’  +  (n'-nJlKnffijSr)  «■  eisrKn+i  (BjSr)  (81) 

Rl,3  =  (n2-n)InC82sr)  +  B2srln+1(62sr)  (82) 

R14  =  (  n2-n)Kn(B,sr)  -  B:srKn+1 (B2sr)  (83) 

Rl,5  =  '  62s2r2In(B2sr)  «■  (n+l) srln+1 (B2sr)  (84) 

Rl,6  =  62s2r2Kn(S2sr)  *  (n+l)srKn+1(B2sr)  (85) 

R2,l  =  ‘  (n2'nHn(81sr)  +  6jSrIn+^ (BjSr)  (86) 

R2j2  =  -  (n2-n)Kn(B1sr)  -  BjSrK^  (B^r)  (87) 

R2j.  =  -  (n2-n)In(B2sr)  -  82nsrln+1 (B2sr)  (88) 

* 

R2  4  =  -  (n2-n)Kn(82sr)  +  B2nsr  Kn+1(B2sr)  (89) 

R2,S  =  ‘  (n+1)srIn+1(S2sr}  (90) 

R2f6  =  ‘  (I'*DsrKn+1(62sr)  (91) 

R3,l  =  •  («) 

R5 ,2  "  *  s2r2Kn(6lSr)  (93) 
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R,  , 
^ ,  o 


0 


(94) 


R.  .  = 

0 

(93) 

3,4 

R3,5  * 

e2s2r2In(82sr) 

(96) 

R3,6 

-  82s2r‘Kn(01nsr) 

(97) 

R4,l  * 

-  2 (n2  -  nJI^BjSr)  -  ^"srl^ (BjSr) 

(98) 

R4 , 2 

-  2 (n2  -  n^CBjSr)  +  BjnsrK^j  (BjSr) 

(99) 

R4,3  = 

-  [2(n2  -  n)  +  S.,s2r2]In{B.,sr)  +  2MrIn*l  (B2sr) 

(100) 

R,  „  * 
4,4 

-  [2(n2  -  n)  ♦  8^s2r2lKn(B2sr)  -  202srln+1 (02sr) 

(101) 

R4,5  = 

-  82s”r2In (B-,sr)  +  2(n  ♦  l)srln+1  (82sr) 

(102) 

R4 , 6 

8-,s2r2Kn(62sr)  +  2(n  +  l)srKn+1(82sr) 

(103) 

R5.1  = 

2  2 

snrIn(B1sr)  ♦  B^s  r  l^i^sr) 

(104) 

R5,2  = 

snrKn(81sr)  -  S1s"r2Kn+1  (BjSr) 

(105) 

R5 , 3 

nsrl  (B,sr) 
n  i 

(106) 

RS,4  = 

nsrK  (B^sr) 
n  i 

(107) 

R5,5 

-  82nsrIn(B2sr)  ♦  (8,“  ♦  1 ) s"r"In+1 (B2sr) 

(108) 

R5,6  = 

8,nsrKn(B2sr)  *  (S22  *  l)s"r2Kn+1 (B2sr) 

(109) 

R6,l  “ 

-  2nsrIn(B1sr) 

(110) 
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R6,2  =  *  2nsrKnCSlSr) 


R6,3  =  '  nsrIn(62sr)  -  82s‘r-In+1(6lSr) 


(112) 


R6,4  =  ’  nsrIn(S2sr)  ♦  S^'^l  (S2sr) 


(113) 


R6,5  =  82nsrIn(B2sr)  -  s  r^^sr) 

R6,6  =  *  MsrKn(62sr)  -  s2r2Kn+1  ( 62sr) 


The  dilatation  e  is  the  sum  of  the  principle  strains. 


e  =  er  +  E0  +  ez 


(116) 


We  write 


r2e  -XX  i 
1 


where 


R7,l  =  - 


(118) 


R7,2  =  '  V“r  Kn(Slsr) 


(119) 


We  note  that 


*  0  as  c  +  0 


Hence 


e  *  0  as  c  ♦  0 


In  general,  therefore,  the  solution  in  terms  of  wave  functions  does  not 
yield  a  valid  solution  in  the  limit  as  the  velocity  of  travel  approaches 
zero.  Pure  torsion  is  an  exception,  as  shear  strains  only  are  involved, 
and  the  dilatation  is  zero  under  both  static  and  dynamic  loading  conditions 


The  rotations  are  given  by  the  formulas 


2u>, 


1_  3u_  3v_ 

r  36  3r 


3u  3w 
32  '  3r 


1_  3rv  1_  3»J 

r  3r  r  36 


We  set 


,  10 

2r‘u,  =  H,'  y  A.R_ 

Z  3  1  0,1 

8 

2  10 

21  “e  *  'lE'iVi 
8 

2  ia 

2r  .r  =  H4  ZWo.i 

8 


for  Case  I . 

R8,3  =  nsrWr)  *  B2s2r2ln,l(82Sr) 

R8  4  =  nsr^CB^sr)  -  S,s‘r"Kn+1  (8.,sr) 

2  2 

R8  5  =  B2nsrln(8:sr)  ♦  s  r  In+1(.3,sr) 
R8,6  B2nsrKn(62sr)  *  s2r2Kn+l(82sr) 

R9,3  =  nsrIn(e2sr) 

R9,4  =  nsrKn(B2Sr) 


Cl  20) 

(.121) 

(122) 

(123) 

(124) 

(125) 

(126) 

(127) 

(128) 

(129) 

(150) 

(131) 
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Sj  .i 

1R-,  ,  +  2yR.  .,  j  =  1,2,5;  l  =  1,5,5 

'  »  1  J  »  ± 

(150a) 

Sj.i 

XR,  ,  ♦  2yR  j  -  1,2,5;  x  »  2,4,6 

'  r  -  J  *  * 

(150b) 

si.i 

uR.  .  3  =  4,5,6;  i  -  1,2, 5, 4, 5, 6 

J  f  * 

(151) 

Stresses  and  strains  for  Cases  II,  III,  and  IV  can  be  obtained  in  a  similar 

manner.  The  R.  .  functions  must  be  calculated  for  each  case  to  determine  the 

i.l 

correct  algebraic  signs  in  tqs.  (.80)  -  (115)  and  Eqs.  (118)  -  (119).  A 
similar  remark  applies  to  the  formulas  for  the  rotations. 

VI.  RESPONSE  TO  AN  INTERNAL  TRAVELING  PRESSURE  PULSE 

First  we  consider  a  sinusoidal  pressure  pulse  traveling  with  velocity 
c.  The  boundary  conditions  are 


°r  =  °o  cos(n9)sin  [s(4  '  r  =  a 


Tr,  ■  0.  r  -  a 


t  =  0,  r  =  a 
r_ 


=  0 ,  r  =  b 


(1551 


‘  r 


t  =  0,  r  =  b 

re 

(156) 

t  =  0,  r  =  b 

r: 

Cl  57) 

These  boundary  conditions  lead  to  a 
A.  coefficients. 

i 

6 

set  of  six  linear  equations  for  the 

pVl,i(a)  =  a‘°o 

6 

(158) 

LAiS4ti(a)  -  0 

6 

‘  (159) 

LVu"1  '  0 

6 

(160) 

EVi,i‘b)  *  0 

6 

(161) 

LV4ii(b)  -  o 

6 

(162) 

*  0 

(163) 

These  equations  can  be  solved  for  the  A^  provided  c  is  greater  than  zero 

and  less  than  the  velocity  of  the  shear  wave,  according  to  Eq.  (20).  It 
is  convenient  to  write  the  final  results  in  terras  of  determinants,  using 
Cramer's  rule  and  then  combining  the  separate  terms.  Let  D(s)  be  the 
determinant  for  Eqs.  (158)  -  (165): 
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D(.s  J  = 


h.iw 

sl(2(a) 

SltZW 

S1>4W 

S1,S^ 

Slf6(a) 

s4,ila) 

S,  ,U) 

t  — 

S4,3(a) 

S4t4(i> 

S4,5(a) 

S4,6(aJ 

S5.1(a) 

SS.2(a) 

S5.3W 

S5.4(a) 

S5,5(3) 

s5i6(a) 

Sl,l(b) 

Sl,2<b> 

S1.3lb) 

S1.4<b) 

Sl,5^ 

Sl/b) 

S4,2(b) 

S4,3(b) 

S4,4™ 

S4.5W 

S4.6<b> 

S5.1(b> 

S,  ,(b) 

9  — 

S5,3(b) 

SS.4<b) 

h.S™ 

SS,6<b> 

(164) 


The  remaining  determinants  use  the  appropriate  Rj  £  or  for  the  first 

row;  the  remaining  five  rows  are  identical  with  the  corresponding  rows  of 
D(s) .  We  have  for  instance 


It 

u 

in 

Sl,l(r) 

Sl,2,r) 

S!,3(r) 

sl>4(r) 

5l.s(r) 

Sre  = 

S4,l(r) 

S4  ^ , (r) 

S4.3lr) 

s4(4(r) 

S4,5ir) 

s 

rs 

R1 , 1 (r) 

B1,2W 

Rl,3<r) 

Rl,4^ 

S1,6W 


(165) 

(166) 

(167) 


Determinates  for  the  remaining  stresses  and  strains  can  be  written  down 
bv  inspection.  The  stresses  for  Case  I  are  given  by 


r""a  =  H,S  /D(,s) 
r  l  r 


r‘a0  =  HiS6/IHS) 


r “e.  =  HjS./D(s) 


(168) 

(169) 

(170) 


r-T  =  H,S  /D(s) 
r9  o  re 


(171) 
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r'x  =  H,S  /Dis) 

(1-2) 

rz  _  r  z 

*> 

r  t9z  =  H4Sez/Des) 

(123) 

Formulas  for  the  strains  are  obtained  in  a  similar  manner. 


7 


r_er  =  HlRr/D(s) 

(174) 

r2e0  =  H^g/Dfs) 

(175) 

r\  •  HjiyDfs) 

(176) 

r‘\e  =  H3Rre/D(s^ 

(177) 

r2yrz  =  H2Rr,/D(s) 

(178) 

x\z  *  H4Re=/D{s) 

(179) 

We  can  also  solve  problems  specified  by  the  boundary  conditions 


or  =  0  ,  r  =  a  (180) 

xr9  =  TQcos(ne)  sin  [s(z  -  ctjj,  r  =  a  (181) 

xr.  =  0,  r  =  a  (182) 

and 

or  =  0,  r  =  a  (183) 

^r6  "  0.  r  =  3  (184) 

tr,  =  Tocos(n9)sin  [s(t  -  ct)]  (185) 
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It  is  assumed  the  -.uitace  i  •.  sti ess- free  .ii'ioiitini:  t o  Iqs.  (l^Sl 

i  1  '  l  .  Hu*  R  .nut  S  turn t ions  -nu t  he  derived  tor  each  rase. 

Formulas  tor  t  hr  response  to  .1  traveling  step  t' unction  of  pressure 
are  obtained  bv  writing  the  stresses  and  strains  in  terms  of  Fourier 
integrals.  In  place  of  fq.  tl>,21  we  write 


0  -  0  cos  iiit"  I  , 

v  o 


/  s  *  n  [t*  l  v 
J  slHst  '•  1 


1  -  e  cos  1  nt"  .  :\  t 

t  o 


r  .  o 


C  os  l  in' t  .  i  -  ct 


The  term 


t 


■  tilt"  ,  r  -  a 


leads  to  e  l  etnent  ar  v  solutions  obtained  bv  evaluating  the  corresponding  Fourier 
integral  at  t  tie  origin.  the  number  of  terms  depends  in  part  on  t  he*  multiplicity 
ot  the  .  rro  at  the  origin  ot  t  tie  complex  s  plane*. 


os  j  nt1 1 


J  sms' 


(1911 


Uunls  to  louner  integrals  invoicing  functions  occurring  on  the  right  hand 
sule  ot  Iqs.  i  1\>1  llS-lt.  We  have 


c  ostm' 1 


•1 

/  ’"'to  ,  "is  a, 

J  sin  si  r 


•Vppendiv  V.  Ihese  elemental'  solutions  can  he  expressed  in  terms  o t  :onal 
harmon t  c s . 


-  =  -  cos(ne) 

0  n 


sin  Lsu-ct )  j 


sD(s)  5 


S,  ds 


as 

I  c~(«l  /  dS 


1  •  ,  Q\  I  sinls(c-ct) ]c  , 

Tr0  =  7  sm(nB)  / - ToTs)  Sr9  ds 


_  00 

1  ,  »,  /  sin  [s(z-ct)]c 

r  =  -  cos (n6)  /  - ~  S  ds 

r:  it  J  sD(s)  re 


1  •  ,  /  cos  [s(e-ct) Jc 

_  sin(n6)/  - ioIir-S0:  ds 


The  corresponding  formulas  for  the  strains  are 


1  ,  ..  f  sin [s(z-ct) JD  , 

cr  =  -  cosine)  /  - Rr  ds 


£0  =  -  cos(n9) 


sin [s (z-ct) J  D 
- sDTs)  R9  ds 


—  cos(ne) 

If 


sin[s(i-ct) J 
sD(s) 


R.  ds 


.  i  sinl*,,/" 


t  =  -  cosine! 

TZ  H 


t,  *  —  sin(n6) 

02  7T  i 


dS 

sD  {.s)  re 


cos [ s ( z  -  ct)]n  . 
sD(s)  R0:  ° 


The  total  value  of  the  stresses  and  strains  is  obtained  by  adding  solutions 
to  the  problem  defined  by  Eq.  (174). 

Solutions  to  problems  involving  other  boundary  conditions  may  be 
obtained  in  a  similar  manner.  In  certain  cases  the  Fourier  integrals  will 
be  divergent.  -In  these  cases  the  limits  of  integration  should  be  taken 
between  -  •»  and  +  ®,  and  the  Cauchy  principal  value  calculated.  The  factor 
2/tt  must  be  replaced  by  l/ir# 

VII.  HARMONIC  AND  BIHARMONIC  FUNCTIONS  AS  LIMITS  OF  WAVE  FUNCTIONS 

As  the  velocity  of  travel  approaches  cero,  the  wave  functions  tend 
to  harmonic  functions  in  the  limit,  as  shown  below.  However,  in  general, 
a  static  problem  requires  biharmonic  functions  as  well  as  harmonic  functions 
for  a  complete  solution*.  A  second  limiting  process  involving  an 
indeterminate  quotient  is  required  to  extract  the  biharmonic  functions 
from  the  wave  functions. 

We  recall  the  basic  equations  of  Part  II. 


U  =  Vi})  +  V  x  \p 


2  2  3~$ 

c,  V  $  =  -4 


c,2v2;=  ^4 


We  find  from  Eqs.  (19),  (29),  (30),  (51),  (32),  and  (25)  that 


'Problems  involving  pure  shear,  such  as  torsion  of  an  axisymmetric  solid, 
are  exceptions.  A  scalar  biharmonic  function  is  required  in  problems 
involving  a  change  in  volume,  since  dilatation  derived  from  a  scalar 
harmonic  function  is  cero. 


c“S~i 


c:o<n 


?  *7  * 

c"S“^ 


(20S) 


On  letting  c  +  0  we  find 

V2$  =  0  (206) 

V2V  =  0  (207) 

where 


<t>  *  (A1In(sr)  +  A.,Kn(sr)}cos(n8)sin(sz)  (208) 

V  =  er[AsIn+1 (sr)  +  A&Kn+i(sr))cos(n0)cos(sz)  (209) 

-  ee[As1n+l^ST'1  +  A6Kn-*l<‘Sr^]  co§(ne)  sin(sz) 

+  ez^A3In(sr-)  *  A4Kn(sr)jsin(ne)sinisz) 

The  corresponding  displacements  are  found  by  setting  c  =  0,  6^  =  1 ,  *  * 

in  Eqs.  (64)  -  (66).  We  can  eliminate  two  of  the  A.  coefficients  in  the 
result  by  writing  1 


+  A. 


(210) 

(211) 

(212) 


1 


731 


1-13) 


Then 

ru  =  [A?nln(sr)  +  Agnkn(sr)  +  Agsrln+1(sr)  -  A1()srKn+1  (sr)]cos(n9)cos  z 

(214) 

rv  =  l"A7nIn(sr)  -  AgnK^sr)  -  VrIn+l(sr)  *  A1QsrKn+1 (sr) ] sin(n9) sin  z 

(215) 

rw  =  [ (A_  -  Ag)srln(sr)  -  (Ag  +  A1())srKn(sr)]cos(n0)cos  z  (216) 

We  note  that  the  six  independent  solutions  for  the  displacements  for  the 
wave  equation  reduce  to  four  when  the  velocity  of  travel  becomes  zero. 
Moreover,  the  displacements  vanish  if 

A.  =  0,  i  =  7,8,9,10.  (217) 

To  obtain  additional  solutions,  let 


Ai  =  i/6l  *  B2)  •  1  e  1-2  (218) 

in  Eqs.  (21'),  (218),  and  (219).  We  define  the  functions 

F1  =  tnIn(Bisr)  '  T'In(S2sr)]/(61  -  B2)  (219) 

F2  =  [nKn(S1sr)  -  nKn(S-,sr)  J/(B1  -  6,)  (220) 

F5  =  [BlsrIn+l(sr)  '  srIn  +  l(sr)(62  ‘  sr) i / <  Sj  -  B;)  (221) 

F4  =  [BlsrKn*l(0lsr)  “  srKn*l(S2sr)1/(5l  '  S2)  (222) 
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U23) 


FS  =  f62srIn+ir62sri  '  srIn  +  l^:sr)^/[ei  *  B2J 

F6  =  ^32SrKn*l!'S2sr)  *  srKn-*-l(62Sr^/(;6l  "  S2')  C224) 

F?  =  [srIn(B1sr)  -  8-,srIn(B-,sr)]/(&1  -  8-,)  (225) 

Fg  =  [srK^B^r)  -  B:srKn(B2sr) )/ (6j  -  8.)  (226) 

On  referring  to  Eqs.  (64),  (65),  and  (66)  we  find 

ru  =  [Bj (Fj  +  F.)  +  B,(F2  -  F4)]cos(n6)sin  [s(z  -  ct)]  (227) 

tv  =  [-  61(F1  +  F,)  ♦  22(F2  +  Ffe)  ]  sin(ne)sin  [s(z  -  ct)]  (228) 

rw  =  [BjFj  -  B2Fg]cos(n6)cos  [s(i  -  ct)]  (229) 


Each  of  the  F.  functions  has  the  indeterminate  form  0/0  when  c  =  0, 

1  * 

Bj  =1,6-,=  1;  this  is  obviously  true  also  for  the  displacements.  The  limits 

of  these  indeterminate  forms  can  be  found  by  the  ordinary  rules  of  calculus. 
When  the  velocity  c  is  small  we  have 


(230) 


3nd 


lim 

c-H) 


1 

T 


u 

X  +  2u 


(251) 


on  referring  to  Eqs.  (2),  (5),  (22),  (23),  (27),  and  (28).  The  limits  of 
the  F^  functions  can  be  found  by  using  two  terms  of  Taylor's  series: 


I^BjSr)  *  In(sr)  ♦  (.Bj  -  l)srP(sr)  *  6 (Sj  -  D" 


(232) 
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Kn(61srj^Kn(sr)  *  -  l)srK^(sr)  ♦  6(Bj  -  I)"  (235) 

In+l(0lsr)  =  Xn+l(sr)  +  (S1  ‘  1^srIn(sr)  +  6(61  -  l)2  (234) 

Kn+i(6isr)  =  Kn+1(sr)  +  (6i  -  l)srK^(sr)  +  6(S1  -  l)2  (235) 

Additional  formulas  are  obtained  by  substituting  S-,  for  Bj . 

As  c  approaches  zero  we  find 

lim  F^  =  nsrl^(sr)  (236) 

lim  F,  =  nsrK^(sr)  (237) 

lim  f3  =  '  rr t  srIn+icsr)  +  sri;+iCsr)  (238) 

lim  F4  =  -  ;  srKn+1(sr)  ♦  srK^sr)  (239) 

“>  fS  '  ■  fH*  ,rln'».l(st'  '  (240) 

u"  f6  ■  -  Hr  srWsr)  (241) 

* 

lim  F.,  =  ~  —  srl  (sr)  ♦  srl'(sr)  (242) 

7  X  +  u  n  n 

lim  Fg  =  ~  -*-2—  srKn(sr)  +  srK^(sr)  (243) 

The  derivatives  may  be  eliminated  by  means  of  Eqs.  (60)  -  (63).  The 
displacements  corresponding  to  these  limits  are 

ru  =  lim  [g  (F.  +  F.)  +  g,(F,  -  F  ) ] cos ( n8) sin  [s ( z  -  ctll  (244) 

.,11  J  ~  *• 
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rv  =  lim  [-  6.  IF.  ♦  F.)  ♦  6?(F.,  ♦  F  )  ]  sin(ne)  sin  [s  U  -  ct)l 
c-0  1  J  ‘  " 


i  2 


245) 


rw  =  lim  [B1F?  -  6oFg]cos(n0)cos  [s(z  -  ct)] 
c-0  " 


(246) 


The  total  displacements  due  to  static  loading  are  obtained  by  adding  these 
displacements  to  the  displacements  obtained  from  the  harmonic  potentials, 

Eqs.  (.217)  -  (219).  We  now  have  a  total  of  six  linearly  independent 
solutions  for  the  displacements.  The  strains  can  be  derived  from  the  displacements 
and  the  stresses  follow  immediately  from  Eqs.  (156)  and  (151).  Thus  six 
independent  stress  formulas  are  obtained  for  meeting  six  boundary  conditions 
of  the  type  given  by  Eqs.  (152)  -  (157)  with  c=0. 

VIII.  BIHARMONIC  SCAUR  AND  VECTOR  POTENTIALS  FOR 
STATIONARY  LOADS 

It  is  possible  to  derive  the  displacements  given  by  Eqs.  (250)  - 
(2 52)  from  vector  and  scalar  potentials  according  to  Eq.  (5).  Harmonic 
scalar  and  vector  potentials  are  given  by  Eqs.  (211)  and  (212).  We  now 
derive  the  additional  biharmonic  potentials  required  for  Eqs.  (250)  -  (252). 

For  the  scalar  potential,  assume 

.  _  ..  3$  ,,,,, 


Then 

3X 

3r 


or 

3X 

3r 


since  i  is  a  scalar  harmonic  function  it  follows,  after  some  routine 
analysis,  that' 


3r 


3  $ 
3r2 


3$ 

3r 


2 

1_  3 $  3 

r  2  "  r  2 

39  3: 


(247a) 


(247b) 


Love,  A.E.H.,  A  treatise  or.  the  '.‘azhematical  Theory  of  Elasticity,  Dover 
Publications ,  Hew  York,  1544.  See  vaaes  (274)  -  (277),  especially  Eqs. 
!S€j  and  (€7) . 
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(248) 


A 


and 


A  -  0 


(249) 


Other  scalar  biharmonic  functions  are  given  by  the  Eqs .  (8),  (9),  and  (10) 


r~4' 

(250) 

(r  sin0)<) 

(251) 

(r  cos6)<j. 

(252) 

z<(> 

(253) 

However,  the  biharmonic  functions  given  by  Eqs.  (250)  -  (251)  seem  to  be 
most  closely  related  to  scalar  potentials  for  wave  motion,  as  they  can 
also  be  derived  from  a  scalar  wave  function  by  a  limiting  process.  We 
have  for  instance 

Bj  =  ^l-c2/^2  (254) 

<t>i  =  j  A*nAsr)  +  A?Kn(eisr)  ]  lsin  s(z  +  ct)  +  sinls(c-ct)]  (255a) 

x  cos(n6) 
or 


g 

Fung ,  G.C.,  Foundations  of  Solid  Mechanics,  Prentice  Ball,  Inc.,  Englewood 
Cliffs,  NJ.,  Page  206. 

p 

'  tieuber,  H.  Theory  of  Notch  Stresses:  Principles  for  Exact  Stress 
Calculation.  David  Taulor  Model  Basin,  Washington,  D.C.  Translation  74, 
November  1946.  Sec  pages  (25)  and  (128). 

*  Q 

Elder,  A.S.,  Traveling  and  Stationary  Loads  on  the  Half  Space ,  BRL  Report, 
to  be  published.  See  section  titled  "Biharmonic  Functions  as  Limits  of 
Wave  Functtons." 
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(2S5b) 


4>1  =  j  [A^^CgjSr)  +  A^K^CSjSr)]  sin(sz)cos(sct)cos(n6) 

This  scalar  potential  represents  two  equal  loads  traveling  with  the  same 
speed  in  opposite  directions. 

3*1  i 

=  j  [AjSjrF  (6jSr)  +  A^rK^i^sr)  ]  {sin [s (z+ct) ]  +  sin[s(z  -  ct)]cos(nG) 

(256) 

+  I  tAi Tn^eisr)  +  A2Knf6lsr^ 

x  [(z  +  ct)cos  s(z  +  ct)  +  (z  -  ct)cos[(z  +  ct)]cos(n0) 

3<t>] 

■5 —  =  [A  (0.  rl '  (3,  sr)  +  A-g.rK’  (B  sr)j  sin(sz)cos(sct)cos(nG) 
o  s  i  i.  n  1  z  1  n  1 

+  [A^I^B^sr)  +  A2Kn(82sr) ] [z  cos(sz)]  cos  (set) cos (nG)  (256a) 

+  [A^I^BjSr)  +  A2Kn(B1sr) ]  [ct  sin  (sz)]  sin(sct)cos (nG) 

On  allowing  c  to  approach  zero,  we  find 

a<t> 

g^—  =  (AjrPfsr)  +  A2rK^(sr)]sin(sz)  (nG) 

+  [A1zln(sr)  +  A2zK^ (sr) ] sin(sz)cos (nG) 

we  also  have 

X  =  r  (Airn(sr)  +  A2Kn(sr) ]sin(sz)cos(n0)  (257a) 

or 

X  =  [AjSrP (sr)  +  A2srK^(sr) ]sin(sz)cos(nG)  (257b) 

which  yields  two  terms  in  Eq.  (256b)  except  for  a  factor  s.  The  remaining 
two  terms  of  (256b)  corresponds  to  Eq.  (253). 

The  biharmonic  vector  potential  can  be  derived  in  a  similar  manner.  We 
assume 
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u  =  r 


o'.1 
o  T 


<:s8) 


where 


w  =  er  “r  *  ee“e  +  e2  w2 


Then 


“r  =  r  ¥7  *r 


“e  =  r  ¥F  *6 


u)  =  r  - —  Uj 
2  3r  vz 


(259) 


(260) 

(261) 


(262) 


IVe  find  as  before 


or 


a)  =  r 

r 


0  O 

77  *r  +  37  ^ 

or 


(263) 


with  similar  equations  for  u>„  and  cd  .  The  second  derivations  are  eliminated 

"  Z 

by  using  the  three  equations  which  result  when  the  derivatives  with  respect 
to  time  are  set  equal  to  2ero  in  Eqs.  (11),  (12),  and  (13).  On  referring  to 
Eq.  (8)  we  find 


3  1  , 
or  r  r  r 


=  7  K 


2 

— 

r 

0 

3r 

ve  - 

1_ 

r 

y 

36" 

vr 

? 

r  S~ 
32" 

7 

3 

1. 

3" 

r  3* 

r 

39 

*T  - 

r 

36" 

32* 

(264) 


(265) 


and 


(266) 
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tVe  finally  obtain 


nl  1 

7  a.  -  -j  wr  + 

r 


2  3 


36  “6 


T 


2  1 

v  «.  - 


2  3 


0  2  0  2  36  r 

r  r 


2 

3z  W6 


and 


2  3 

V  u_  =  -  2  — 2  i>, 

3z 


Consequently 


7"  io  =  -  2 


3z2 


and 


=  0 


(267) 


(268) 


(269) 


(270) 


(271) 


The  biharmonic  scalar  and  vector  potentials  are  not  independent, 
but  are  coupled  through  Naviers  equation. 


(X  +  2u)  7<j>  +  yVxu)  =  0  (272) 

or 

2 

2—  [(X  ♦  2y)V<).  +  p7xi|<]  =  0  (273) 

3z2 

This  equation  is  satisfied  if 

(X  +  2u)  7<(»  +  yVx^1  =  0  (274) 

or,  in  scalar  form. 
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0  ♦  2»>  57  *  ■*(' |r  <7  -  k  *»)  (27S) 

(»  ♦  2b)  r  |i  »  b(|j  tr  -  57  0  <276> 

(X  *  2b)  |t  .  u(i  If  ...  I  le  *r)-  °  <277> 

We  use  Case  I  as  an  example. 

<j>  =  [A1ln(sr)  +  A2KnCsr)  ]cos(n8)sin(sz)  (278) 

i|»r  =  [A51n+l  (-sr^  +  A6Kn  +  i  (sr)]sin(n0)cos(sz)  (279) 

ip0  =  -  [Agln+1  (sr)  +  A6Kn+1tsr)]cos(n6)cos(sz)  (280) 

ip z  =  [A3In(sT)  +  A4Kn(sr)  ]sin(n0)sin(sz)  (281) 


Relations  among  the  A^  components  are  obtained  by  substituting  these 
scalar  components  into  F.qs.  (11)  -  (14)  and  carrying  out  the  indicated 


analysis . 

We  finally  obtain 

x  =  Ulp  [6nsrIn^sr^  +  S12(sr)K]!i(sr)]cos(n0)sin(:ic)  (282) 

^r  =  u  t i sr (sr)  -  &] 2srK^  +  1 (sr) ]sin(ne)cos(sz)  (283) 

I^e  =  ~  [$1,!irP  +  i  (sr)  +  Bj2srK^+1(sr)]cos(ne)cos(sz)  (284) 

0Z  =  ^  [-Hnsrr  (sr)  +  612srK^(sr)]sin(n6)sin(sz)  (285) 

where  8^  and  8j2  are  related  linearly  to  the  coefficients.  The 


derivatives  may  be  eliminated  by  using  standard  formulas,  so  that 
the  final  result  can  be  expressed  in  terms  of  trigonometric  factors  and 
Bessel  functions  of  order  n  and  n+1. 
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Thus  we  have  a  complete  solution  for  static  loading  in  terms  of  scalar 
and  vector  potentials.  By  contrast.  Love's  strain  function  uses  a  single 
biharmonic  s.-aiar  potential  based  on  tho  (alerkin  vector.  The  discplacements 
in  our  analysis  are  given  in  terms  of  first  partial  derivatives  of  the  potential 
functions,  consistent  with  the  Green-Lame  formulation  of  wave  motion,  whereas 
Love's  strain  function  expresses  displacements  as  second  derivatives  of  a 
scalar  potential.  The  present  analysis  illustrates  a  logical  connection 
between  static  and  dynamic  problems  for  the  elastic  deformation  of  a  hollow 
cylinder. 

IX.  HELMHOLTZ  THEORY 

Helmholtt's  theorem  concerning  resolution  of  a  vector  consists  of  two 
parts : 


u  =  ?<p  +  V*x  (286) 

V  •  X  =  0  (287) 


The  vector  potential  4/  of  Eq.  (5),  as  derived  in  the  previous  analysis,  is 
generally  not  solenoid,  as  required  by  Eq.  (287).  A  solenoidal  vector  is 
obtained  by  a  gauge  transformation,  as  outlined  by  McQuistan  (11).  In  the 
course  of  McQuistan' s  analysis  a  Newtonian  potential  is  used  to  solve  Poisson's 
partial  differential  equation,  and  the  proof  is  restricted  to  simply  connected 
regions.  Unfortunately  a  hollow  cylinder  is  multiply  connected  and  this  proof 
does  not  apply.  We  solve  Poisson's  equation  by  separation  of  variables.  We 
have  three  cases  to  consider: 


1)  i|i  is  a  harmonic  vector  potential 

2)  ip  is  a  biharmonic  vector  potential 

3)  ip  is  a  vector  wavefunction. 

In  each  case  we  assume 

X  =  ip  +  Vn  (-88) 


where  n  is  a  scalar.  Then 


1  *  !4cQ:uistanf  Richmond  R,  Scalar  and  Vector  Fields,  A  Physical  Interpretation, 
John  Wiley  and  Sons,  Inc.  'lev  York,  136 5.  See  pages  256-26*. 
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7  •  x  b  V  •  +  V  •  7  n 


( 289) 


which,  in  view  of  Eq.  (287),  reduces  to 
2 

7  n  =  -  7  •  \Ji 


(290) 


Since  the  vector  potential  ij/  has  been  calculated  previously,  Eq.  (290) 
is  Poisson's  equation  for  the  scalar  n.  In  each  case  we  have 


v 


♦  = 


1_ 

r 


— —  (rUi  )  +  —  ——  ii  + 

3r  K  vrJ  r  56  #6 


(291) 


where 

4>  *  er^r  *  ee't'e  *  ez  *z  (292) 

and  e  ,  e  ,  and  e  are  the  unit  vectors  in  cylindrical  coordinates.  For 
r  o  z 

Case  1  we  have 


*r  =  tA5In+1(sr)  +  A6Kn+1(sr)]sin(n6)cos(sz)  (293) 

*0  =  '  tAsIn+l(sr)  +  A6Kn+l(sr3C05(ne)cos  (sz)  (294) 

=  [A3In(sr)  ♦  A4Kn(sr) ] sin(n6)sin  (sz)  (295) 

After  some  routine  analysis  we  find 

V  •  ii  =  I  (A.  ♦  A5)sln(sr)  *  (A4-A6)sKn(sr)]sin(n6)cos  (sz)  (296) 

We  use  the  semi-inverse  method  to  solve  Eq.  (290),  as  a  lucky  guess  may 
save  considerable  analysis.  Assume 

n  =  C  [(A.  ♦  A&)P(sr)  ♦  (A4  -  A&)  K^(sr)  ]  sin(n0)cos  (sz)  (297) 

where  C  is  an  unknown  constant. 
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Then 


V2n  '  -  C  s“ [  (A.  ♦  A5)In(sr)  ♦  (A_,  -  A6)Kn(sr)]sin(n0)cos  (sz) (298) 
On  referring  to  Eqs.  (290)  and  (291)  we  see  that 

C  =  -  l/2s  (299) 

and  consequently 

n  =  -  —  [(A.  +  A„)I'(sr)  +  (A,  -  A.)k' (sr)]sin(n0)cos  (sz)  (300) 
2S  ^  ;>  n  4  on  x/ 

The  Inharmonic  vector,  Case  2,  may  be  treated  in  a  similar  manner. 
We  have 

vr  =  [Bjsrl^tsr)  -  6nsrK^+1  (sr)  ]sin(n0)cos  (sz)  (301) 

=  *  [BjSrl^Ur)  -  B;srK^  +  1(sr)]Co9(ne)cos  (sz)  (302) 

=  [-  Bjsr^sr)  +  6-,srfc^(sr ) )  sih(n0) sin  (sz)  (503) 

We  find 

V* ^  =  [BjSl^tsr)  +  B.,sKn(sr)  ]  sin(n9)cos  (sz)  (304) 

Hence 

V‘n  =  -  {81sln(sr)  +  S-,sKn ( sr) ]  sin(ne) cos  (sz)  (505) 

On  preceeding  as  in  the  previous  case,  we  find 

n  =  -  t  [®irI^(sr)  *  S^rK^t sr) ) sin(ne)cos  (sz)  (506) 


This  result  is  well  known.  If  the  right  hand  side  of  Poisson's  equation  is  a 
harmonic  function,  biharmonic  functions  can  be  used  to  solve  Poisson's  Equation 
For  instance,  if 


7  n  =  4>, 


(307) 


i  a<j> 
n  =  -  2  r  3? 


(308) 


„2  * 

v  n  =  — 


(309) 


and  we  can  readily  prove  that  n  is  biharmonic. 
For  the  wave  function.  Case  3,  we  have 


i|>r  =  [A5In+1(62sr)  +  A6Kn+1  (62sr))sin(n6  cosls(z  -  ct)]  (310) 

<i-e  -  -  [Asrn+1  (B2sr)  +  A6Kn(62sr)]cos(ne)cos|s(z  -  ct)]  (311) 


4)  =  [A, I  (B-,sr)  +  A  K  (.B^sr)  ]sin(ne)sin[s(z  -  ct)] 

l*  ti  ^  4  n  ^ 


(312) 


where  i j/  ,  4>Q,  and  \p^  are  components  of  the  vector  potential.  We  have 
shown  that 


V  •  ip  =  [ (Aj  +  B2A5)sIn(B2sr)  +  (A4  -  B2A6)sKn(B-,sr)]sin(ne)cos[s(z  -  ct)] 

(67) 


Assume 


n  =  C  [(A.  +  B-.As)sIn(B2sr )  +  (A^  -  B,A&)  sKn  (BtSt  )  ]  sinln6)cos  [s(z  -ct)] 

(313) 


where  the  constant  C  is  unknown.  Then 


?2n  =  -  C{(622  -  l)s2  (A3  *  B2A5)sIn($2sr)  ♦  (A4  -  B/^K^st)  } 


x  sin(n0)cos [s(z  -  ct)] 


(314) 
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so  that 


C  =  -  l/s2ct22  (315) 

and 

n  =  - ~2  ( (Aj  +  62A5) In(82sr)  +  (A4  -  82A6)Kn(e2sr)]sin(ne)cos  s(z-ct) 

SOl2  (316) 

This  result  is  not  valid  for  a2  =  0,  corresponding  to  zero  velocity  of 
travel. 

Next  we  recompute  the  vector  displacement  by  substituting  x  from 
Eq.  (288)  into  Eq.  (286).  We  find 


u  =  v<t>  +  Vxijj+vxVn  (317) 


The  third  term  on  the  right  hand  side  of  this  equation  is  zero,  so  we 
recover  Eq.  (5)  in  the  formula  for  the  vector  displacement. 


u  =  V<(>  +  Vxifj 


(5) 


Formulas  for  the  stresses  and  strain,  which  involve  partial  derivatives 
of  u,  remain  unchanged. 

The  vector  potential  is  given  by 

(jj  =  VxU  (318) 


or 


X  V<p 


V 


X  lj) 


(319) 


But 


V  x  7<J>  =  0 


and 


(320) 
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(321) 


y  X  v  x  l||  =  ?  (V*  4») 


4- 


Hence 


u  =  -  \  (322) 

An  analogous  formula  is  found  for  the  dilatation 


e  =  V-u  (323) 

e  =  V*  Vtf>  +  V*  Vxtp  (324) 


But 


V  •  V*i|j  =  o 

So  that 


e  = 


V  4. 


(32S) 


(326) 


The  results  obtained  by  using  x  in  place  of  tj>  conform  to  all  the  require¬ 
ments  of  Helmholtz  theory  provided  the  z  axis  is  excluded  from  the  region 
under  consideration.  The  scalar  potential  n  is  determined  so  that  Eq.  (287) 
is  satisfied  and  x  is  solenoidal.  The  potential  x  is  a  single  valued  function 
of  0  since  sin(n0)  and  cos(nd)  are  periodic. 

The  modified  Bessel  functions  of  the  second  kind,  which  occur  in  the 
analysis,  have  a  logarithmic  branch  point  at  the  origin  of  the  complex  s  plane. 
However,  this  logarithm  is  eliminated  from  the  integrands  of  the  Fourier 
integrals,  and  the  singularity  at  the  origin  is  a  pole.  The  integrands 
become  single  valued  functions  of  the  complex  variable  s,  thus  simplfying  the 
application  of  residue  theory.  The  proof  requires  additional  analysis,  and 
is  given  in  Appendix  A  for  dynamic  problems. 

IX.  DISCUSSION  AND  CONCLUSIONS 

In  this  paper  we  have  formulated  the  equations  governing  elastic  strains 
in  a  hollow  cylinder  due  to  stationary  loads  and  loads  moving  with  constant 
subsonic  velocity.  In  addition,  scalar  and  vector  potentials  are  derived  for 
stationary  loads,  showing  the  connection  between  static  loading  and  the  Green- 
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Lame  formulation  of  wave  motion.  Six  linearly  independent  solutions  are 
obtained  for  the  moving  solutions,  corresponding  to  the  six  boundary  conditions 
on  the  cylindrical  surfaces.  However,  when  the  velocity  of  travel  is  set  equal 
to  zero,  two  solutions  are  lost  by  confluence  of  the  solutions  and  only  four 
linearly  independent  solutions  remain.  Two  additional  solutions  are  obtained 
by  a  limiting  method,  so  a  total  of  six  linearly  independent  solutions  is 
available.  Biharmonic  scalar  and  vector  potentials  are  also  derived  from 
which  these  two  additional  solutions  can  be  calculated. 

The  distribution  of  characteristic  roots  is  not  yet  determined.  We 
speculate  the  roots  in  the  first  quadrant  of  the  complex  s  plane  lie  between 
the  imaginary  axis*  and  a  smooth  curve  passing  through  the  complex  eigenvalues 
for  static  loading.  To  verify  this,  the  characteristic  roots  for  a  traveling 
load  on  a  solid  rod  will  be  calculated  first,  as  the  calculations  should  be 
relatively  simple,  before  investigating  the  eigenvalues  for  a  hollow  cylinder. 

The  planned  programming  will  follow  the  general  pattern  developed  for 
static  loading-of  a  hollow  cylinder,  but  simplified  and  streamlined  to 
expedite  the  calculations.  Each  type  of  loading  will  be  considered  separately. 
Axisymmetric  loading  will  be  considered  first  as  an  extention  of  our  thick 
walled  cylinder  analysis. 

The  analysis  in  Parts  I  -  VIII  is  based  on  the  work  of  Herrmann  and 
his  associates,  in  which  the  vector  potential  ii  is  not  required  to  be  solenoidal. 
In  order  to  conform  to  the  classical  Helmholtz  theory,  a  new  vector  solenoidal 
potential  X  is  derived.  The  previously  derived  formulas  for  the  displacements, 
strains,  and  stresses  are  not  changed.  The  formula  for  the  vector  rotation  is 
simplified,  and  becomes  the  vector  counterpart  of  the  scalar  formula  for  the 
dilatation. 


*Free  vibrations  of  a  hollow  cylinder  lead  to  real  values  of  w,  the  circular 
frequency ,  and  real  eigenvalues  when  the  eigenvalues  are  expressed  in  Bessel 
functions  of  the  first  kind,  provided  u>  is  not  too  large .  Pure  imaginary 
eigenvalues  arise  when  modified  Bessel  functions  are  used. 
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APPENDIX  A 

QUASI -STATIC  SOLUTIONS  OF  THE  WAVE  EQUATION 
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APPENDIX  A 

QUASI-STATIC  SOLUTIONS  OF  THE  WAVE  EQUATION 
Stresses  given  in  Part  V  of  this  report  have  the  generic  form 


a  =  G ( 0 ,  r,  z)  *  F(8,  r,  z) 


(Ml 


where  G(9,  r,  z)  is  the  limiting  form  of  the  stress  at  a  great  distance  from 
the  discontinuity  in  loading  and  F(6,  r,  2)  is  a  Fourier  integral  giving  the 
local  effects  of  this  discontinuity.  Both  solutions  can  be  obtained  from 
scalar  and  vector  wave  functions.  However,  G(0,  r,  z)  is  of  a  simpler  type, 
and  can  be  obtained  from  a  scalar  harmonic  function  in  the  independent 
variables  8,  r,  (z-ct)/8^  and  a  vector  harmonic  function  in  the  variables  6,  r, 

(z-ct)/8.,.  These  solutions  can  be  expanded  in  power  series  in  the  variable 
(z-ct);  logarithmic  solutions  may  also  occur.  Exponentially  decaying  terms 
do  not  occur,  so  the  stresses  given  by  G(0,  r,  z)  persist  at  considerable 
distances. 

The  scalar  wave  function  is  a  solution  of 


7  7 

cx'V“$ 


7 

a~$ 

*■> 

at" 


(A2) 


where  c^  is  the  dilatational  wave  speed.  If  $[9,  r,  (z-ct)/B1]  is  a  scalar 

wave  function,  then  <J>[0,  r,  z/Bj]  is  a  scalar  harmonic  function.  We  have  in 
expanded  form 


7 


a  $ 

3r 


1 


3  $ 

at: 


(A2b) 


We  note  that 


7  7 


a  4 

2  a  $ 

II 

r 

c  — — 

at 

az" 

so  that 


'  A 

c.-i  H 

3r 
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.L  ^ 

r  3r 
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I 

1 

i 

(A3)  ] 


(A4) 


But 
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gj“  *  (Cj'-O/Cj-.  We  define 


C 


1 


*  2/6j 


Then 


+  i  1±  ♦ 

r  3  r 


*> 


0 


(AS) 


(A6) 


Analysis  of  the  vector  potential  yields  similar  results.  If  ^[0,  r,  U-ct)/B?] 
is  a  solution  of  the  vector  wave  equation 


c 


(A7) 


then  if/(0,  r,  z/8-,]  is  a  solution  of  the  vector  harmonic  equation 

*  0  (A8) 

->  7  2  2 

where  c,  is  the  velocity  of  the  shear  wave  and  6.,“  ■  (c2“-c  )/c2  • 


We  assume  that 

0  <  c  <  c. 


(A9) 


in  the  preceeding  analysis. 

The  finite  series  for  G ( 0 ,  r,  i-ct)  can  be  derived  from  harmonic  scalar 
potentials  in  the  variables  0,  r,  :/6j  and  the  vector  harmonic  potentials 

in  the  variables  in  the  0,  r,  2/62*  It  is  sufficient  to  consider  scalar  and 

vector  harmonic  functions  in  the  variables  0,  r,  z,  as  the  required  potentials 
in  terms  of  8,  r,,z-ct)  can  be  obtained  by  appropriate  changes  in  the 
independent  variable  :. 

We  consider  the  scalar  form  of  Laplaces  equation  in  detail.  We  have 
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r 


a  a  i_  sa 

3r2  +  r  3r 


1_  3% 
r2  302 


3z2 


(A10) 


Ke  assume 


a  *  F  sin  n8 


CA11) 


then 


32F  1  3F 

_  2  r  3r 

3r 


n2F 


32F 

3z2 


=  0 


(A12) 


The  function 


Fq  =  (A0  +  Ax  log  r)  (1  *  ^z) 


(A13) 


is  an  obvious  solution  when  n  =  0.  For  r>0  we  have  solutions  of  the  type 


F  =  (Aor“n  ♦  A1rn)(l+81z) 


(A14) 


The  general  separable  solutions  involve  Bessel  and  trignometric  functions. 

We  require  non  separable  solutions  in  ascending  powers  of  : .  Both  positive 
and  negative  powers  of  r  are  required  in  order  to  satisfy  boundary  conditions 
at  the  inner  and  outer  cylindrical  surfaces.  The  required  harmonic  function 
can  be  obtained  by  expressing  spherical  harmonic  in  terras  of  cylindrical 
coordinates  and  rearranging  terms  in  ascending  powers  of  references  (Al) 
and  (A2) . 

These  potentials  can  be  obtained  in  an  elementrary  manner  by  assuming 


AlHobson ,  E.H.,  The  Theory  of  Spherical  and  Ellipsoidal  Harmonics,  University 
Press ,  Cambridge ,  1931.  See  Chapter  IV. 

A2 

Timoshenko,  S.  and  Goodier,  J.R.,  Theory  of  Elasticity,  McGrow  Hill  Book 
Company,  1951.  The  fourth  order  harmonic  $u  given  on  page  348  occurs  in 
zhe  torsion  problem.  Details  will  be  described  in  a  forthcoming  3RL  Report. 
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l 


(A14a) 


F,  =  G  +  z2G^  +  z4G.  +  .  .  . 
k  o  2  4 


F,  ,  =  =G.  +  23G7  +  z5G,...  (A14b) 

k+1  135 

where 

G.  =  Ark  +  Br'k,  i  =  0,  1  (A15) 


The  remaining  G^  functions,  which  are  also  functions  of  r  alone,  can  be 
obtained  recursively  from  the  formula 


2 

3_ 

3r 


G. 

l 

2~ 


+ 


1_ 

r 


2 

^G.  =  (i+2)  (i  +  1)  G.+, 

r“ 


CA16) 


which  is  obtained  by  substituting  the  preceding  expressions  for  F^  into  Eq. 

(A1G) ,  carrying  out  the  indicated  operations,  and  equating  the  successive 
powers  of  z  to  zero. 

As  an  example,  set'. 


n=0,k=4,A=3,  B=3 


(A17) 


We  find 


=  3r4-24r2z2+8z4  +  3r"4-24r  6  z2  +  8r  8  z4  (A18) 

The  potential  given  by  the  first  line  can  be  used  in  the  analysis  of  torsional 
loads  and  differs  only  by  a  constant  from  the  potential  <f>^  given  in  reference 
12,  page  348. 

Next  we  consider  the  contribution  of  the  Fourier  integral  to  the  total 
solution.  We  have  either 


F  (8,  r,  z)  =  sin  n6 


cn 


Vr’S)  sin  [s  (z-ct)  ]  , 
D(s)  s  dS 


(A19a) 
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1 


or 

or> 

Fc(e,  r,  z)  =  cos  nej  s-^s  ,s,(_2-ct)  ds  (A19b) 

„oo 

for  stresses  which  are  odd  in  z.  The  cosine  replaces  the  sine  under  the 
integral  sign  if  the  stress  is  even  in  z.  For  values  of  z  which  are  not  too 
small  we  calculate  Fg  or  F^  by  the  theory  of  residues,  which  is  validated  in 

cases  of  interest  by  Jordan's  lemma.  If  z>ct  we  use  a  contour  in  the  upper 
half  plane,  indented  at  the  origin  of  the  complex  s  plane.  If  z<ct  we  use 
the  corresponding  contour  in  the  lower  half  plane.  The  complex  variable 
theory  follows  suggestions  in  a  landmark  paper  by  Dougall  (A2) .  Dougall 
uses  an  entirely  different  set  of  potentials  to  calculate  the  displacements 
and  strains,  however,  his  remarks  on  the  nature  and  distribution  of  the 
characteristic  roots  are  still  valid. 

It  is  obvious  the  characteristic  functions  for  the  solid  rod  do  not 
have  a  branch  point  at  the  origin  of  the  complex  s  plane,  since  only  ordinary 
or  modified  Bessel  functions  of  the  first  kind,  are  involved.  These  functions 
are  analytic  in  the  entire  complex  plane  with  the  exception  of  essential 
singularities  of  exponential  type  at  infinity.  A  detailed  analysis  is 
required  for  the  hollow  cylinder,  since  functions  of  the  first  and  second 
kind  are  both  required  in  order  to  satisfy  boundary  conditions  at  the  inner 
and  outer  cylindrical  surfaces.  Bessel  functions  of  the  second  kind  have  a 
logarithmic  singularity  at  the  origin,  plus  a  finite  Laurent  series  in  the 
case  of  functions  of  integral  orders  greater  than  zero.  We  must  show  the 
characteristic  functions  do  not  have  a  branch  point  at  the  origin;  multiple 


poles  will  in  general  occur 

due  to  the 

reciproical 

powers  in 

the  Laurent  series 

To 

this  end. 

we  write 

Dfs)  in  extended  form. 

We  have 

from  Eq. 

(164) 
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S4,5(a) 

s,,6(a) 

D(s)  = 

ss,i(a) 
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s5,4(a) 
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Sl,2tb> 

Sl,3(b> 

Sl,4^ 

Sl.S<b> 

Sl,6(b) 

S4,l^ 

S4  ,(b) 

S4,3(b> 

S4,4^ 

S4,5^ 

S4,6tb> 

1 

i 

i3s,i(b) 

S5,2(b) 

S5,3(b) 

S5,4^ 

S5,S^ 

SS,6<b> 

'Dougall,  John,  An  Analytical  Theory  of  the  Equilibrium  of  an  Isotropio 
Elastic  Hod  of  Circular  Cross  Section,  Transactions  of  the  Royal  Society  of 
Edinburg,  Vol  XLIX,  Part  IV,  (No.  17),  pages  89S-978.  (1913). 
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To  eliminate  the  apparant  branch  point  from  the  determinant  D(s)  we  manipulate 
the  columns  in  pairs.  The  entries  in  D(s)  are  given  in  detail  in  Figures  A1  and 
A2.  The  entries  in  A1  are  analytic  functions  of  s.  The  enteries  in  A2  contain 
a  logarithmic  singularity  at  the  origin,  which  we  eliminate  algebraically.  For 
convenience  assume  that  n  is  even.  Then  (A3) 


Kn(sr)  =  dn(s)In(sr)  +  £n(r)In(sr)  +  Ln(sr)  +  Pn(sr) 


(A19) 


where  Ln(sr)  is  a  Laurent  series  having  a  pole  of  order  n  at  the  origin  in  the 
complex  s  plane  and  Pn(sr)  is  a  power  series  in  ascending  powers  of  (sr) ,  with 
zero  and  positive  powers  only.  Similarly 


K  .  (sr)  =  -  Hn(s)I  (sr)  -  ln(r)l  (sr)  -  L  ,  (sr)  -  P  . (sr)  (A20) 

n+1  v  n  ’  n  n+1  n+1  v  J 

Now  multiply  columns  1,  3,  and  S  by  S.n(s)  and  subtract  the  results  from  columns 
2,  4,  and  6  respectively.  We  find  the  logarithm  of  s  is  eliminated.  If  n  is 
an  odd  integer  we  add  instead  of  subtracting.  In  either  case,  we  find  D(s)  is 
an  analytic  function  of  s  except  for  poles.  A  multiple  pole  generally  occurs 
at  the  origin. 

It  is  believed  the  characterisitic  roots  are  simple  except  at  the  origin. 
Asymptotic  methods  may  he  used  for  characteristic  roots  of  large  modulus. 

The  smallest  non  zero  root  can  be  examined  by  expanding  D(s)  in  a  Laurent 
series.  Kxtensive  calculations  have  shown  the  characteristic  equations  arising 
from  axisvmmetric  loading  are  simple  for  a  large  range  of  wall  ratios  (A4) . 
Moreover,  a  double  zero  leads  to  functions  of  the  type  R(r)* 

(s(z-ct)  sin  s(z-ct)  ♦  cos  s(z-ct}j,  which  do  not  satisfy  the  wave  equations. 
Classical  methods  of  determining  the  multiplicity  of  characteristic  roots  are 
forbiddingly  difficult  when  applied  to  the  determinant  P(s);  hence  detailed 
analvlis  will  be  reserved  for  specific  types  of  loading  under  consideration. 


Abramoifits,  M,  and  Sir gun,  S.A.,  Editors.  Handbook  of  Mathematical  Functions, 
with  Formulae ,  Graphs,  and  Mathematical  Tables.  'J.S.  Department  of  Commerce, 
Applied  Mathematic  Series  Ho.  55,  1964.  See  Eq.  (9.6.11),  page  375. 

A  4 

Elder,  A.S.  and  Timmerman,  K.L.,  "Stresses  in  a  Gun  Tube  Produced  by  Internal 
Pressure  and  Shear".  BEL  Memorandum  Report  No.  2495,  June  1975. 
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'■igurv  A].  Sinusoidal  Pressure  Pulse  in  a  Hollow  Cylinder 
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